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PEEFACE. 

TN  this  volume  I  have  endeavoured  to  give  a  sketch  of  the 
theory  of  the  working  of  alternating  apparatus  in  the  hope 
that  it  will  prove  helpful  to  engineers,  teachers  and  advanced 
students.  In  addition  to  the  more  elementary  parts  of  the  theory, 
an  introduction  is  given  to  several  of  the  more  difficult  problems 
which  arise  in  practical  work. 

The  questions  of  armature  reaction,  of  phase  swinging  and  of 
free  and  forced  oscillations,  of  the  magnetic  eflfects  produced  by 
various  types  of  windings,  etc.,  have  often  been  discussed  at  the 
meetings  of  technical  societies  in  this  and  other  countries.  In 
some  of  the  papers  which  are  published  in  the  proceedings  of 
these  societies,  theorems  are  quoted  from  books  or  journals  which 
are  not  readily  accessible,  and  in  others  an  advanced  theoretical 
knowledge  is  assumed.  It  was  thought,  therefore,  that  an  intro- 
duction to  the  theory  would  prove  useful  to  many. 

Formulae  obtained  from  admittedly  imperfect  theory  are  often 
used  in  the  practical  design  of  electrical  machinery,  and  it  is  of 
great  importance  to  know  their  limitations.  The  utility  of  many 
of  the  theorems  given  below  has  been  amply  proved  by  modifi- 
cations of  the  design  of  several  well-known  tjrpes  of  apparatus. 
I  have  to  thank  many  engineers  for  their  kind  permission  to 
make  use  of  their  papers  or  for  furnishing  me  with  experimental 
data.    In  particular  I  wish  to  thank  the  Maschinenfabrik  Oerlikon. 

In  the  first  two  chapters  the  theory  of  single  and  polyphase 
alternators  is  set  forth.  Great  credit  is  due  to  Mr  J.  Swinburne 
for  his  early  recognition  of  the  importance  of  armature  reaction 
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in  the  working  of  these  machines.  Many  of  the  phenomena  which 
puzzled  the  early  electricians  are  easily  explained  when  this  is 
taken  into  account.  For  the  proofs  of  the  formulae  for  armature 
reaction  given  in  Chapters  I  and  xiii  I  am  indebted  to  Professor 
C.  F.  Guilbert.  I  am  also  deeply  indebted  to  Professor  Andr6 
Blondel  for  the  instructive  oscillograms  illustrating  the  working 
of  two  and  three  phase  machines  given  in  Chapter  ii. 

The  experimental  methods  of  analysing  E.  M.  F.  waves  given  in 
Chapter  iii,  particularly  that  due  to  Mr  H.  Armagnat,  are  useful 
in  practice.  The  theory  of  synchronous  motors  developed  in 
Chapters  iv  and  v  is  an  easy  application  of  the  methods  used 
by  J.  Hopkinson.  It  is  shown  how  the  V-curves,  first  described 
by  Mr  W.  M.  Mordey,  could  have  been  predicted  easily  by 
elementary  theory.  The  development  of  his  father's  theory  by 
Professor  B.  Hopkinson  given  in  Chapter  vi  is  particularly 
interesting,  and  the  theoretical  method  used  will  be  found  helpful 
in  many  allied  problems. 

The  question  of  the  cause  of  the  fracture  of  shafts,  coupling 
engines  and  alternators  has  been  briefly  discussed  and  a  simple 
explanation,  due  to  Dr  C.  Chree,  of  the  whirling  of  shafts  is  also 
given. 

The  theory  of  the  alternating  current  transformer  is  set  forth 
at  length,  as  it  is  in  excellent  accord  with  experiment.  In  this 
connection  I  have  to  acknowledge  my  indebtedness  to  Professor 
J.  A.  Fleming.  The  theory  of  the  induction  motor  is  developed 
on  the  lines  laid  down  by  A.  Potier.  In  writing  Chapter  xiv, 
describing  the  eflfects  of  harmonics  in  the  E.  M.  F.  and  flux  waves 
on  the  working  of  induction  motors,  I  have  received  great  help 
from  papers  by  Mr  E.  Noaillon  and  Mr  M.  B.  Field.  The  theory 
of  the  commutator  motor,  enunciated  in  Chapter  xv,  is  practically 
that  used  by  many  French  engineers. 

To  Mr  de  Marchena,  the  engineer  to  the  Gampagnie  frcmgaise 
Thomson-Hoitston,  I   am  particularly  indebted  for  some   of  the 
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theorems  and  experimental  data  given  on  rotary  converters.  In 
the  slight  sketch  of  the  theory  of  the  electric  transmission  of 
power  given  in  Chapter  xvii  I  have  elaborated  a  theorem  due 
to  Professor  J.  Perry,  and  I  am  also  under  obligations  to  Mr  Oliver 
Heaviside. 

Considerations  of  space  have  compelled  me  to  omit  many 
problems  of  theoretical  interest  and  practical  importance.  The 
student,  however,  by  studying  the  analogous  problems  set  forth 
in  this  volume  will  find  that  it  is  not  diflScult  to  make  a  practical 
working  theory  for  himself.  For  instance  a  practical  solution  of 
the  problem  of  the  stability  of  the  motion  of  three  alternators 
coupled  in  series — a  method  of  getting  three  phase  currents 
which  has  been  proposed  by  Mr  C.  P.  Steinmetz — can  easily  be 
found  by  a  slight  extension  of  J.  Hopkinson's  method. 

In  conclusion  I  have  to  thank  several  friends  who  have 
assisted  me  in  revising  the  proofs  or  by  making  suggestions. 
My  best  thanks  are  due  to  Dr  C.  Chree,  F.R.S.,  for  discussing 
with  me  several  of  the  problems  contained  in  this  work  and 
for  revising  many  of  the  proof  sheets.  I  am  also  deeply  indebted 
to  Mr  F.  J.  Dykes,  Fellow  of  Trinity  College,  Cambridge,  and 
lately  Professor  of  Electro-technics  at  the  Royal  Naval  Schools, 
Portsmouth,  for  reading  all  the  slip  proofs,  and  to  Mr  Clififord 
Paterson,  A.M.I.C.E.,  late  of  the  Oerlikon  Works  and  now  of  the 
National  Physical  Laboratory,  for  reading  several  of  the  earlier 
chapters.  I  have  again  the  pleasure  of  thanking  Mr  W.  C.  D. 
Whetham,  F.R.S.,  for  the  care  with  which  he  has  edited  this 
work. 

A.  R. 

2,  Bbllevue  Place, 
Richmond,  Surrey. 
October,  1906. 
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SYMBOLS. 

Ay  effective  value  of  an  alternating  oorrent. 

A'y  area  of  e.m.f.  wave. 

By  magnetic  induction  ;  a  constant, 

•^max.)  maximum  value  of  the  magnetic  induction. 

C,  direct  exciting  current;  direct  current;  effective  load  current  on 

the  bus  bars. 

D,  a  constant. 

Ey  maximum  value  of  the  alternating^  voltage. 

F,  force ;   symbol  for  *  function  of.' 

Q,  average  torque. 

Hf  magnetic  force;   heat  in  calories. 

J,  maximum  value  of  an  alternating  current  when  it  follows  the 

harmonic  law. 

Ky  capacity  between  the  mains. 
L,     self  inductance ;   leakage  inductance  of  armature. 

LijL^t  self  coefficients  of  stator  and  rotor  of  induction  motors. 

My  mutual  inductance ;   mutual  coefficient  between  stator  and  rotor; 
mass. 

Mk^y  moment  of  inertia. 

Ny  number  of  turns  of  wire  in  series  on  the  whole  armature, 

^j,  number  of  armature  turns  per  field  magnet  pole. 

N'y  number  of  conductors  joined  in  series  on  the  armature. 

P,  power. 

Q,  quantity  of  electricity. 

By  resistance. 

B^y  resistance  of  the  primary  coil  of  a  transformer;  resistance  of  a 
single  main. 

By^y  B^y  B^' y  resistauccs  of  the  primary  coils  of  a  three  phase  transformer. 

8y  area  of  cross  section. 

Ty  periodic  time. 

F,  Fj,  ...,  effective  voltages. 

F|.2f  Fs.sf  ...t  effective  mesh  voltages. 

Wy  energy ;  number  of  pounds  of  steam. 

Xy  excitation  losses. 

Zy  impedance. 

a,  pitch  of  poles;   length. 

by  breadth  of  the  polar  flux  entering  the  armature ;  breadth  of  a 
coil. 

h'y  breadth  of  the  armature  coil. 

c,  breadth  of  side  of  coil. 

By  instantaneous  value  of  e.h.f. 

«!,«/,  e^',  primary  voltages. 

e^y  e^y  e^'i  secondary  voltages. 

/,  frequency;   symbol  for  'function  of.* 

Qy  instantaneous  torque. 

iy  instantaneous  current. 


XU  SYMBOLS 

h»  h'»  *i">  primary  star  corrents. 

Hi  V>  V>  secondary  star  onrrents. 

kf  form  factor;  capacity  between  the  mains  per  nnit  length. 

k^y  form  factor  for  mesh  voltage. 

A;^,  form  factor  for  star  voltage. 

I,  self  indactance  per  unit  length. 

m,  mass;  a  constant, 

n,  number  of  turns ;  a  constant. 

p,  half  the  number  of  poles, 

gf,  number  of  phases, 

r,  resistance^  resistance  per  unit  length. 

r^f  resistance  of  the  secondary  coil  of  a  transformer. 

'^^i'^^4:^^  resistances  of  the  secondary  coils  of  a  three  phase  transformer. 

«,  insulation  resistance  per  unit  length;  slip. 

t,  time  in  seconds. 

Vf  potential  difference;  velocity;   Ij^Jlk;  3  x  1(P®  cms.  per  sec. 

i?i,  Vi,  Wj",  primary  mesh  voltages. 

Vj)  V21  V2',  secondary  mesh  voltages. 

a,  p,  numbers. 

a>  P>  7*  5,  angles. 

y,  6f  yf/,  phase  differences. 

6,  base  of  Neperian  logarithms. 

77,  Steinmetz's  coefficient;  efficiency. 

X,  dielectric  coefficient. 

/t,  magnetic  permeability;  rigidity. 

r,  314169.... 

pf  resistivity;  density. 

(T,  resistivity  of  insulating  material;  leakage  factor=l-Jlf^/IriIr2. 

r,  time  constant. 

<pt  instantaneous  value  of  flux. 

w,  angular  velocity ;  27r  x  frequency  of  supply. 

r(n),  the  gamma  function  of  n. 

2,  the  symbol  for  summation. 

#,  maximum  value  of  the  flux  when  it  follows  the  sine  law. 

*nH«.i  maximum  value  of  the  flux. 

$^,  flux  of  induction  from  a  pole  entering  the  armature. 

#^,  leakage  flux. 

0,  27r  X  frequency  of  supply. 

^f  mean  magnetising  force  in  ampere  turns. 

S'ti  mean  transverse  magnetising  force. 

47r(3?/10,  reluctance. 

4ir(RjlO,  leakage  reluctance. 

4ir(R//10,  reluctance  of  field  magnets. 

47r(Ry/10,  air-gap  reluctance. 

oN^A  sin  xf/,  the  demagnetising  turns  per  pole  due  to  the  armature  current. 

pNiA  cos  \f/j  the  transverse  magnetising  turns  per  pole  due  to  the  armature 
current. 
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Dynamo  electric  machines.  Stator  and  rotor.  Various  types'  of  single 
phase  alternators.  Frequency.  Armature  with  bar  winding.  Single 
coil  winding.     Disk  armatures.     Inductor  machines.     Distribution  of 

V-tVnagnetic  flux.  Effect  of  the  armature  currents  on  the  field.  Open 
circuit  electromotive  force  formulae.  Effect  of  the  breadth  of  the 
armature  coils.  Open  circuit  characteristic.  Flux  curves.  Short  cir- 
cuit characteristic.  Wave  windings.  Lap  windings.  Principle  of  two 
reactions.  Formula  for  the  demagnetising  effect  of  the  lagging  com- 
ponent of  the  current.  Formula  for  the  compensating  ampere  turns 
required  for  the  field  magnets.  The  compensating  ampere  turns  required 
to  keep  the  flux  in  the  field  magnets  constant.  Transverse  magnetisation 
of  the  field.  Numerical  example.  Load  characteristics.  The  electro- 
motive forces  in  the  armature.  Working  diagram.  Equation  to  the 
short  circuit  characteristic.  Characteristic  curves  on  wattless  loads. 
General  equation  to  load  characteristics.  The  regulation  of  alternators. 
Theoretical  characteristics.  Alternating  component  of  the  exciting 
current.     References. 

When   a  moving  wire    cuts    lines    of   magnetic    induction,   an 
electromotive   force  is   venerated  in  it.     If  the  wire 

Dynamo 

electric  form  part  of  a  closed  circuit,  a  current  will  flow  in  the 

circuit,  and,  as  Lenz  pointed  out,  the  current  will  pro- 
duce electromagnetic  forces  tending  to  stop  the  motion.  Hence, 
to  overcome  this  resistance  to  the  motion,  mechanical  work  must 
be  expended  on  the  wire,  and  this  work,  by  the  Conservation  of 
Energy,  will  be  the  equivalent  of  the  electrical  work  generated. 
This  method  of  converting  mechanical  energy  into  electrical 
energy  is  the  method  utilised  in  dynamo  electric  machines.  In 
a  direct  current  djmamo,  the  current  always  flows  in  the  same 
direction  round  the  external  circuit,  but,  in  an  alternating  current 
dynamo,  the  direction  of  the  flow  of  the  current  in  the  external 
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circuit  is  continually  reversed.  In  a  direct  current  machine, 
however,  the  current  induced  in  an  armature  coil  is  flowing  in  one 
direction  when  it  is  moving  past  a  north  pole  and  in  the  other 
direction  when  it  is  flowing  past  a  south  pole.  Hence  the  current 
in  the  coil  must  be  reversed  in  some  intermediate  position.  In  the 
process  of  reversal  the  coil  is  first  short  circuited  by  one  of  the 
brushes  which  press  on  the  commutator.  The  currents  flowing  in 
the  armature  coils  of  a  direct  current  machine  are  thus  really 
alternating  currents,  the  frequency  of  which  equals  the  product  of 
half  the  number  of  poles  multiplied  by  the  number  of  revolutions 
of  the  armature  per  second. 

In  an  alternating  current  dynamo,  or  as  it  is  generally  called, 
an  alternator,  the  coils  of  the  armature  are  connected  in  such  a 
way  that  the  electromotive  forces  generated  in  them  are  all  acting 
in  the  same  direction  at  any  instant,  the  direction  of  the  resultant 
electromotive  force  alteriug  every  time  a  coil  passes  a  pole.  If  the 
electromagnets  which  produce  the  field  rotate,  the  ends  of  the 
armature  winding  are  connected  directly  with  the  terminals  of  the 
machine,  the  rotation  of  the  exciting  magnetic  field  maintaining 
an  alternating  potential  difference  between  these  terminals.  If 
the  armature  rotates  and  the  field  magnets  are  stationary,  then 
the  ends  of  the  armature  winding  are  connected  with  metal  rings 
fixed  on  the  shaft,  but  insulated  from  it,  on  which  press  copper 
or  carbon  brushes  connected  with  the  terminals  of  the  machine. 
These  rings  are  called  slip  rings  or  collector  rings. 

One  advantage  that  direct  current  machines  have  over  alter- 
nators is  that  they  are  self-exciting.  After  the  magnets  have 
once  been  excited,  their  residual  magnetism  is  sufficient  to  produce 
a  weak  field  in  the  air-gap.  If  the  dynamo  is  shunt  wound,  the 
field  magnet  windings  are  in  parallel  with  the  external  load  but  in 
series  with  the  armature  winding.  When  the  armature  rotates, 
either  on  open  or  closed  circuit,  the  low  E.M.F.  generated  in  it  by 
the  residual  field  will  send  a  small  current  round  the  field  magnet 
windings.  This  current  excites  the  field  magnets  and  increases 
the  induction  in  the  air-gap.  Both  the  E.M.F.  and  the  current, 
therefore,  will  go  on  increasing  until  the  E.M.F.  generated  in  the 
armature  conductors  only  suffices  to  produce  the  magnetising 
current  required  to  maintain  the  magnetic  field  giving  that  e.m.f. 
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In  a  series  dynamo,  the  field  magnet  windings  and  the  armature 
windings  are  connected  in  series  between  the  terminals  of  the 
machine,  and  thus,  on  open  circuit,  no  current  will  flow  in  the 
field  magnet  windings  and  the  potential  difiference  between  the 
terminals  will  be  due  merely  to  the  residual  field.  When,  how- 
ever, the  terminals  are  connected  through  an  outside  load,  a 
current  will  flow,  and  the  magnetic  field  and  the  electromotive 
force  generated  will  both  increase  until  equilibrium  is  attained 
in  the  same  way  as  in  a  shunt  machine. 

In  almost  every  type  of  alternator,  on  the  other  hand,  we 
require  a  small  direct  current  dynamo  to  provide  the  current 
required  to  excite  the  field  magnets.  This  dynamo,  which  is 
called  the  exciter,  is  generally  mounted  on  the  shaft  of  the 
alternator.  The  exciters  of  modern  alternators  are  shunt  wound. 
The  voltage  of  the  exciter,  and  therefore  the  strength  of  the 
alternator  s  field,  can  be  regulated  by  varying  the  resistance  of  a 
rheostat  in  the  shunt  circuit  of  the  exciter.  In  central  stations,  a 
battery  of  storage  cells  is  often  used  in  addition  to  the  dynamo, 
thus  reducing  to  a  minimum  the  risk  of  a  break-down  in  the 
exciting  circuit. 

In  an  alternator  either  the  field  magnets  or  the  armature  may 

rotate.      It   is   convenient  to  refer  to  the  rotating 

part  of  a  machine  as  the  rotor,  and  to  the  stationary 

part  as  the  stator. 

If  the  armature  coils  are  connected  in  series,  and  if  </>i,  <^2,  ••• 

be  the  instantaneous  values  of  the  fluxes  linked  with  them  and  the 

coils  have  JVi,  JVg,  •••  turns  of  wire  respectively,  the  electromotive 

force  e  generated  at  any  instant  is  given  by 

^"^^  dt^^'  dt  ^•••• 

The  magnetic  flux  through  a  coil  can  be  altered  mechanically 

in    several   ways,   and   we   can   classify   alternating 

of  single  phase     currcut  generators  according  to  the  method  utilised 

erna  ors.         ^^^  varying  the  flux.     The  first  class  of  alternator 

comprises  those  which  have  rotating  armatures  and  fixed  field 

magnets.     In  the  second  class,  the  armatures  are  fixed  and  the 

1—2 
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field  magnets  rotate;  and  in  the  third,  both  the  field  magnets 
and  the  armature  are  fixed.  The  types  of  alternator  belonging  to 
the  second  class  are  those  most  commonly  employed  in  practice. 
Since  the  armatures  are  stationary,  they  can  easily  be  wound  for 
high  pressures.  The  large  moment  of  inertia  of  the  revolving 
field  magnets  promotes  steady  running  by  diminishing  the  effect 
on  the  speed  of  any  irregularities  in  the  driving  torque.  In  this 
respect  its  action  is  similar  to  that  of  a  flywheel.  In  the  first  two 
types  of  alternator  the  poles  of  the  field  magnets  are  evenly 
distributed  round  the  circumference  of  the  stator  or  rotor,  and 
adjacent  poles  are  of  opposite  polarity.  The  field  magnet  coils  are 
often  formed  by  a  single  layer  of  copper  strip  wound  edgewise 
round  the  field  magnet,  and  insulated  by  a  fibrous  material 
between  the  turns.  The  exterior  surface  of  the  windings  is 
merely  protected  by  an  insulating  varnish  which  allows  the  heat 
generated  in  the  field  coils  to  be  radiated  away  rapidly.  In  order 
to  avoid  appreciable  losses  due  to  eddy  currents,  the  armature  is 
built  up  of  thoroughly  annealed  soft  iron  or  steel  plates,  which  are 
generally  insulated  from  each  other  either  by  means  of  thin  paper 
pasted  on  one  side  of  each  plate  or  by  a  suitable  varnish.  The 
polar  *  pieces '  or  *  shoes '  which  form  the  poles  of  the  field  magnets 
are  also  built  up  of  thin  plates  of  iron  or  steel. 

If  the  rotor  of  an  alternator  be  made  to  revolve,  the  value  of 
the  mametic  flux  embraced  by  an   armature   coil 

Frequency.  ,  ,  .  , 

contmually  alters.  When  the  armature  rotates,  the 
magnetic  flux  embraced  by  a  coil  on  it  goes  through  all  its  cyclical 
values  in  the  time  the  coil  takes  to  pass  two  adjacent  poles,  and 
when  the  poles  rotate,  the  period  of  the  varying  flux  is  the  time 
taken  by  two  adjacent  poles  to  pass  the  coil.  Hence,  the  frequency 
is  independent  of  the  armature  windings  and  depends  only  on  the 
number  of  field  poles  and  the  number  of  revolutions  per  minute 
of  the  rotor.  If  2p  be  the  number  of  poles,  so  that  p  is  the 
number  of  pairs  of  poles,  and  if  N  be  the  number  of  revolutions  of 
the  rotor  per  minute,  then  the  frequency /is  given  by 

•^      60  ■ 
In  both  the  first  and  the  second  type  of  alternator,  the  magnetic 
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flux  embraced  by  an  armature  coil  alternates  between  equal  positive 
and  negative  values.  The  field  magnet  poles  are  also  invariably 
similar,  and  hence  the  positive  and  negative  halves  of  the  E.M.F. 
waves  produced  are  of  exactly  the  same  shape. 

A  simple  form  of  armature  winding  for  a  twenty  pole  alternator 
is  shown  diagrammatically  in  Fig.  1.     The  field  mag- 
nets  point   inwards   and   neighbouring    poles    are    of 
opposite  polarity.      The  thick  lines  represent  copper 
bars  placed  in  slots  on  a  cylinder  built  up  of  iron  stampings. 


Armature 
with  bar 
vsrinding. 


Fig.  1.    Armature  winding  of  twenty  pole  single  phase  alternator.    The  current 
is  collected  from  the  slip  rings  Si  and  S^  by  contact  brushes. 

This  forms  the  armature.  For  clearness  of  illustration  the  bars 
are  drawn  radially,  but  in  reality  they  are  perpendicular  to  the  plane 
of  the  paper,  that  is,  parallel  to  the  shaft  of  the  machine.     Since 
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the  electromotive  forces  generated  in  neighbouring  bars,  as  the 
armature  rotates,  are  of  opposite  sign,  we  shall  have  all  the  E.M.F.S 
generated  acting  in  the  same  direction  if  we  connect  the  ends  of 
the  bars  alternately  as  in  the  figure.  The  ends  of  the  circuit  are 
connected  to  two  slip  rings  Si  and  S^,  and  so  an  alternating 
potential  difference  is  maintained  at  the  terminals  of  the  machine, 
which  are  in  electrical  connection  with  brushes  pressing  on  the 
rings. 

In  Fig.  1  we  may  suppose  that  the  field  magneta  revolve.  In 
this  case  the  direct  current  required  for  the  excitation  of  the  field 
magnets  would  be  collected  by  slip  rings,  and  the  windings  of  the 
armature  would  be  connected  to  fixed  terminals. 

In  the  single  coil  winding  shown  in  Fig.  2,  the  coils  are 
Single  coil  Connected  in  series,  and  as  their  E.M.F.S  are  all  in 
winding.  phasc  with  ouc  another,  the  terminal  voltage  of  the 
machine  is  the  sum  of  all  the  E.M.F.S  generated  in  the  coils.  Since 
the  voltage  is  proportional  to  the  number  of  turns  in  each  coil, 
the  machine  illustrated  in  Fig.  2  can  easily  be  constructed  to 
give  a  much  higher  voltage  than  that  shown  in  Fig.  1. 

In  both  the  above  machines  we  have  iron  in  the  armature. 
Most  of  the  magnetic  lines  common  to  two  adjacent  poles  complete 
their  paths  through  the  iron  cylinder  on  which  the  copper  con- 
ductors are  placed.  There  will  be  two  air-gaps  in  the  path  of  the 
lines  of  force,  one  immediately  under  each  pole.  The  lines  of  force 
where  they  leave  the  polar  faces  are  pointing  approximately  in  the 
radial  direction,  that  is,  to  the  axis  of  the  shaft,  and  the  conductors 
cutting  them  are  parallel  to  this  axis. 

An  alternative  form  of  construction  is  to  have  the  armature 
Disk  conductors  pointing  radially  and   the  lines  of  force 

armatures.  parallel  to  the  axis  of  the  shaft.  This  kind  of  arma- 
ture is  called  a  disk  armature,  and  iron  need  not  be  used  in  its 
construction.  The  armature  windings,  shown  in  Figs,  1  and  2, 
illustrate  also  the  '  wave '  and  *  coil  *  windings  respectively  for  disk 
armatures.  The  conductors  are  of  copper  strip  and  are  wound  on 
non-magnetic  frames,  generally  of  laminated  brass.  Consecutive 
turns  of  the  copper  strip  in  a  coil  winding  are  insulated  from  one 
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another  by  some  suitable  material.  All  the  coils  are  bolted 
together  and  are  mounted  on  the  circumference  of  the  armature 
wheel  so  that  the  axes  of  the  coils  are  at  right  angles  to  the  plane 
of  the  wheel.  The  field  frame  supports  two  rings  of  magnetic 
poles  facing  one  another.  The  axis  of  each  pole  is  parallel  to  the 
shaft,  and  the  poles  facing  one  another  are  of  opposite  polarities, 
and  so  also  are  the  poles  adjacent  to  one  another  on  the  same 


Fig.  2.    Twenty  pole  alternator  with  single  ooil  winding. 

ring.  If  Ifi  and  8i  be  two  adjacent  poles  on  the  first  ring,  and 
8i  and  N^  be  the  two  opposite  poles  on  the  second  ring,  then, 
neglecting  leakage,  half  the  flux  leaving  Ni  crosses  the  air-gap 
and  goes  through  S/.  From  Si  it  goes  through  part  of  the  second 
ring  to  Ni  and  crosses  the  air-gap  to  Si,and  finally  it  returns, 
through  part  of  the  first  ring,  to  Ni.     There  will  thus  be  two 
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air-gaps  in  the  path  of  the  flux.  The  other  half  of  the  fluK 
leaving  Ni  has  a  similar  path  on  the  side  of  Ni  remote  from  8i» 
The  size  of  the  air-gaps  is  only  sufficient  to  allow  the  armature 
coils  to  rotate  safely.  As  adjacent  fields  are  of  opposite  polarities 
we  get  alternating  electromotive  forces  set  up  in  the  armature 
coils,  which  may  be  connected  with  one  another  as  in  Fig.  2.  It 
is  customary,  in  practice,  to  place  another  set  of  coils  between 
those  indicated  in  Fig.  2  and  exactly  similar  to  them.  The  two 
sets  of  coils  are  generally  comiected  in  parallel. 

In  constructing  this  type  of  alternator  it  is  difficult  to  make 
the  armature  of  sufficient  mechanical  strength  to  withstand  the 
appreciable  mechanical  stresses  to  which  it  is  subjected  when 
running.  None  of  the  insulating  materials  employed  in  practice, 
such  as  micanite,  fibre,  slate,  ebonite,  stabilit,  presspahn,  etc.,  have 
any  great  mechanical  strength. 

Machines  belonging  to  the  third  class  are  called  inductor 
Inductor  machines.     In  the  commonest  type  of  this  class  the 

machines.  rotor  consists  of  a  wheel  carrying  on  its  rim  blocks  of 
laminated  iron  which,  in  certain  positions,  make  the  reluctance  of 
the  magnetic  circuit,  common  to  the  field  and  the  armature,  ex- 
ceedingly small.  If  <I>  be  the  induced  flux,  and  nC  the  exciting 
ampere-turns  round  a  magnetic  circuit,  then  (Vol.  I,  p.  51)  we  have 

47rnC/lQ 
~"  Reluctance ' 

Hence,  if  we  vary  the  reluctance,  G  remaining  constant,  <J>  will 
vary,  and  therefore  an  E.M.F.  will  be  set  up  in  any  coil  embracing 
this  magnetic  circuit.  In  some  inductor  machines,  the  armature 
coils  and  the  exciting  coils  are  wound  on  the  same  polar  projections. 
In  this  case  the  flux  merely  undulates  between  a  maximum  and  a 
minimum  value.  In  actual  machines  of  the  undulating  type  the 
ratio  of  the  maximum  to  the  minimum  flux  varies  between  three 
and  ten. 

In  otiier  inductor  machines  the  flux  periodically  reverses  in 
direction.  To  see  how  this  is  done  consider  the  diagrams  3,  4, 
and  5. 

The  polar  projections  N  and  S  (Fig.  3)  are  excited  by  direct 
currents  flowing  in  coils  wound  round  them.    A  represents  a  polar 
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projection  which,  is  generally  made  of  laminated  steel  with  an 
armature  winding  coiled  round  it.     The  blocks  of  laminated  iron 
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Fig.  3.    Principle  of  inductor  machine.     Initial  position ;  flux  entering  A, 
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Fig.  4.    Principle  of  inductor  machine.    Intermediate  position. 
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Fig.  5.    Principle  of  inductor  machine.    Half  a  period  later  than  in  Fig.  3, 
flux  leaving  A, 
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on  the  circumference  of  the  rotor  are  marked  M.  In  Fig.  3,  the 
flux  is  leaving  M  and  entering  A,  whilst  in  Fig.  5  the  flux  has  been 
completely  reversed.  In  some  intermediate  position  (Fig.  4)  the 
algebraical  sum  of  the  fluxes  entering  A  must  be  zero.  We  see 
that,  when  M  advances  over  the  step  between  the  centres  of  two 
polar  projections,  the  alternating  current  has  gone  through  half 
of  its  values.  Hence,  the  frequency  of  the  alternating  current  is 
pNjQQ  where  2p  is  the  number  of  polar  projections  on  the  circum- 
ference of  the  stator,  and  N  is  the  number  of  revolutions  of  the 
rotor  per  minute.  As  the  flux  in  the  field  magnets  of  inductor 
machines  is  continually  varying,  an  alternating  current  will  be 
superposed  on  the  direct  current  exciting  the  magnets. 

Before  we   can   find  a  formula   for   the   electromotive   force 
generated  by  an   alternator  we   must   make   some 

Distribution  °  .   .  -^  i         t        -i        •  o     \_  .• 

of  magnetic        supposition  as  to  the  distribution  of  the  magnetic 

flux  in  the  air-gap.     Unfortunately,  this  distribution 

varies  in  a  complicated  manner  in  practice  owing  to  the  slots  in 

the  armature,  the  different  ratios  of  the  distance  between  the 
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Fig.  6.    Lines  of  force  in  the  air-gap  of  an  alternator. 
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poles  to  the  polar  breadth,  etc.  If  we  suppose  that  the  poles  are 
rectangular  and  that  the  distance  between  them  is  approximately 
ten  times  the  air-gap,  then  the  distribution  of  the  magnetic  flux 
would  be  approximately  as  shown  in  Fig.  6.    The  lines  of  magnetic 
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induction  in  more  complicated  cases  can  be  found  by  drawing  the 
lines  of  flow  between  copper  electrodes  of  suitable  shape  placed  on 
a  sheet  of  tinfoil  and  maintained  at  a  constant  potential  (see 
Chapter  ii).  We  could  also  find  in  this  manner  the  lines  of 
magnetic  induction  in  the  neighbourhood  of  a  slot  (Fig.  7).     It  is 


^;;::zm/ 


Fig.  7.    Lines  of  force  in  the  neighbourhood  of  a  slot. 


important  to  note  that  very  few  lines  penetrate  far  into  the  slot, 
hence,  unless  it  be  very  shallow,  its  depth  has  very  little  effect  on 
the  distribution  of  the  magnetic  lines  in  the  air-gap. 

When  currents  flow  in  the  armature  of  an  alternator,  they  may 
distort  the  magnetic  field  very  considerably.  Later 
on  in  this  chapter  we  shall  find  formulae  for  the 
demagnetising  and  cross  magnetising  forces  produced 
by  these  currents.  At  present  we  shall  consider  the 
problem  from  an  elementary  point  of  view.  Suppose  that  a  wire 
carrying  a  current  is  placed  parallel  to  an  infinite  plate  of  iron 
(Pig.  8).     The  magnetic  field  produced  is  similar  to  that  shown  in 


Effect  of  the 
armature 
currents  on 
the  field. 
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the  figure.  It  will  be  seen  that  many  of  the  lines  of  force  in  the 
air  meet  the  iron  and  complete  the  rest  of  their  circuit  round  the 
wire  as  lines  of  induction  in  the  iron.  The  shape  of  the  lines  of 
force  shows  that  the  wire  will  be  attracted  towards  the  iron. 

In  Fig.  9  are  shown  the  lines  of  induction  round  a  wire 
embedded  in  an  iron  plate  and  parallel  to  its  surface.  The  plate 
is  supposed  to  be  very  thick  compared  with  the  depth  of  the 


Fig.  8.    Lines  of  force  round  a  current  flowing  perpendicularly  to  the  plane  of 
the  diagram  and  parallel  to  a  slab  of  iron  (m=9). 


embedded  wire.  It  is  to  be  noticed  that  the  lines  of  force  are 
nearly  perpendicular  to  the  surface  of  the  iron.  Both  the  above 
diagrams,  which  are  due  to  G.  F.  0.  Searle,  illustrate  what  is 
called  the  refraction  of  lines  of  force  on  entering  iron.  Searle  has 
pointed  out  one  most  important  advantage  gained  by  leading 
the  wire  through  a  tunnel  in  the  armature  instead  of  placing  it 
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on  the  surface,  namely,  that  the  mechanical  force  experienced  by 
the  wire  in  this  case  is  much  less  than  it  would  be  if  it  were  on 


Fig.  9.  Lines  of  magnetic  indnction  round  a  wire  carrying  a  current  and 
embedded  in  an  iron  plate.  The  wire  is  supposed  to  be  perpendicular  to  the 
plane  of  the  paper  and  parallel  to  the  surface  of  the  iron  (ai=9). 

the  surface  of  the  armature,  although  the  torque  required  to  drive 
the  armature  and  the  electromotive  force  developed  in  its  wiudings 
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are  practically  the  same  in  the  two  cases.  The  iron  experiences  all 
the  force  that  would  otherwise  come  on  the  conductors.  The  same 
advantage  applies  in  a  slightly  diminished  degree  when  we  have 
slots  on  the  surface  of  the  armature  instead  of  tunnels  through  its 
substance.  In  this  case,  any  tendency  to  slip  is  at  once  checked 
mechanically  by  the  sides  of  the  slota 

Suppose  that  the  breadth  of  the  polar  pitch,  that  is,   the 
,     ,        distance  from  the  centre  of  one  pole  to  the  centre 

Open  circuit  i      ,  .  "«*v. 

electromotive      of  the  ncxt  measured  along  a  circle  which  has  its 

force  formulae.  .         •      j.i.  •       /•       x   x*         •  i 

centre  in  the  axis  of  rotation,  is  a,  and  suppose  that 
b  is  the  breadth  of  the  pole.     If  we  suppose,  in  addition,  that  the 


Fig.  10.    Indaction  wave  in  the  air-gap. 
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induction  density  is  constant  over  the  polar  face,  the  density  o. 
the  magnetic  flux  in  the  air-gap  will  be  given  approximately  by 
the  ordinates  of  the  curve  shown  in  Fig.  10. 

The  equations  to  give  the  magnetic  flux  at  any  point  in  the 
air-gap  are 

^-^  j   h        from  a?  =  0  to  a?  =  j^  (a  -  6)       ] 

y  =  h  froma?  =  J(a-6)  toa?  =  i(a  +  6)l...(a). 

y=\    ^_5    [  Afrom  a?  =  ^(a  +  6)  toa?=a        j 

If  n  be  unity,  the  curves  in  Fig.  10  become  straight  lines. 


I 
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If  n  be  less  than  unity,  the  curves  are  concave  to  the  axis  of  x, 
and  if  n  be  greater  than  unity,  they  are  similar  to  the  curves 
shown  in  the  figure.  In  the  particular  case,  when  n  is  zero,  we 
get  a  rectangle  for  the  curve  of  flux.  When  n  is  infinite,  the 
density  is  constant  directly  under  the  poles  and  zero  elsewhere. 
We  can  thus  get  important  practical  cases  by  giving  various 
values  to  n. 

Let  0?  be  the  distance  of  a  conductor,  measured  along  the 
circumference  of  the  rotating  armature,  from  a  fixed  point  0  in 
the  air-gap.  We  suppose  that  0  is  infinitely  near  to  the  surface 
of  the  armature,  and  that  at  all  points  on  a  line  through  0  parallel 
to  the  shaft  and  parallel,  therefore,  to  the  conductors  on  the 
armature  surface,  the  induction  density  is  zero. 

Let  the  density  y  of  the  field  at  ^  be  as  shown  in  Fig.  10,  then, 
the  electromotive  force  e  generated  in  the  conductor  is  given  by 
(see  Vol.  I,  p.  26) 

e  =  ZyJxlO-«volts (y9). 


where  I  is  the  active  length  of  the  conductor  in  centimetres  and 

dx 

dt 


dx 

is  its  velocity  in  centimetres  per  second.     If  the  armature  is 


dx 
rotating  with  constant  angular  velocity,  -^  is  constant,  and  hence 

the  shape  of  the  E.M.F.  wave  in  a  simple  bar  winding  will  be  the 
same  as  the  shape  of  the  wave  of  flux  in  the  air-gap. 

If  T  be  the  period  of  the  electromotive  force  generated,  we  get, 
from  (^),  by  integration 

T 


I    edt  =  l  I   ydx  x  10" 
=  4>^  X  10-8, 


where  ^j  is  the  flux  of  induction  which  enters  the  armature  fi:om 
one  pole. 

T 

Now  I    edt  =  -K^m 


/%d<=2. 


2f'V' 
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where  V  is  the  effective  voltage,  e^  the  mean  value  of  e,  and/  the 
frequency  of  the  alternating  E.M.F.  Hence,  if  there  are  N'  bars 
joined  in  series  on  the  armature,  as  in  a  simple  bar  winding 
(Fig.  1),  we  have 

V/em  is  called  the  form  factor  of  the  wave.  We  shall  denote 
it  by  ky  so  that 

If  we  have  N  turns  of  wire  in  series,  as  in  Fig.  2,  then 
V=^fNk^AxlO-\ 
since  each  turn  of  wire  has  two  active  bars  in  series. 

The  above  formulae  show  that  it  is  not  sufficient  to  know  the 
total  flux  entering  the  armature  from  a  pole  and  the  number  of 
windings  on  the  armature  in  order  to  determine  the  effective 
electromotive  force.  We  must  know,  in  addition,  how  the  flux 
is  distributed. 

Let  us  suppose  that  the  distribution  of  the  flux  is  represented 
by  the  curve  shown  in  Fig.  10 ;  then  by  the  equation  (^)  given 
above,  we  have 

Z.L.,, 

where  Y  is  the  effective  value  of  y. 
Now,  from  the  equations  (a) 

2 

and  therefore  Vm  =  — ; ^• 

Again  aF.  =  2(^^)^j  +  6M 

a  +  2n6    ,, 


Therefore  F^  = 


a  (2n  + 1) 


and  y  =,i/  —7^ ^  ^. 


Hence  Ar=£  =  "-<^>  V^fM^. 

ym       a  +  nb   V  a(2n  +  l) 
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The  values  of  k  in  a  few  special  cases  are  given  in  the  following 
table. 


n 

k 

k  when  a  is  25 

k  when  a  is  1*56 

0 

1 

1 

1 

4 

3a         /a-\-b 
2a-h6  V    2a 

1-04 

1-03 

1 

2a        laJf^b 
a+b\      3a 

1-09 

1-06 

2 

3a         /a +46 
a  +  26  V      5a 

116 

110 

00 

y? 

1-41 

-H 

1-22 

If  we  assume  that  the  shape  of  the  curve  giving  the  distribu- 
tion of  the  flux  in  the  air-gap  is  rounded,  a  useful  equation  to  take 

for  it  is 

y  =  B[x{a-x)Y.   . 

When  n  is  zero  we  get  a  rectangle,  when  n  is  J  we  get  an  ellipse 
and  when  n  is  1  we  get  a  parabola.  When  n  is  greater  than  1  we 
get  curves  similar  to  the  tallest  curve  in  Fig.  11. 

Now  ayn^  ~  ^  /    ^iP'-'^Ydx 

^"^        r(2n-|-2)' 

where  F  {n)  is  the  Gamma  function,  see  Vol.  I,  p.  73. 
We  have  also 

aY^  =  &  raf^{a-x)^dx 
J  0 

"^"  r(4n  +  2)    • 

Therefore  ^-   r(2n+l)  r(2n  +  2) 

ym    {r(»+i)}»Vr(4n+2) 

B.  n.  2 
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.      Note  that  T  (n  + 1)  =  nF  (n),  T  (1)  =  1  and  r.(i)  =  sjir.     Other 
values  of  F  (n)  can  be  found  by  means  of  the  following  table. 


n 

1-1 

1-2 

1-3 

1-4 

1-6 

1-6 

1-7 

1-8 

1-9 

V{n) 

0-961 

0-918 

0-897 

0-887 

0-886 

0-894 

0-909 

0-931 

0962 

In  Fig.  11  the  areas  of  the  curves  are  all  the  same,  so  that 


Fig.  11.  Curves  giving  the  flux  density  in  the  air-gap  for  a  given  total  flux. 
The  areas  of  the  carves  are  equal,  (a)  is  an  ellipse,  (h)  a  parabola,  and  (c)  a 
biquadratic. 

<I>^  is  constant.  The  value  of  k  for  the  ellipse  (a)  is  1*04, 
ibr  the  parabola  (6)  k  is  1*10,  and  for  the  biquadratic  curve 
(c)  k  is  1-20. 
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TT 


For  a  sine  shaped  distribution  of  the  flux,  k  would  be  jr-j^ , 

JL  y  jL 

that  is,  1111. 

In  this  case,  for  a  bar  winding,  the  formula  for  the  eflfective 
voltage  would  be 

F=2-222/iV^'4>^xlO-«. 

For  example,  if  V  were  1000  volts,  the  frequency  50  and  the 
number  of  bars  joined  in  series  round  the  armature  200,  then 
^A  would  be  45  x  10'  C.G.S.  units  nearly. 

When  an  armature  coil  consists  of  many  turns  of  wire,  it  is 

obvious   that   some    of    the   windings   will   have   a 

breldth  o^the     greater   breadth    than    others,   and   hence,   all   the 

corhT*"*^^  electromotive  forces  generated  in  the  various  turns 

of  the  coil  windings  will  not  be  in  the  same  phase. 

If  ^1,  ^2,  ...  en  be  the  electromotive  forces  generated  in  each 

turn  of  the  coil,  and  e  be  the  resultant  electromotive  force  at  its 

terminals,  we  have 

6  =  ^1  +  62  +  ^3+  ...  +en. 

By  squaring  and  taking  the  mean  of  the  values  for  a  whole 
period,  we  get 

F»  =  SFi^  +  2SFiF2Cosai.2. 

where  ai.2  is  the  phase  difference  between  ei  and  ^g.     Since,  by 
hypothesis,  all  these  phase  differences  are  not  zero, 

SFi^  +  22F1F2 cos  ai.2  is  less  than  (  F^  +  Fa  +  . ..  +  Fn)l 

We  see,  therefore,  that  F  is  less  than  Fi  +  Fa  +  ...  +  F^,  and 
hence,  the  effect  of  the  electromotive  forces  in  the  various  turns 
not  being  in  phase  with  one  another  is  to  diminish  the  effective 
value  of  the  resultant  electromotive  force  generated. 

It  has  to  be  remembered  that  the  quantities  Fi,  Fg, ...  F^  only 
compound  together  according  to  the  polygon  law  in  certain  very 
special  cases  (see  Vol.  I,  Chap,  viii),  and  hence  it  is  not  correct  to 
say  that  the  above  theorem  follows  geometrically  from  the  polygon 
construction. 

The  formulae  for  the  electromotive  force  of  an  alternator  on 
open  circuit,  given  above,  are  obtained  on  the  supposition  that  the 
breadth  of  the  armature  coils  is  negligible,  so  that  all  the  electro- 

2—2 
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motive  forces  developed  in  the  windings  are  in  phase  with  one 
another.  These  formulae,  therefore,  fix  the  maximum  possible 
values  of  the  open  circuit  electromotive  force.  In  order  to  find  a 
formula  which  will  take  into  account  the  breadth  of  the  coil,  we 
must,  as  formerly,  make  some  assumption  as  to  the  shape  of  the 
flux.  If  we  assume  that  the  distribution  of  the  flux  is  represented 
by  the  curve  shown  in  Fig.  10,  then,  it  is  easy  to  show  that  the 
shape  of  the  resultant  electromotive  force  wave  would  be  different 
fi:om  this  curve.  This  makes  the  calculation  of  the  formula  for 
the  electromotive  force  very  laborious.  We  shall  assume,  therefore, 
a  sine  distribution  of  the  flux,  since,  in  this  case,  the  resultant 
electromotive  force  wave  is  of  the  same  shape  as  its  com- 
ponents. 

Let  us  suppose  that  the  armature  is  cylindrical  in  shape  and 
that  it  is  the  rotor.     We  shall  suppose  that  the  flux  density  at 


Fig..  12.    The  breadth  of  the  coil  is  b  and  the  breadth  of  the  sides 
of  the  coil  is  c. 


right  angles  to  the  surface  of  the  rotor  on  a  line,  parallel  to  the 
shaft,  at  a  distance  as,  measured  along  the  circumference  of  the 
rotor,  from  a  parallel  fixed  line,  tangential  to  the  surface  of  the 
rotor,  is  given  by  B  sin  iroc/a.  The  fixed  line,  therefore,  is  midway 
between  two  consecutive  poles  as  the  radial  magnetic  force  is  zero 
at  all  points  along  it.  Let  us  now  suppose  that  the  armature  coils 
are  similar  to  the  coil  represented  in  Fig.  12.  The  breadth  of  this 
coil  is  by  and  the  breadth  of  the  sides  of  the  coil  is  c,  so  that  6  —  2c 
is  the  breadth  of  the  narrowest  winding  of  the  coil.  We  suppose 
that  these  breadths  are  all  measured  along  the  circumference  of 
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the  rotor.  If  there  are  n  layers  in  the  side  of  a  coil  (there  are 
3  in  Fig.  12),  and  if  h  be  the  distance  between  consecutive  layers 
we  shall  have  (ri—  1)  A  equal  to  c.  If  m  be  the  number  of  wires  in 
a  layer,  mn  will  be  the  total  number  of  windings  in  the  coil.  If  we 
now  make  the  assumption  that  the  E.M.F.  developed  in  a  conductor 
is  independent  of  its  radial  depth,  we  get  for  the  instantaneous 
value  e  of  the  E.M.F.,  in  volts,  generated  in  a  coil 

-1/^8         TD  '    'rrxdx  ,      ,„   .    Tr(x-'h)dx  . 

e.lO^  =  mZjBsm — -j--\-7rdBmi—^ ^-  +  ... 

a  at  a        at 

+  mlB  sm  — ^ ^^ ^— ^  37 

a  at 

,  r,   .    irix-h^dx        ,  „  .    TT  {a?  —  (6  -  A)}  rfa? 
a        at  a  at 

where  x  is  the  distance  of  the  end  layer  of  the  coil  from  the  fixed 
line,  and  a  length  I  of  each  of  the  conductors  is  supposed  to  cut 
the  flux.     Summing  this  series  we  get 

.    nirh 


[.     [ttx 


.    irh  \        [a  2a 


—  Sin- 
nirh 


.    irh         12a  2a        J  2a 

If  Cm  denote  the  mean  value  of  e  we  get,  on  integrating  over  the 

half  of  a  period,  and  noting  that  the  limits  on  the  right  hand  side 

are  from  0  to  a, 

.    nirh 

«^^  2^ 

Again,  since  we  suppose  that  the  velocity  of  the  rotor  is  uni- 
form, e  is  sine  shaped,  and  thus 

e   -^F 
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where  Vi  is  the  effective  value  of  e.     Also  if  <I>^  be  the  value  of 
the  flux  entering  the  armature  from  one  pole,  we  have 

IT 

Substituting  these  values  of  e-m,  and  ^^  in  the  above  equation, 
and  noting  that  T  equals  \\fy  we  find  that 

nirh 


sin 

Fi .  10«  =  TT  V2/m<D^ ij  sin 

sin^ 
2c& 

and  thus 

nirh 


irb     7r(n  — 1)A)    .    Trb 
^ ^—^  sm  ; 


2a  2a  2a* 


F.  10«  =  4-443/Ar<I)^ ^  sin 


2a     .     {irb     Tr{n  —  1)K 


irh        \2a  2a 

TISIUtt- 

2a 


where  N  denotes  the  total  number  of  turns  in  series  on  the 
armature  and  V  is  the  value  of  the  resultant  E.M.F.  When  n 
equals  unity  and  h  equals  a,  we  see  that  this  agrees  with  the 
formula  for  a  simple  bar  winding  when  the  flux  is  sine  shaped. 
To  illustrate  the  effect  of  the  breadth  of  the  coil  on  the  voltage 
generated,  let  us  consider  a  numerical  example.  Suppose  that  the 
polar  step,  that  is,  the  distance  between  the  middle  points  of  two 
consecutive  polar  faces  measured  along  the  circumference  of  the 
circle  on  which  these  middle  points  lie,  is  nineteen  inches.  Since 
in  practice,  the  distance  between  a  polar  face  and  the  rotor  is  very 
small  compared  with  the  radius  of  the  rotor,  we  can  assume 
without  sensible  error  that  a  is  19  inches.  Suppose  also  that  the 
distance  between  the  axes  of  consecutive  slots  on  the  rotor  surface 
is  2  inches  and  that  the  breadth  of  the  largest  winding  of  the  coil 
is  18  inches.  If  each  coil  of  the  armature  has  three  layers  as  in 
Fig.  12  so  that  the  breadths  of  the  windings  are  18,  14  and 
10  inches  respectively,  and  the  number  of  windings  in  each  layer 
is  the  same,  we  have 


^^^38     .     /IStt     47r\    .     187r 
•^^^^38 


•^^^^38 
=  4-443/iV<I>^  X  0-880. 
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When  each  coil  has  four  layers,  the  formula  becomes 

F.  10'  =  4-443/iV^<I)^  X  0-796. 

If  each  coil  has  five  layers,  so  that  the  breadths  of  the  windings 
are  18,  14,  10,  6  and  2  inches  respectively,  the  formula  is 

r.lO'  =  4i'U3fN^A  X  0-656. 

If  there  had  only  been  two  layers,  the  breadths  of  the  windings 
being  18  and  14  inches,  then 

V.  10'  =  4-443/Ar<E)^  x  0-953. 

When  h  is  small  compared  with  c  we  may  write  nh  =  c  and 
7rc/2a  for  nsmirh/2a.     In  this  case 

In  practice,  b  is  generally  nearly  equal  to  a,  and  thus  we  can  use 
the  formula 

Trc\ 


F.io»=(v2^8m^)/Ara»^. 


In  this  formula,  V  is  the  effective  value  of  the  voltage  generated, 
a  the  polar  step,  c  the  breadth  of  a  side  of  a  coil,  /  the  firequency, 
N  the  number  of  turns  in  series  between  the  collector  rings  and 
^4  the  flux  of  induction  per  pole  in  C.as.  units  which  enters  the 
armature. 

The  values  of  V2  (a/c)  sin  7rc/a  for  various  values  of  ajc  are 
given  in  the  following  table.  It  is  to  be  noted  that,  since  c  is 
the  breadth  of  either  side  of  the  coil,  the  minimum  value  of 
ajc  is  2, 


^  1^ 

3 

4 

5 

6 

7 

8 

9 

10 

20 

00 

"^    c         a 

2-828 

3-674 

4-000 

4-166 

4-243 

4-295 

4-330 

4-353 

4-370 

4-425 

4-443 

When  an  alternator  is  running  on  open  circuit,  the  potential 
o  en  circuit  difference  between  the  terminals  varies  with  the 
characteristic,  excitation  of  the  field  magnets.  The  variation  of 
the  voltage  with  the  excitation  is  different  in  different  machines, 
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and  it  is  necessary  that  the  connection  between  the  two  should  be 
known.  This  can  be  found  easily  by  experiment  and  is  generally 
shown  by  a  curve  which  has  the  voltage  between  tne  terminals  on 
open  circuit  for  ordinates  and  the  ampere  turns  per  field  magnet 
spool  for  abscissae.  To  find  this  curve  we  proceed  as  follows.  An 
ammeter  is  placed  in  the  exciting  circuit,  and  an  electrostatic 
voltmeter  is  placed  across  the  terminals  of  the  machine.  The 
alternator  is  then  run  at  its  normal  speed,  and,  as  the  excitation  is 
increased  from  zero  to  its  maximum  value,  simultaneous  readings 
of  the  ammeter  and  voltmeter  are  taken.  These  values,  when 
plotted  as  described  above,  give  the  open  circuit  characteristic. 
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Ampere  turns  of  excitation  per  spool. 

Fig.  13.  OA  is  the  open  circuit  characteristic  of  a  1250  kilo- volt  ampere  alter- 
nator. OB  is  its  short  circuit  characteristic.  The  points  A  and  B  give  the  full 
load  volts  and  amperes. 


In  Fig.  13  the  curve  OA  is  typical  of  an  open  circuit  characteristic 
curve.  It  will  be  noticed  that  almost  up  to  the  full  working 
pressure  it  is  a  straight  line.     It  then  bends  downwards. 
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If  we  assume  that  an  alteration  of  the  ampere- turns  in  the 
field  magnet  windings  does  not  alter  appreciably  the  shape  of  the 
curve  representing  the  flux  in  the  air-gap,  but  ouly  alters  the  scale 
of  the  ordinates  of  this  curve,  then,  when  the  machine  is  run  at 
constant  speed,  the  voltage  on  open  circuit  will  be  proportional  to 
the  flux  per  pole  linked  with  the  armature.  To  find  a  formula 
connecting  the  voltage  and  the  exciting  ampere- turns  nC  of  the 
field  magnet  we  find,  first  of  all,  a  formula  connecting  nC  and  the 
flux  <I>^  entering  the  armature  from  a  pole.  In  Vol.  I,  p.  51,  we 
obtained  the  equation 

47rn(7/10 


Flux  = 


Reluctance ' 


where  the  reluctance  is  calculated  by  the  formula  l/fiS,  I  denoting 
the  length  of  the  path  of  the  flux,  S  its  cross  sectional  area  and  fj, 
the  permeability  at  the  given  flux  density.  Now,  in  practice,  we 
are  given  the  permeability  curve  of  the  iron,  and  so,  if  we  know  the 
flux,  and  therefore  the  flux  density,  we  can  calculate  the  reluctance. 
Similarly,  in  this  case,  when  we  know  the  magnetic  force  we  can 
find  fi,  and  thus  we  can  find  the  reluctance  and  the  magnetic  flux. 
In  proving  the  above  formula  we  considered  the  case  of  an  infinite 
solenoid  so  that  the  magnetic  force  is  assumed  constant  at  every 
point  on  the  cross  section.  We  saw,  however,  that  in  the  case  of  a 
finite  circuit,  like  an  anchor  ring  uniformly  wound  with  insulating 
wire  carrying  a  current,  the  magnetic  forces  to  which  the  iron  is 
subjected  are  not  constant  but  are  greater  at  points  near  the  inner 
circumference  of  the  ring  than  they  are  at  points  near  the  outer 
circumference.  If  the  permeability  corresponding  to  the  given 
magnetising  forces  be  represented  by  a  point  on  the  steep  part  of 
the  permeability  curve,  so  that  a  small  variation  in  the  value  of 
the  magnetic  forces  makes  a  large  variation  in  the  value  of  the 
permeability,  then  the  variation  of  the  flux  density  over  the  cross 
section  of  the  ring  may  be  large.  It  follows  that  l/fiSy  where  /a  is 
the  permeability  corresponding  to  the  density  ^/8,  may  not  give 
the  true  value  of  the  reluctance.  The  formula,  therefore,  which  is 
used  in  practice  for  the  magnetic  circuit  is  only  approximately 
correct. 

In  a  dynamo,  the  path  of  the  flux  in  a  field  magnet  is  partly 
in  the  iron  and  partly  in  the  air.     It  is  customary  to  extend  the 
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magnetic  analogy  of  Ohm's  law  to  this  case,  the  reluctance  of  the 
paths  in  air  and  the  paths  in  iron  of  the  flux  being  calculated 
separately  by  the  formula  Z//iS,  and  the  sum  of  these  quantities 
being  given  as  the  total  reluctance  of  the  magnetic  circuit.  In 
practice,  it  is  only  possible  to  find  these  reluctances  approximately, 
and  in  the  case  of  armatures  with  slots  the  calculation  is  a  difficult 
one.  The  methods  of  approximating  to  the  values  of  these  reluct- 
ances are  explained  in  treatises  on  the  design  of  direct  current 
dynamos  and  a  method  of  finding  the  reluctance  of  the  air-gap  is 
given  in  Chapter  il.  Formulae  containing  reluctances,  which  can 
only  be  calculated  roughly,  have  a  limited  use.  They  are,  however, 
a  help  to  the  designer  as  they  show  him  the  relative  eflfects 
produced  by  alterations  in  the  various  parts  of  the  magnetic 
circuit.  In  what  follows  we  shall  assume  that  the  armature  has 
a  smooth  surface. 

In  practice,  it  is  customary  to  consider  ampere-turns  nC 
instead  of  magnetomotive  force  AurnGjlO.  To  simplify  the  for- 
mulae, therefore,  we  shall  denote  the  reluctance  of  a  magnetic 
circuit  by  47r(R/10  so  that  the  fundamental  equation  becomes 

■PI  ^^ 

Flux  =  ^ . 

Let  us  now  consider  the  magnetic  flux  linked  with  two  adjacent 
poles  N^  and  S2  in  a  multipolar  field  -ATi,  Si,  N^,  S^,  N^,  ....  The 
flux  proceeding  from  N^  is  linked  with  both  Si  and  S^y  half  of  it 
coming  back  by  Si  and  half  by  /Sg.  We  shall  consider  the  flux 
linked  with  N2  and  S2.  This  flux  will  be  half  the  total  flux 
leaving  the  pole  -ATg.  On  leaving  N2  an  amount  4>a/2  of  this 
portion  of  the  flux  will  leak  directly  through  the  air  to  the 
pole  /Sg.  Let  the  reluctance  of  the  path  in  the  air  of  this  leakage 
flux  be  47r(Ba/10.  The  remainder  4>V2  of  the  flux  leaving  N^  and 
linked  with  S2  will  after  passing  across  the  air-gap,  the  reluctance 
of  which  we  will  denote  by  47r(1?^/10,  enter  the  armature.  Let  the 
reluctance  of  the  path  of  the  flux  ^^/2  in  the  armature  between 
N2  and  S2  be  47r(R^/10.  After  crossing  a  second  air-gap  (47r(}?^/10) 
this  flux  will  enter  S2.  The  flux  (<I>^ -|- <I>a)/2  will  complete  its 
path  through  the  pole  /Sg,  then  through  part  of  the  iron  ring  to 
which  N2  and  S2  are  both  fixed,  and  finally  through  JVg  to  the 
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polar  surface  from  which  it  started.  We  shall  denote  the  reluct- 
ance of  this  part  of  the  magnetic  circuit  of  (^^+<I>a)/2  by  47r(By/10. 
It  is  to  be  noted  that  the  reluctance  of  the  air-gap  from  the  whole, 
of  the  pole  of  i^Ta  to  the  armature  will  be  47r(B^/20,  and  in  calculating 


i^^'^ 


J(*^+*«) 


(Ra  +  ^q 


Fig.  14.    Electrical  analogy  with  the  magnetic  circuits  linked  with  a  field 
magnet  and  the  two  field  magnets  adjacent  to  it. 


the  reluctance  of  the  path  of  (4>^  +  ^a)/2  in  the  field  magnets  we 
assume  that  this  path  occupies  half  of  the  iron  of  the  field  magnets. 
Making  use  of  the  electrical  analogy,  shown  in  Fig.  14,  we  get 
the  following  equations : 


where 
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We  also  have  ((R^  +  2(R^)  4>^  =  (Sa^a, 

and  thus        4>^  = 


=  (B/+(R^  +  2(R^. 


(R/  +  (R^  +  2(Sig  +  (R/((R^  +  2(R^)/(R«  • 
In  practice  (Ra  is  large   compared  with   (R/((R^ +  2(Rp),   and 
therefore,  we  have  approximately 

Now,  when  the  magnetising  force  is  not  large,  the  permeability  of 
the  iron  or  steel  is  very  high,  and  thus,  since  reluctance  is  in- 
versely proportional  to  permeability,  (R/+(R^  is  small  in  comparison 
with  2(Stg.  But  the  value  of  2(Bg  is  independent  of  the  magnetising 
force,  and  therefore,  the  ratio  of  nC  to  <I>^  is  very  approximately 
constant  if  the  magnetising  forces  are  not  large.  Thus  the  curve 
having  4>^  for  ordinates  and  nC  for  abscissae  will  be  very  approxi- 
mately a  straight  line  until  nC  becomes  large.  When  nC  is  large 
the  iron  in  the  path  of  the  flux  becomes  saturated,  and  so  (R/-f  (R^ 
becomes  appreciable  and  the  curve  giving  the  armature  flux  4>^  in 
terms  of  nC  begins  to  bend  downwards.  If  the  relative  distribution 
of  the  flux  in  the  air-gap  does  not  alter  as  nC  is  increased,  V  will 
be  proportional  to  ^^,  and  thus  we  would  expect  the  open  circuit 
characteristic  to  be  similar  to  the  curve  A  shown  in  Fig.  13.  In 
machines  with  large  air-gaps,  the  open  circuit  characteristic  is 
almost  an  exact  straight  line.  In  machines  with  insufficient  iron, 
or  iron  of  inferior  quality,  in  the  field  magnets  the  characteristic 
curve  bends  down  rapidly  and  the  loss  of  power  due  to  the  large 
excitation  required  is  excessive. 

If  we  neglect  the  breadth  of  the  coils  in  the  armature  circuit 
of  an  alternator,  the  formula  for  the  open  circuit 

Flux  curves.  ^  '■ 

electromotive  force,  namely 
F=4ifc/A^<I)^xlO-8, 
enables  us  to  find  <l>^.     From  Fig.  14  we  see  that 

(Ra^a  =  ((R^  +  2(R^)<l>^, 
and  therefore      <l>^  +  <!>«  =  ^A  +  2Qg  +  (Ha  ^^ 

,                                        (R^  +  2(R^  +  &a 
where  v  =  -^ y^ . 
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The  coefficient  v  is  sometimes  called  the  '  leakage  coefficient/  and 
sometimes  'Hopkinson's  coefficient.'  Hence,  if  we  multiply  the 
ordinates  of  the  open  circuit  characteristic  by  10^  v/4ikNf,  we  get 
the  curve  showing  the  total  flux  in  the  field  magnets  for  various 
excitations. 

In  practice,  the  calculation  of  v  is  difficult.  It  is  to  be  noted 
that  whether  the  armature  or  the  field  magnets  rotate,  the  path  of 
the  flux  in  the  field  magnets  is  continually  rotating  relatively  to 
the  iron  sheets  of  which  the  armature  is  built  up.  It  follows  that 
the  polarity  of  the  molecules  of  the  iron  in  the  armature  alter- 
nates with  the  frequency  of  the  alternating  E.M.F.,  and  if  the  flux 
density  in  it  be  high,  the  loss  in  the  iron  of  the  armature  due  to 
hysteresis  and  eddy  currents  will  be  considerable.  This  will  affect 
the  accuracy  of  the  fundamental  magnetic  equation.  Assuming, 
however,  that  this  introduces  no  serious  error,  we  must  calculate 
the  values  of  (Sa,  St  a  ^^^  ^g  i^  order  to  find  v.  This  calculation 
is  very  difficult  as  the  paths  of  the  flux  are  not  simple  geometrical 
curves  and  the  permeability  of  the  iron  in  the  various  parts  of  the 
magnetic  circuit  is  not  accurately  known.  We  can,  therefore,  as  a 
rule,  only  make  a  rough  approximation  to  the  value  of  v  by  calcu- 
lation. An  average  value  for  v  in  good  modern  machines  would 
be  about  1*2,  but  occasionally  it  is  1*3  or  even  higher.  For  a 
particular  type  of  machine,  however,  designers  can  estimate  its 
value  with  fair  accuracy,  and  thus,  by  the  aid  of  the  formulae  given 
above,  it  would  be  possible  to  predetermine  the  open  circuit  voltage 
of  the  machine  for  any  excitation  and  at  any  speed.  We  could 
therefore  predetermine  the  open  circuit  characteristic  curves  of 
the  machine  for  various  speeds. 

If  we  short  circuit  the  terminals  of  an  alternator  through  an 
ammeter  when  the  field  magnets  are  only  feebly 
characteristic,  excited,  the  current  will  not  be  large.  This  is  due 
to  the  small  value  of  the  electromotive  force  generated 
and  the  appreciable  impedance  of  the  armature  itself.  If  we 
now  gradually  increase  the  excitation,  the  machine  running  at 
its  normal  speed,  we  can  get  a  series  of  simultaneous  readings 
of  an  ammeter  in  the  exciting  circuit  and  of  the  ammeter  short 
circuiting  the   alternator.     Plotting  out  a  curve  (OJB,  Fig.  13), 
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having  ampere-turns  of  excitation  per  field  magnet  spool  for 
abscissae,  and  short  circuit  amperes  for  ordinates,  we  get  the  short 
circuit  characteristic.  The  curve  is  practically  a  straight  line. 
The  excitation  required  for  the  electromotive  force  to  produce  the 
full  load  current  in  the  short  circuited  armature  is  much  less  than 
that  required  to  produce  the  fall  load  current  in  the  armature 
together  with  the  voltage  required  for  an  external  non-inductive 
load.  The  phase  difference,  however,  between  the  current  and  the 
E.M.F.  generated  is  greater  in  the  case  of  the  short  circuited 
armature  and  one  effect  of  a  lagging  current  is  to  demagnetise 
the  field.  In  some  machines  this  effect  is  very  marked,  and 
appreciable  magnetising  currents  are  required  in  order  to  get  the 
short  circuit  characteristic.  In  order  to  understand  why  a  lagging 
current  tends  to  demagnetise  the  field  magnets,  we  shall  consider 
in  detail  some  simple  armature  windings. 

A  simple   method   of  studying  cylindrical  (drum)  armature 
^^^g  windings  is  to  imagine  that  the  winding  is  cut  across 

windings.  parallel  to  the  axis  of  the  drum  and  developed  out 
into  a  plane.     In  Fig.  15  a  diagram  of  a  four  pole  alternator  is 
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Fig.  15.  Expanded  diagram  of  a  four  pole  alternator.  Simple  wave  winding. 
The  arrow  indicates  the  direction  of  rotation  of  the  poles.  The  Greek  letters 
indicate  the  magnetic  effects  of  the  currents  in  the  armature. 


shown  expanded  in  this  fashion.  If  the  field  magnets  rotate,  we 
can  suppose  that  the  poles  are  moving  underneath  the  windings 
in  the  direction  of  the  arrow.  The  electromotive  forces  developed 
in  the  wires  will  act  in  the  directions  of  the  arrow  heads.  These 
directions  are  the  same  as  if  the  field  magnets  were  stationary  and 
the  armature  rotated  in  the  opposite  direction.  Hence  by  applying 
Fleming's  rule  we  find  them  at  once.     T^  and  T^  are  the  terminals 
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of  the  machine  and  the  points  Oi  and  a^  coincide,  when  the  winding 
is  on  the  armature. 

If  the  adjacent  active  conductors  of  the  winding  Tiai  (Fig.  15) 
be  at  a  distance  from  one  another  equal  to  the  polar  step,  the 
electromotive  forces  developed  in  adjacent  conductors  will  be  in 
exact  opposition  in  phase,  and  thus,  since  the  conductors  are 
connected  so  that  the  E.M.F.s  act  in  the  same  direction  round 
the  winding,  the  effective  value  of  the  resultant  E.M.F.  between 
Ti  and  Ui  will  be  equal  to  the  sum  of  the  effective  values  of  the 
E.M.F.s  developed  in  the  four  active  conductors  between  Tj  and  aj. 
Similarly,  the  effective  value  of  the  resultant  E.M.F.  between  T2 
and  as  will  be  the  sum  of  the  effective  values  of  the  E.M.F.s 
developed  in  the  four  active  conductors  between  these  points. 
The  electromotive  forces,  however,  developed  in  the  two  windings 
TiOi  and  a2T2  will  only  be  in'phase  when  the  windings  are  super- 
posed. Thus  a  differential  action  between  the  various  E.M.F.s 
developed  can  only  be  avoided  by  using  a  simple  bar  winding. 

If  the  distance  between  any  two  conductors  which  pass  across 
the  face  of  a  pole  in  Fig.  15  be  greater  than  the  minimum 
distance  between  the  poles,  then,  when  one  conductor  is  leaving 
one  pole  the  other  will  be  over  the  next  and,  at  this  instant,  the 
arrow  heads,  indicating  the  direction  of  the  E.M.F.S  developed 
in  the  two  conductors,  will  be  pointing  in  opposite  ways.  The 
differential  action,  therefore,  will  be  excessive.  In  practice,  the 
displacement  of  the  two  windings  relatively  to  one  another  is 
made  less  than  the  minimum  distance  between  the  poles.  We 
can  also  have  any  number  of  windings  similar  to  TiOi  and  T^a^  in 
Fig.  15,  but  the  displacement  of  the  two  which  are  farthest  apart 
should  be  less  than  the  minimum  distance  between  the  poles. 
This  simple  form  of  winding  is  called  a  'distributive'  wave 
winding. 

When  the  terminals  of  the  machine  are  connected  through  a 
large  non-inductive  resistance,  the  currents  in  the  conductors  will 
be  flowing  in  the  direction  of  the  arrow  heads  (Fig.  15),  and  their 
values  will  be  large  at  the  instant  pictured  in  the  diagram.  The 
armature  current  will  produce  a  magnetic  flux  leaving  the  paper 
perpendicularly  at  v  and  entering  it  perpendicularly  at  a.  It  will 
thus  produce  a  transverse  magnetisation  of  the  field  in  the  same 
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way  that  the  corresponding  effect  is  produced  in  direct  current 
machines.  The  magnetic  flux  on  the  trailing  side  of  the  pole 
pieces  will  be  strengthened  and  that  on  the  leading  side  weakened. 
We  should  expect,  therefore,  that  this  transverse  magnetisation 
would  have  an  appreciable  effect  on  the  shape  of  the  wave  of  the 
electromotive  force  generated,  and  on  the  distribution  of  the  heat 
generated  by  eddy  currents  and  hysteresis  in  the  pole  pieces.  This 
is  found  to  be  the  case  in  practice. 

A  quarter  of  a  period  after  the  armature  current  has  its 
maximum  value,  the  poles  will  lie  between  the  windings,  as  in 
Fig.  17,  and  the  current  will  be  zero.  The  current  now  changes 
sign  and  at  the  end  of  the  next  quarter  of  a  period  it  attains  a 
maximum  value.  Hence  it  is  easy  to  see  that  in  this  case,  namely, 
when  the  load  is  non-inductive,  the  mean  value  of  the  magnetising 
force  exerted  by  the  armature  currents  on  the  field  magnets  is 
zero. 


In  Fig.  16  a  simple  lap  winding  is  shown  for  the  alternator 
represented  diagrammatically  in  Fig.  15.     It  will  be 
seen  that,  so  far  as  the  electrical  effects  produced  are 
concerned,  the  lap  windings  and  wave  windings  are  identical.     It 


Lap  windings. 
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Fig.  16.  Expanded  diagram  of  four  pole  alternator.  Simple  lap  winding.  The 
Greek  letters  indicate  the  magnetising  effect  of  armature  currents  which  are  in 
phase  with  the  e.m.f. 


is  to  be  noted  that  the  breadth  of  the  inner  coil  should  not  be  less 
than  the  minimum  distance  between  the  poles. 

In  Fig.  17  the  developed  diagram  of  this  alternator  is  shown  a 
quarter  of  a  period  later,  when  the  electromotive  force  is  zero.  If 
the  current  is  ninety  degrees  in  advance  of  the  electromotive  force, 
it  will  be  seen  from  Fig.  17  that  the  magnetomotive  force  increases 
the  magnetisation  of  the  field.     If,  on  the  other  hand,  the  current 
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is  lagging  by  ninety  degrees,  the  magnetising  effect  of  the 
armature  coils  directly  opposes  that  of  the  field  coils  and  so  the 
flux  in  the  air-gap  is  weakened. 
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Fig.  17.  The  diagram  of  the  foar  pole  alternator  (Fig.  16)  as  it  wonld  appear 
at  a  quarter  of  a  period  later.  The  magnetising  e£fect  on  the  field  magnets  of  leading 
currents  is  shown  at  v'Sv,  The  demagnetising  effect  on  the  field  magnets  of  lagging 
currents  is  shown  at  ali^a. 

It  is  of  importance  to  be  able  to  calculate  the  value  of  the 
distorting  magnetic  forces  produced  by  the  currents  in 
of  two  the  armature.     We  have  seen  that  when  the  armature 

current  is  in  phase  with  the  electromotive  force  it  tends 
to  magnetise  the  field  transversely,  and  when  the  two  differ  in 
phase  a  direct  magnetising  or  demagnetising  effect  is  produced  on 
the  field  magnets  according  as  the  cuiTent  is  leading  or  lagging. 
In  order  to  find  formulae  to  give  the  magnitude  of  these  effects 
we  must  know  the  shape  of  the  current  wave.  If  it  varies 
according  to  the  sine  law  and  lags  by  an  angle  '^  behind  the 
electromotive  force,  then 

i  =  /  sin  (ft)^  —  >/r). 

If  it  does  not  vary  according  to  the  sine  law,  it  could  be  expressed 
in  a  series  of  sines  by  means  of  Fourier's  theorem.  The  full  discus- 
sion of  the  general  case,  howevei:,  is  difficult,  and  so  in  what  follows 
we  shall  make  the  sine  curve  assumption. 

Now,  when  the  current  i  in  the  armature  follows  the  harmonic 
law,  it  may  be  written  in  the  form  /  sin  (co^  — 'i/r)  or 

/  cos  >/r  sin  (oi  —  I  sin  -^  cos  o)^, 
which  equals 

I  cos  >/r  sin  0)^  +  /sin  >/r  sin  (wt  —  7r/2). 

Hence  we  may  regard  i  as  the  sum  of  two  currents,  having 
maximum  values  /  cos  '^  and  /  sin  >/r  respectively,  and  differing 
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in  phase  by  ninety  degrees.  The  current  which  has  a  maximum 
value  /  cos  -^  is  in  phase  with  the  electromotive  force  developed 
in  the  conductors  of  the  armature,  and  it  produces  therefore 
only  a  transverse  magnetising  effect  on  the  field.  The  current 
/sin>/rsin(a)^  — 7r/2)  lags  90°  behind  the  electromotive  force  and 
produces  a  direct  demagnetising  force  on  the  field  magnets.  This 
method  of  splitting  the  magnetising  force  due  to  the  currents  in  the 
armature  into  two  components  at  right  angles  to  one  another  is 
known  as  the  method  of  two  reactions  and  was  first  stated  by 
Blondel. 
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Fig.  18.    The  polar  step  eqaals  a.    The  hreadth  of  the  polar  flux  entering  the 
armature  equals  5.    The  distance  between  the  axes  of  the  slots  equals  b'. 


Formula  for 
the  demag- 
netising effect 
of  the  lagging 
component  of 
the  current. 


We  shall  consider  the  case  of  a  machine  with  a  simple  coil 
winding  on  the  armature,  as  in  Fig.  2,  and  we  shall 
calculate  the  mean  value  of  the  demagnetising  ampere- 
turns  acting  on  the  field  due  to  the  current  in  the 
armature.  Let  there  be  2Ni  conductors  in  a  slot,  and 
therefore  Ni  turns  per  pole.  We  shall  suppose  that 
the  magnetomotive  force,  due  to  the  current  in  an  armature  coil, 
acting  on  a  given  tube  of  magnetic  flux  in  a  field  magnet,  changes 
from  (47r/10)i\^i/sin^sin(<ii)^  — 7r/2)  to  zero,  or  vice  versdy  when 
the  tube  passes  through  the  axis  of  a  slot.  We  shall  assume  that 
the  breadth  of  the  arc  intercepted  on  the  cylindrical  armature  by 
the  flux  leaving  a  pole  is  6,  and,  since  the  flux  leaving  a  pole  spreads 
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out  in  the  air-gap,  b  will  be  greater  than  the  breadth  of  the  pole. 
Let  us  assume  also  that  the  density  of  the  flux  entering  the 
armature  is  uniform.  Let  6'  be  the  breadth  of  an  armature  coil, 
measured  along  the  circumference  of  the  armature,  between  the 
axes  of  the  two  slots  (Fig.  18)  and  let  a  be  the  polar  step,  that 
is,  the  distance  between  the  middle  points  of  consecutive  poles 
measured  along  the  arc  of  the  circle  on  which  these  middle  points 
lie.  As  the  air-gap  is  very  narrow  compared  with  the  radius  of 
the  rotor  we  may,  without  sensible  error,  assume  that  the  circum- 
ference of  the  armature  is  2pa,  where  2p  is  the  number  of  the 
field  poles.  For  convenience  of  drawing,  we  have  shown  the 
sections  of  the  polar  and  armature  faces  as  if  they  were  straight. 
Suppose  now  that  the  faces  of  the  poles  of  the  field  magnets  are 
moving  with  a  linear  velocity  2a/ T,  and  let  0  (Fig.  18)  be  taken 
as  the  origin  from  which  the  distance  x  (Fig.  19)  of  the  end  of  the 
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Fig.  19.     In  this  diagram  x  is  greater  than  —^ —  but  is  less  than  a x — . 

trailing  flux  is  measured.     If  the  space  x  be  described  in  time  ty 
then,  since  the  air-gap  is  very  narrow,  we  may  write 

x=2at/T=^aQ)t/'7r,  since  Q)  =  2Tr/T, 

and  therefore  eot  =  irx/a. 

Hence,  the  lagging  component  of  the  current  may  be  written 
in  the  form  /  sin  yjr  sin  (7rx/a  —  7r/2)  or  —  /  sin  yjr  cos  irx/a. 

We  only  need  to  calculate  the  mean  value  of  the  magnetising 
turns  produced  by  this  current  during  a  quarter  of  a  period,  as 
this  will  be  the  same  as  over  a  whole  period,  for  the  frequency  of 
this  magnetising  force  acting  on  a  pole  is  double  that  of  the  alter- 
nating current.  We  shall  first  find  expressions  for  the  magnetising 
force  during  various  intervals  of  the  quarter  period,  and  then 
calculate  its  mean  value. 

3—2 
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The  first  interval  of  time  is  the  time  taken  by  x  (Fig.  18)  to 
increase  from  zero  to  J  (6  —  V).  In  this  case,  the  demagnetising 
turns  of  the  armature  coils  act  only  on  the  fraction  Vjh  of  the 
total  flux  entering  the  armature.  The  magnetising  ampere-turns, 
therefore,  from  x  equal  to  zero  to  x  equal  to  J  (6  —  V),  are 

—  {Vjh)  Nil  sin  ^^  cos  irxja. 

When  X  (Fig.  19)  is  greater  than  J  (6  —  h')  but  less  than 

j(a-6)  +  i(a-n 

the  coil  embraces  the  fraction  [6'—  {« —  i  (6  —  6')}]/^  ^f  ^^^  totaX 
flux.  The  value  of  the  magnetising  ampere-tums,  from  x  equal 
to  J (6  —  6)  to  X  equal  to  a—  \(h  +  V),  is  therefore  equal  to 

~  r  {i  (^  +  ^')  ""  ^}  Nil  mi  ylr  cos  —  . 

When  X  (Fig.  20)  is  greater  than  a  —  ^  (6  +  V),  some  of  the  flux 
from  the  pole  is  embraced  by  the  adjacent  coil  which  tends  to 


inc. 


Fig.  20.    In  this  diagram  x  is  greater  than  a ^r—  but  is  less  than  - . 


magnetise  it  in  the  opposite  direction.     Hence  the  magnetising 
ampere-tums,  from  x  equal  to  a  —  J  (6  +  6')  to  x  equal  to  J  a,  are 


TTX 


^^[6'-{a;~i(6-6')}-{^-(a-ife  +  fe')}]^i^sin^cos  — 

which  is  equal  to 

(a  —  ^x\  T,r  r  '     ,         Tra? 
-)  iVi/sinycos  — . 


-{' 


b     J 


If  A,  therefore,  denote  the  effective  value  I/aJ2  of  the  armature 
current  during  the  time  the  field  magnet  takes  to  move  from  0  to 
a/2,  and  if  aNiA  sin  yjr  denote  the  mean  value  of  the  demagnetising 
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ampere-turns,  we  have 

b-b' 

aNiAainylr.-=  I        7-  Nil  sin  yjr  cos  —  dx 
^    2     J  0      b  ^  a 


0 

b+V 

-*"  2    1/6  +  6' 


.   [      2  1/6  +  6'        \  ,r  r  •     ,        ^^^ 

■^■J^^^  ^(^-2--^ji\r,/smtcos-d«. 

2 

a 

+  I  I  — i 1  iV^i  /  sin  ylf  cos  —  dla:. 


Putting  6  equal  to  irxja  and  simplifjring,  we  have 


^(*-6') 


Noting  that  j6  cos  ^d^  =  ^  sin  ^  +  cos  ^, 

we  easily  find  that 

wh  r       1^ '*"*'' 

2-v2«=^'rl 


+  J*  (a-^coaOdO. 


+    —75 —  sin  ^ sin  a cos  ^ 

+    a  sin  ^ sm  ^ cos  0 

L  *"■  *"■        J 


2a^ 

12 


=  6'sin^(fe-6') 
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oo«J(6-6')-co8j(6  +  6')} 


2a   .    Trft    .     Trft 
=  —  sm  TT-  sin  ^r  • 

^,       -  4V2a   .    7r6'   .    irb 

Therefore  a  =    -^-7—  sin  ^r-  sin  ^r- . 

ir^b  2a        2a 

This  formula  enables  us  to  find  the  values  of  a,  and  thus,  when 
the  current  A  in  the  armature  and  the  angle  '^/r  of  lag  of  this 
current  behind  the  electromotive  force  are  known,  we  can  readily 
find  the  mean  value  aNiAsinylr  of  the  demagnetising  ampere- 
turns  per  pole.  If  we  suppose  that  b  is  equal  to  a,  then,  in  the 
case  of  a  simple  bar  winding  a  is  0*58  nearly. 

When  ylr  is  negative,  that  is,  when  the  current  is  leading, 
aNiA  sin  yjr  is  also  negative,  and  thus,  in  this  case,  the  armature 
reaction  strengthens  the  field. 

If  the  breadth  of  the  slot  be  c  and  if  it  contain  many  con- 
ductors, we  can  get  a  more  accurate  formula  as  follows.  Let  h  be 
the  distance  between  the  axes  of  two  neighbouring  wires  which 
are  equidistant  from  the  axis  of  the  rotor,  and  let  nh  be  equal  to  c. 
Calculating  the  demagnetising  force  for  each  turn  separately,  and 
adding  the  results,  we  find  that 

aN^A  sin  yjr  =  -^^i^ sin  yfr  sin  — 


sm  — ^r ^  +  8in  — 5^-^r -^+...+sin— ^^ ^ " 

2a 2a 2a 


n 


where  b"  is  the  distance  between  the  outside  edges  of  the  two 
slots.     Summing  the  series  we  get 


4a  J2   .    irb 
a  =  — ;;,-sin 


iirb  TTC)  TTC 

-^ s-f  sin  ^j- 
2a      2a)        2a 


77*6  2a  .     TTC 

nsiur — 

2an 
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Now  6"  equals  c  +  b\  where  ft'  is  the  distance  between  the  axes  of 
the  slots.  Thus,  when  n  is  large,  so  that  we  can  write  7rc/2an  for 
sin  TTCJ^an,  we  get 

TTC 

4a  V2    .    Trft   .     Trft' ®'^  2^ 
a  =  — IT-  sin  7^  sm 


2a        2a 


TTC 

2a 


It  will  be  seen  that  the  factor  —  sin  ^r-  corrects  for  the  breadth  of 

TTC        2a 

the  coil.     The  following  table  shows  how  this  factor  varies  with 

the  ratio  of  c  to  a. 


c 
a 

0 

005 

0-10 

0-15 

0-20 

0-25 

0-30 

0-35 

0-40 

0-46 

2a    .     irc 
—  am  ^r- 
irc         2a 

1000 

0-999 

0-996 

0-991 

0-984 

0-976 

0-963 

0-950 

0-936 

0-919 

Formula  for 
the  compen- 
sating ampere - 
turns  required 
for  the  field 
magnets. 


An  approximate  value  for  the  ampere-turns  round  the  field 
magnets  required  to  compensate  for  the  demagnetising 
effects  due  to  the  current  in  the  armature,  when  sin  ^ 
is  not  zero,  can  be  found  as  follows.  We  have  seen 
that  the  mean  value  of  the  demagnetising  ampere- 
turns  per  field  magnet  pole  is  aN^A  sin  >^.  The 
compensating  ampere-turns  per  pole  must  be  greater  than  this 
since  all  the  flux  generated  in  the  field  magnets  does  not  pass 
through  the  armature  coils.  If  we  amplify  the  electrical  analogy 
shown  in  Fig.  14  we  get  Fig.  21.  In  this  diagram  n'(7'  represents 
the  ampere-turns,  of  the  compensating  coil  on  every  field  magnet, 
required  to  keep  the  flux  in  the  armature  constant,  and  aNiA^iny^ 
denotes  the  demagnetising  ampere-turns  per  pole,  due  to  the 
current  A  in  the  armature  windings,  when  the  power  factor  is 
cos>^.  Let  the  reluctances,  divided  by  47r/10,  of  the  path  in  the 
armature,  of  the  leakage  paths  in  air,  of  the  two  air-gaps,  and  of 
the  path  in  the  field  magnets,  traversed  by  the  flux  linked  with 
two  adjacent  field  magnets,  be  denoted  by  3?^,  (Ba,  2(B^  and  (B/ 
respectively  (p.  26).  Let  also  <I)^  be  the  flux  from  a  pole,  linked 
with  the  armature,  and  let  <!>«  be  the  leakage  flux  from  a  pole,  on 
open  circuit.     The  magnetic  equations  on  open  circuit  are 

471(7- (B/(<l>^  +  <Da)  =  ((B^  +  2(R^)<D^  =  ««<!>« (1), 
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where  n  is  the  number  of  turns  on  one  pole  of  a  field  magnet 
winding,  and  C  is  the  exciting  current.  Let  us  suppose  that  the 
number  of  coils  in  the  armature  equals  the  number  of  field 
magnet  poles,  and  that  Ni  is  the  number  of  windings  in  a  coil,  so 
that  aNiA  sin>^  is  the  measure  of  the  mean  demagnetising  eflFect 
of  an  armature  coil  on  a  pole,  when  the  current  in  it  is  -4,  and 

^aN^A  sin  f 


i(*^+n) 


(Ra^2(5(„ 


Fig.  21.  n'C  represents  the  ampere-turns  per  spool  required  to  keep  the  flnx 
in  the  armature  constant.  aNiA  sin  f  represents  the  demagnetising  ampere-turns 
due  to  lagging  currents  in  an  armature  coil. 

cos>/r  is  the  power  factor.     Let  n'C  be  the  compensating  ampere- 
turns  on  each  field  magnet  and  let  <!>/  be  the  leakage  flux  in 
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the  air.     Our  equations  in  this  case  are 

4  (nG+n'GO-G?/(<I>^ +  <!>«') 

=  ((Rj.  +  2(Bg)  <P^  +  ^aN.A  sin  yjr  =  (B«<D/. .  .(2), 

since  the  flux  in  the  armature  is  made  the  same  in  the  two  cases 
and  we  suppose  that  (R/  remains  constant. 

Subtracting  (1)  from  (2)  we  get 

4m.'C'  -  6if  (<!>«'  -  ^a)  =  4:aN^A  sin  yjr 

and  therefore  n'C  =  i((B/  +  (««)  (^a  -  *a) 


=  ^1  +  ^)  olN.A  sin  yjr. 


Let  us  now  suppose  that  (B/  does  not  remain  constant,  and  that 
its  value  is  (R/+A(B/ when  the  leakage  flux  is  4>a'.  In  this  case 
equations  (2)  must  be  written  in  the  form 

4(na+  n'(7')-((R/+  A(B/)  (4>^  +  <I>aO=((R^  +  2(B^)  ^a  +^oJr,A8mylr 

==Sta^a    (3). 

Hence,  by  means  of  (1),  we  get 
4n'(7'  -  ((B/+  A(B^)  (4>«'  -  *«) -  A(B/(4>^  +  4>«)  =  ^aN,A  sin ^. 
From  equations  (1)  and  (3)  we  easily  find  that 
iiaN.A  sin  ir  =  (Sia  (^a  -  *«) 

Thus,  by  substituting  for  (^a—^a)  and  (^^  +  ^a)  their  values 
and  simplifying,  we  get 

7i'(;  =  ( 1  +  -^-7n -j  olNiA  sm  yfr 

•  We  can  find  A(J?/  from  the  open  circuit  characteristic  by  the 
following  construction.  The  flux  curve  OP  (Fig.  22)  can  be  con- 
structed from  the  open  circuit  characteristic  when  we  know  the 
form  factor  k  of  the  wave  of  the  electromotive  force.  Also  if  we 
can  calculate  (Ba»XB^  and  (B^  we  know  v,  and  thus  by  p.  28  we  can 
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construct  the  curve  of  total  flux  OK  (Fig.  22).  When  the  exciting 
ampere-tums  are  represented  by  ON,  NP  will  be  ^^  and  NK  will 
be  4>^  +  ^a.  Therefore  PK  is  equal  to  *«.  Make  KL  equal  to 
4iaNy^A  sinylr/tSay  which  is  equal  to  ^a—^af  then  PL  will  be  ^a- 
Hence  NL  will  represent  the  total  flux  in  the  field  magnet,  and  if 


Flux 


H    Ampere-turni 


Fig.  22.    The  ordinates  of  the  carves  OKM  and  OP  give  the  total  field  flux  per 
pole  and  the  flux  per  pole  passing  into  the  armature  respectively. 

KL=4aN,  A  Bin  yl^jfR^  and  cot  MON=  (Rf  +  A(Rf  +  ^«  ^^-^  +  ^^o)  . 

we  draw  LM  parallel  to  ON  to  meet  the  curve  of  the  total  flux 
in  M,  the  abscissa  of  the  point  M  will  give  the  ampere-tums 
required  to  produce  the  flux  4>^  +  ^a  in  the  field  magnet.     But 

.  ^r^MiT     ampere-turns 

cot  MON  =  — ^-5 

flux 

and  hence,  when  (S/  is  known,  A(R/  can  be  found. 
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Let  US  suppose  that,  instead  of  keeping  the  magnetic  flux 
^^  through   the   armature   constant,  we   maintain   the 

The  compen-  p  * 

sating  ampere-     flux  in  the  field  magucts  constant.      In  this  case, 

turns  required  /.      i  •         i       /.  ^       o         t 

to  keep  the  WO  cau  find  a  Simple  formula  for  the  compensating 
field  magnets  ampcre-tums  per  pole.  Using  the  same  notation  as 
constant.  bcforc,  our  cquations  are 

4mC  -  (Sf  (*^  +  <Pa)  =  (St A  +  2(B^)  ^A  =  (Ba<I>a, 

and 

4n(7  +  4n'C'  -  (J?^  (<t>^'  +  4>a') 

=  ((Ra  +  2(Sg)  <t)^'  +  4>aN^A  sin  yfr 

and,  by  hypothesis, 

^A  +  ^a  =  ^A+^a' 

Therefore         4n'C"  =  ((R^  +  2(B^)  (4>y  -  <D.^)  +  4iaN,A  sin  ^ 
=  -  ((R^  +  2(Bg)  (4>«'  -  <Da)  +  ^aN,A  sin  ^ 

and  thus  n'C  =  -  i\^i  J  sin  'ilr, 

where  v  is  Hopkinson's  coefficient. 

We  also  have 

,_        ^^^^o^^iJ^in^ 

^        ^^       (R^  +  (Ra  +  2(R/ 

Thus,  in  order  to  prevent  the  flux  in  the  field  magnets  falling 
below  its  no-load  value,  when  the  current  flowing  in  the  armature 
windings  is  A  and  the  power  factor  is  cos>/r,  the  ampere-turns 
acting  on  a  field  magnet  must  be  increased  by  olNiA  sin  yjr/v. 
The  flux,  however,  entering  the  armature  from  a  pole  will  be 
diminished  by  4aiViil  sin  -f /((S^  +  (R^  +  2(R^). 

We  shall  now  consider  the  effect  of  the  component  /cos  yft  sin  (ot 
of  the  armature  current  which  is  in  phase  with  the 

Transverse  ,  * 

magnetisation     clectromotive   forcc.      This   component   produces   a 

transverse  magnetisation   of  the   field  magnets,   so 

that,  in  rotating  field  machines,  the  field  in  the  air-gap  under  the 
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leading  polar  horn,  that  is  the  leading  end  of  the  polar  piece,  is 
weakened,  and  that  under  the  trailing  horn  is  strengthened  by  this 
component  of  the  current.  When  the  armature  rotates,  a  similar 
distortion  of  the  field  is  produced;  in  this  case,  however,  the  other 
end  of  the  polar  piece  is  the  more  strongly  magnetised,  as  the  effect 
is  the  same  as  if  the  armature  were  at  rest  and  the  poles  rotated 
in  the  opposite  direction.  In  order  to  get  a  measure  of  this  dis- 
torting effect,  we  will  find  a  formula  for  the  difference  between  the 
magnetising  ampere- turns  due  to  this  current  acting  on  the  fluxes 
in  the  two  sides  of  a  field  magnet  pole. 

Let  the  arc  intercepted  by  the  polar  flux  on  the  circumference 
of  the  armature  be  6,  and  suppose  that  this  arc  is  greater  than  6', 
the  distance,  measured  along  the  circumference,  between  the  axes 
of  two  slots  in  the  armature  in  each  of  which  there  are  ^R-^ 
conductors.     If  a  be  the  polar  step,  we  can   express  the  com- 


^ 


Q 


j  w — f * 

I  I 

K 


Fig.  23.    Relative  positions  of  the  pole  and  the  armature  coil  when  x  lies 
between  0  and  4(6-6')' 

ponent  of  the  current  which  is  in  phase  with  the  E.M.F.  in  the 
form  Icosylrsimrx/a,  where  oc  (Fig.  23)  is  the  distance  of  the  end 
of  the  trailing  flux  from  a  fixed  point  0  on  the  armature.  We 
shall  consider  the  difference  of  the  effective  magnetising  ampere- 
turns  of  the  coil,  acting  on  the  fluxes  coming  from  the  leading 
and  the  lagging  half  of  the  polar  face  of  a  field  magnet,  as  this 
difference  will  be  a  measure  of  the  distorting  forces  acting  on  the 
field.  We  shall  find  expressions  for  this  difference  during  the 
quarter  of  a  period,  starting  from  the  instant  when  it  is  zero. 
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It  is  to  be  noted  that  the  pulsations  of  the  cross  magnetising  force 
on  the  poles  go  through  all  their  values  in  the  half  of  a  period. 

Let  us  first  suppose  that  x  (Fig.  23)  is  less  than  (6  —  V)j^.  In 
this  case,  the  armature  coil  V  remains  inside  the  polar  flux.  The 
eflfective  number  of  ampere- turns  acting  on  the  flux  traversing 
the  trailing  half  of  the  polar  face  will  be 

(672  +  oc)jb .  NJ  cos  -v/r  sin  (Trx/a), 
and  the  efiective  number  of  ampere-turns   acting  on  the  flux 
traversing  the  leading  half  of  the  polar  face  will  be 

(672  —  x)/b .  Nil  cos  i/r  sin  (irx/a). 
The  difierence,  therefore,  between  the  magnetising  turns  on  each 
half  of  the  polar  flux  will  be 

r]^  +  ^— f^  —  fl?][  Nil  cos  i/r  sin  —  =  j-  (2x)  Njlcos  i/r  sin  — . 

Now,  in  the  figure,  we  have  made  6' greater  than  a—^b,  and  thus 
672  is  greater  than  a  —  ^(b  +  b%  hence,  when  x  (Fig.  24)  is  less 


-6'- 

i 
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j     K 
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Fig.  24.     Relative  positions  of  the  pole  and  the  armature  coil  when  x  lies 
between  i(b-b')  and  a- J (6  +  6'). 

than  a  —  ^(b  +  b')  but  is  greater  than  (6  —  60/2,  the  difference  of 
the  number  of  ampere-turns 

=  i  {a»  +  i  (6  -  60} -Z^i/ cos  t  sin  ^ . 


46 


ALTERNATING  CURRENT  THEORY 


[CH. 


When  X  (Fig.  25)  lies  between  a-i(6  +  60  and  672,  it  will  be 
seen  that  part  of  the  polar  flux  is  surrounded  by  the  current  in 


,<-- 


....  6'- 
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Fig.  25.    Relative  positions  of  the  pole  and  the  armature  coil  when  x  lies  between 
a-\{b-^h')  and  \ b\    We  have  supposed  that  h'  is  greater  than  a  -  } 6. 

the  next  coil,  a  side  of  which  passes  down  the  slot  at  Q,  and  the 
magnetising  ampere-turns  due  to  this  coil  act  in  the  opposite 
direction  to  those  of  the  first  coil.  Hence  the  diflference  of  the 
ampere-turns 


=  T  (2^7  —  a  +  6)  Nil  cos  -Jr  sin  — 
0  a 


K h'- 


Fig.  26.    Relative  positions  of  the  pole  and  the  armature  coil  when  x  lies 
between  ^6'  and  Ja. 
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When  X  lies  between  h'l2  and  a/2  (Fig.  26),  the  diflference 
of  the  ampere-turns  is 

h 


or  r  (^  +  ^'  —  ^)  -^1^  cos  -^  sin  — . 

Hence,  if  ^N-^A  cos  ^,  where  A  is  the  effective  current,  denote 
the  mean  value  of  the  diflference  of  the  ampere-turns  acting  on 
each  half  of  the  polar  flux  over  the  quarter  of  a  period,  we  have 

6-6'  6+6^ 

ah    ^      f  ^    ^     .    TTX  ,        r"*'   ^    /     ,  6-6'\ 


2V2 


8=1        2a? sin  —  a^ H-  /  a? H ^ —    sm  —  ax 

Jo  cb  J6_6;      V  2    /         a 

3 
/*  TTX  f  irx 

+  I  (2a;  -  a  +  6)  sin  —  da?  -h  (6  +  6'  —  a)  (    sin  —  dx. 


Therefore 

4  V2  a   .    7r6'  /-  mh\ 


'3  =  ^^^^'^2^(l-*'«^W' 


It  is  easy  to  see  that  the  mean  value  of  /3NiA  cos  yjr  over  the 
whole  period  is  the  same  as  over  the  quarter  of  the  period.  This 
expression,  therefore,  gives  us  the  mean  value  of  the  magnetising 
turns  of  the  armature  current  which  act  so  as  to  distort  the 
magnetic  field  in  the  air-gap.     It  is  due  to  C.  F.  Guilbert. 

We  can  also  show  that  the  above  formula  for  /3NiA  cos  ylr  is 
true  when  the  distance  6'  between  the  axes  of  the  slots  is  greater 
than  the  breadth  b  of  the  polar  flux  entering  the  armature,  and 
also  when  b'  is  less  than  a  —  ^6.     It  is  therefore  always  true. 

Let  us  now  consider  how  a  and  /3  vary  with  the  breadth  of  the 
polar  flux  and  with  the  breadth  of  the  coils.  We  have  shown 
that 


4V2a   .    irV   .    irb 
-^^^^^2^^^^2S' 

4V2a    .    m-V  (^  irb\ 


where  6  is  the  breadth  of  the  arc  intercepted  on  the  armature  by 
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the  flux  leaving  a  pole,  and  b'  is  the  breadth,  measured  along  the 
circumference,  of  an  armature  coil.  The  greater  the  value  of  b\  as 
long  as  it  does  not  exceed  the  polar  pitch  a,  the  greater  will  be 
the  values  of  a  and  )8.  We  can  see  also  that  the  greater  the  value 
of  by  that  is,  the  broader  the  poles,  the  greater  will  be  the  values  of 
both  a  and  /3.     Again,  we  have 

^=tanj-, 
a  4a 

and  thus,  the  broader  the  poles  the  greater  will  be  the  ratio  of  the 
transverse  magnetising  coeflScient  )S  to  the  direct  magnetising 
coefficient  a. 

In  the  following  table  the  values  of  a  and  ^  for  various  values 
of  b/a  are  given  for  the  case  when  the  breadth  of  the  coil  equals 
the  polar  pitch,  as,  for  example,  in  a  simple  wave  winding. 

In  this  case,  we  have 

a=  ^rsm  ^  =  0-573^ sm^, 


2a 


2a' 


and 


8  =  a  tan  -r- . 
'^  4a 


5 
a 

1 

0-9 

0-8 

0-7    . 

0-65 

0-6 

0-55 

0-5 

a 

0-573 

0-629 

0-681 

0-730 

0-752 

0-773 

0-792 

0-811 

P 

0-573 

0-537 

0-495 

0-447 

0-421 

0-394 

0-366 

0-336 

When  the  breadth  V  of  the  coil  is  not  equal  to  the  polar  pitch 
a,  we  have  to  multiply  the  values  of  a  and  ^  given  in  the  preceding 

table  by  sin  ^ .     The  following  table  shows  how  sin  -^  varies 

with  the  ratio  of  V  to  a. 


a 

1 

0-9 

0-8 

0-7 

0-66 

0-6 

0-55 

0-5 

«^°2^ 

1 

0-988 

0-951 

0-891 

0-853 

0-809 

0-760 

0-707 

I] 
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Let  us  suppose  that  the  distance  between  the  axes  of  the  slots 

is  16  inches  and  that  the  breadth  of  the  polar  flux 

eiamp"e*!*^      entering  the  armature  is  18  inches.    Let  the  polar  step 

be  20  inches,  the  number  of  conductors  in  a  slot  48  and 

the  eSective  value  of  the  current,  which  we  assume  follows  the 

harmonic  law,  100  amperes.     Then,  in  our  notation, 

a  =  20,    6  =  18,     6'  =  16,     i\^a  =  24  and  ^  =  100. 
The  ampere-turns  aNjA  sin  i^  acting  on  the  direct  flux 

=  1485  sin  yjt. 
The  ampere-turns  j3NiA  cos-^  acting  on  the  transverse  flux 

=  oNiA  cos  yjt  tan  j- 

=  1225  cos '»^. 

The  following  table  gives  the  values  of  oNiA  sin  ^  and  jSNiA  cos  -^ 
for  various  power  factors. 


C08^ 

0 

01 

0-2 

0-3 

0-4 

0-5 

0-6 

0-7 

0-8 

0-9 

1-0 

\f/  in  degrees 

90 

84-3 

78-5 

72-5 

66-4 

60 

531 

46-6 

36-9 

25-8 

0 

aNjA  sin  ^ 

1436 

1428 

1406 

1369 

1314 

1243 

1149 

1024 

860-6 

625-6 

0 

^NjA  cos  f 

0 

122-5 

245 

367-5 

490 

612-5 

735 

857-5 

980 

1102-5 

1225 

Lroad  charac- 
teristics. 


If  we  vary  the  load  connected  with  an  alternator  which  is 
running  at  constant  speed,  and  if  the  exciting  current 
in  the  windings  of  the  field  magnets  be  constant',  we 
find  that  the  potential  ditference  between  the  termi- 
nals of  the  machine  varies  with  the  load.  Let  the  load  in  the 
external  circuit  be  varied,  always  keeping  the  power  factor  constant 
and  equal  to  cos  ylt\  and  let  simultaneous  readings  of  the  voltage 
at  the  terminals  of  the  machine  and  of  the  current  in  the  external 
circuit  be  taken.  If  we  plot  these  readings  in  a  curve,  having 
the  terminal  voltages  for  ordinates  and  the  currents  in  amperes  for 
abscissae,  we  get  the  load  characteristic  for  a  power  factor  of  cos  yjr\ 

R.  II.  4 
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Let  US  now  consider  the  relative  magnitudes  and  phase  dif- 
ferences of  the  electromotive  forces  generated  in  the 
motive^forces      armature  and  of  the  potential  difference  at  the  ter- 
anmiture.  minals  of  the  machine  for  loads  of  various  values  and 

power  factors.  We  shall  assume  that  the  open  circuit 
and  the  short  circuit  characteristics  of  the  alternator  are  known. 
We  have  already  discussed  the  principle  of  two  reactions,  and  we 
have  found  formulae  for  the  direct  and  trans vei-se  magnetising 
turns  acting  on  the  field  which  are  due  to  the  currents  in  the 
armature  when  these  currents  follow  the  harmonic  law.  Let  us 
suppose  that  the  equation  to  the  open  circuit  characteristic  is 

V=f(nG), 

where  V  is  the  value  of  the  open  circuit  voltage,  and  nC  represents 
the  ampere-turns  of  direct  current  excitation  acting  on  a  field 
magnet.  We  can  always  find  from  the  curve  the  value  of  V  cor- 
responding to  a  given  value  of  w(7,  or  the  value  of  nG  corresponding 
to  a  given  value  of  V,  Now  if  we  have  a  current,  of  effective 
value  Ay  in  the  armature,  and  if  it  lags  by  an  angle  y^  behind  the 
E.M.F.  generated  in  the  armature  conductors  by  the  direct  flux,  the 
mean  value  of  the  magnetising  ampere-turns  acting  on  each 
magnet  will  be  nC  -  aiVj  A  sin  \|r.  Hence  we  can  find  at  once, 
from  the  open  circuit  characteristic,  the  e.m.f.  /{nC  —  oNi  A  sini/r) 
generated  by  the  direct  magnetic  flux. 

We  have  shown  that  the  mean  value  of  the  mugnetomotive 
force,  due  to  the  armature  current,  acting  on  the  transverse  flux  is 
47rySi\riil  cos-^/lO.  Since  it  always  acts  in  one  direction,  the 
fluctuations  in  the  value  of  the  transverse  flux  due  to  it  are  small 
owing  to  remanence.  We  shall  assume  that  it  gives  rise  to  a 
constant  flux.  Let  the  electromotive  force  generated  in  the 
armature  by  this  transverse  flux  be  denoted  by  F{l3NjAcosy}r). 
This  E.M.F.  will  be  proportional  to  A  cos  i/r,  and  hence  it  may  be 
written  in  the  form  F(l3N'iA),cosylr,  When  the  E.M.F.  generated 
in  a  coil  by  the  direct  flux  due  to  the  armature  currents  is  zero, 
the  E.M.F.  due  to  the  transverse  flux  is  a  maximum  or  a  mini- 
mum. It  follows,  therefore,  from  our  assumptions  that  the  E.M.F.S 
generated  in  the  armature  by  the  direct  and  the  transvers§^4i^x 
differ  in  phase  by  ninety  degrees. 
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We  have  seen  that  some  of  the  field  flux  does  not  enter  the 
armature.  Similarly,  some  of  the  flux  due  to  the  armature  current 
is  not  linked  with  the  field  windings.  As  the  current  in  the 
armature  varies,  this  leakage  flux  varies  also,  and  a  back  electro- 
motive force  is  set  up  which  acts  in  exactly  the  same  way  as  the 
flux  inside  an  inductive  coil.  This  electromotive  force  is  called 
the  leakage  E.M.F.  of  the  armature.  It  is  approximately  propor- 
tional to  the  eflective  value  A  of  the  armature  current.  If  the 
alternator  is  working  on  an  inductive  load,  the  power  factor  of 
which  is  cos  y^\  then,  we  have  the  following  E.M.F.S  acting  round 
the  circuit:  an  E.M.F.  /(nG  —  dNiAsiny^)  due  to  the  direct  field 
and  an  E.M.F.  F{fiNiAcosy}r)  due  to  the  transverse  field.  These 
E.M.F.S  difler  in  phase  by  ninety  degrees.  In  addition,  we  have  a 
leakage  E.M.F.  which  is  approximately  proportional  to  A,  and 
differs  from  it  in  phase  by  an  angle  which,  since  this  leakage  E.M.F. 
is  appreciable  and  does  very  little  work,  is  almost  ninety  degrees. 
We  have  also  the  E.M.F.  V  expended  on  the  external  load,  and 
an  E.M.F.  R.A  employed  in  sending  the  current  A  through  the 
resistance  R  of  the  armature. 

In  order  to  see  the  relations  between  these  electromotive 
forces,  we  shall  make  the  assumption  that  they  can 
diagSm^  be  represented  by  a  series  of  vectors  in  one  plane  and 
construct  a  diagram  (Fig.  27).  In  this  diagram,  which 
is  due  to  Fischer-Hinnen,  OD  represents  the  E.M.F.  due  to  the 
direct  flux,  OA  represents  the  potential  diff'erence  R .  A  which  is  in 
phase  with  the  current,  and  the  angle  DO  A  is  '^.  CD,  which  is 
drawn  at  right  angles  to  OD,  represents  F(/3NiA  cos  sir),  or,  as  it 
may  be  written  without  appreciable  eTror,  F {^NiA)cos'\jry  since 
the  reluctance  of  the  iron  in  the  path  of  the  transverse  flux  is 
small  compared  with  the  reluctance  of  the  path  in  air,  so  that 
the  transverse  flux  and  the  E.M.F.  due  to  it  are  approximately 
proportional  to  the  ampere-turns.  AB  represents  the  potential 
difl'erence  V  across  the  terminals  of  the  alternator  and  the  angle 
BAN  is  yjr'y  where  cos  ^'  is  the  power  factor  of  the  external  load. 
BC  represents  the  armature  leakage  E.M.F.  and  is  generally  denoted 
by  LoyA,  where  i  is  a  constant  and  oj  is  271/,/  being  the  frequency 
of  the  alternating  current.     We  have  made  the  assumption  that 
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this  E.M.F.  does  no  work,  and  so  BG  has  been  drawn  at  right 
angles  to  OA.  Hence  if  BC  and  OD  be  produced  to  meet  in  E, 
the  angle  CEO  is  ?  «.  r 

9         T* 


O     "    A  N 

Fig.  27.    Diagram  of  the  e.m.f.s  in  an  alternator  circtdt. 
0D= the  E.M.F.  due  to  the  direct  flux. 
DC=the  B.M.F.  due  to  the  transverse  flux. 
£C=the  E.M.F.  due  to  leakage  of  flux  from  the  armature. 
AB  =  F,  the  p.p.  between  the  terminals. 

OA=iR  ,A,  where  R  is  the  resistance  of  the  armature  increased  by  x  per  cent, 
to  take  account  of  eddy  currents. 

Now  we  have 

OE=OD  +  DE 

=f{nC  -  aN^A  sin  '^)  +  CD  tan  i/r 
^f{nC  ^olN^A  sin  ^)  +  F(^N,A)  sin  yfr. 
Also         BE  =  BG+CE 

=  Leo  A  H r- 

cos  Y 

=  LcoA  +  F{^N^A). 


1] 
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In  practice,  it  is  customary  to  increase  R .  A  {OA  in  the  figure) 
by  about  fifty  per  cent,  in  order  to  take  into  account  roughly  the 
eddy  current  losses  in  the  armature.  The  values  of  a  and  ^  are 
found  from  Guilbert's  formulae  given  on  p.  47. 

When  the  resistance  of  the  armature  is  negligible,  the  diagram 
simplifies  to  that  shown  in  Fig.  28. 
In  this  figure  the  angle  EON  is  '^^ 

OE=f(nG^aN,A  smylr)  +  F(/3N,A)sinylt, 
BE^La>A+F(l3N,A), 
and       OB  =  the  potential  diflference  across  the  machine  terminals, 
=  F. 


Fig.  28. 


Working  diagram  of  alternator  when  the  armature  resistance 
can  be  neglected. 


In  Fig.  28,  ON  indicates  the  phase  of  the  current,  and  the  cosine 
of  the  angle  BON  is  the  power  factor  of  the  external  load.  It  will 
be  seen  that  the  value  of  BE  is  independent  of  yjr  and  yjr^  and 
varies  only  with  the  current  A.  It  has  to  be  remembered  that 
we  are  neglecting  the  eflfects  on  the  E.M.F.  of  the  small  pulsations 
of  the  flux  due  to  the  armature  reactions. 
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For  a  given  value  of  J.,  if  OE  were  to  remain  constant,  the 
locus  of  B  would  be  a  circle  round  E  as  centre.  When  the  power 
factor  of  the  external  circuit  is  unity,  OB  will  be  at  right  angles 
to  EB.  When  the  power  factor  of  the  external  circuit  is  less  than 
unity  and  the  load  is  inductive,  the  angle  OBE  will  be  obtuse ; 
if  the  load  acts  like  a  condenser,  the  angle  OBE  will  be  an  acute 
angle.  If  we  assume,  therefore,  that  OE  remain  constant  for  a 
given  value  of  J.,  we  see  that  the  potential  diflference  at  the 
terminals  of  the  machine,  provided  that  the  current  A  remain 
constant,  diminishes  as  '^'  increases  from  0  to  90°  and  increases 
as  -^^  diminishes  from  0  to  —90°. 

We  see  from  Fig.  27  that,  when  the  armature  terminals  are 

short  circuited,  AB  is  zero,  for  AB  represents  the 

the^sho^rt  °        terminal  potential  diflference   V,     We  have,  there- 

circmt^charac      f^^^^    -^   ^^j^   ^^^ 

BE  =0E  sin  yjt, 
and  thus 

LfoA  +  F(/3N,A)  =f(nC  -  (lA^i-4  sini/r) .  sin  i/r  -f  F(/3N^A) .  sin«  ^. 

Now  in  finding  the  short  circuit  characteristic  the  field  magnets 
must,  as  a  rule,  only  be  excited  feebly,  otherwise  we  should  get 
such  large  currents  that  there  would  be  a  serious  risk  of  damaging 
the  armature  coils.     The  iron,  therefore,  is  not  saturated,  and  we 

may  write 

f{nC  -  oNiA  sin  ylt)  =  k  (nC  -  oN-^A  sin  i/r), 

where  A;  is  a  constant  which  can  be  obtained  easily  from  the  open 
circuit  characteristic.  We  can  also  write  k'^NiA  for  F(^IfiA) 
where  A/  is  a  constant,  and  thus,  substituting  these  values  in  the 
above  equation,  we  get 

A  (ift)  +  k'j3N^  +  (ka  -  k'ff)  N^^  sin«  ^}  =  knC  sin  yfr. 
Hence,  when  -^  is  a  constant,  the  ratio  of  A  to  nC  is  constant,  and 
the  curve  showing  the  relation  between  the  two  is  a  straight  line. 
In  practice,  -^  is  a  large  angle,  and  so,  putting  it  equal  to  90°, 
we  get 

Lco  +  kajjl^ 
as  an  approximate  equation  to  the  short  circuit  curve.     For  high 
values  of  the  excitation,  the  open  circuit  characteristic   curves 
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downwards  and  k  diminishes.  For  high  values  of  0,  therefore, 
the  short  circuit  characteristic  would  also  curve  downwards. 

The  synchronous  impedance  of  an  armature,  for  a  given  ex- 
citation, is  defined  to  be  the  ratio  of  the  open  circuit  voltage,  at 
this  excitation,  to  the  short  circuit  amperes  at  the  same  excitation, 
the  machine  running  at  its  normal  speed  in  both  cases.     Hence 

we  find  that 

y 
the  synchronous  impedance  =  -~ 

For  low  excitations  this  expression  equals  L(o  +  kaNi  and  is  con- 
stant. The  value  of  f(nG)lknC,  however,  and  consequently  the 
synchronous  impedance,  diminishes  as  the  excitation  is  increased. 

If  we  plot  out  the  terminal  potential  diflferences  for  various 
values  of  the  excitation,  the  armature  current  beiner 

Characteristics  i  j       /.  •       i        ^ 

on  wattiess  wattless  and  of  constant  magnitude  A,  we  get  two 
curves,  the  load  acting  like  a  condenser  or  like  a 
choking  coil  respectively.  These  curves  are  called  the  con- 
denser and  inductive  characteristics  respectively.  By  altering 
the  value  of  the  current  A,  we  can  get  a  series  of  these  charac- 
teristics. We  shall  now  consider  some  of  the  properties  of  these 
curves.  They  can  be  obtained  experimentally  by  putting  a  variable 
choking  coil  and  a  variable  condenser  respectively  across  the 
terminals  of  the  machine.  When  the  choking  coil  is  between  the 
terminals,  we  alter  its  inductance  so  as  to  keep  the  current 
constant  at  all  excitations,  and  when  we  have  a  condenser  load, 
we  alter  its  capacity  so  as  to  keep  the  current  constant.  In 
practice  it  is  more  convenient  to  use  a  synchronous  motor 
(Chapter  iv)  instead  of  choking  coils  or  condensers.  If  this  type 
of  motor  be  put  across  the  terminals  of  the  alternator,  then,  by 
varying  the  excitation  of  the  motor,  we  can  make  the  current  have 
a  large  angle  of  lag  or  lead.  For  feeble  excitations,  the  current  is 
lagging  behind  the  potential  difference  at  the  terminals,  and  for 
strong  excitations  it  is  leading. 

When  a  synchronous  motor  is  employed   the   cosine   of  the 
angle  of  lag  or  lead  can  be  made  less  than  O'l. 
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In  Fig.  27  if  we  project  AODGB  on  AB,  we  get 

V  +  L(oA  sin  -^^  +  RA  cos  -^^  =  cos  (^  -  '>^')f{nC  -  olATi  J.  sin  '^) 

+  sin  (i/r  - 1^')  cos  ylrF(l3N^A). 

When  the  current  is  lagging  90°,  yjr'  is  90°,  and  therefore 

V+  LioA  =  sin  ^f{nG  -  aA\  A  sin  ^)  -  cos' ^It  F (fiN^A). 


O    B       O'  M       N 

Fig.  29.  OP  is  the  open  circuit  characteristic.  PN  gives  the  terminal  volts 
when  the  magnetising  turns  of  the  field  magnets  are  represented  by  ON,  O'P'  is 
the  characteristic  on  a  wattless  inductive  load  when  the  current  in  the  armature 
is  maintained  constant.  KB=QC=i}ie  armature  leakage  volts,  BO'=CP'=the 
demagnetising  turns  of  the  armature  current. 

Now  -^  is  a  large  angle,  and  thus,  making  it  equal  to  ninety 
degrees,  we  get 

V+LfoA=finG-aN^A) 

as  an  approximate  equation  to  the  wattless  characteristic  of  the 
alternator  on  an  inductive  load. 
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Let  OP  (Fig.  29)  be  the  open  circuit  characterietic,  and  let 
O'P*  be  the  characteristic  on  a  wattless  inductive  load  when  the 
current  is  maintained  equal  to  A,  If  OC/  equal  n(?o,  then,  when 
C  has  the  value  (7o>  ^  is  zero.     We  must  have,  therefore, 

Since  the  equation  to  the  curve  OP  is  y  =/{op\  we  see  that,  if  we 
measure  O'B  equal  to  oNiA  and  erect  the  ordinate  BK  to  the 
curve  OP,  BK  must  be  equal  to  LodA,  the  armature  leakage 
electromotive  force. 

It  is  to  be  noted  that  the  position  of  the  point  0'  can  always 
be  determined  from  the  short  circuit  characteristic  curve.  The 
magnetising  turns  of  the  field  magnet  windings,  when  the  current 
in  the  short  circuited  armature  is  A,  are  represented  by  00", 
Thus  the  short  circuit  characteristic  always  enables  us  to  fix  the 
points  where  the  wattless  characteristic  cuts  OX,  We  shall  now 
give  a  graphical  construction  for  drawing  these  characteristics 
when  the  open  circuit  and  short  circuit  characteristics  are  known. 
Let  us  suppose  that  we  have  to  construct  the  wattless  charac- 
teristic when  the  current  in  the  armature  is  A .  Let  00'  (Fig.  29) 
be  equal  to  the  abscissa  corresponding  to  the  ordioate  A  on  the 
short  circuit  characteristic.  Calculate  a  by  means  of  Guilbert's 
formula  (p.  47)  and  make  O'B  equal  to  aNiA,  Erect  the  ordinate 
BK  and  join  O'jBT.  We  have  seen  that  BK  equals  Lq)A,  Now 
draw  any  ordinate  QM  perpendicular  to  OX,  make  QG  equal  to 
BK  and  draw  CP'  parallel  and  equal  to  B0\  Then  P'  will  be  a 
point  on  the  wattless  characteristic  which  passes  through  0'. 
To  prove  this,  note  that 

FN^QM^QG 

=f(ON-MN)-La)A 

=f{nG-aN,A)-LtoA, 

and  therefore,  by  the  equation  given  above,  FN  equals  F,  where 
V  is  the  ordinate  of  the  wattless  characteristic  which  has  ON 
as  abscissa. 

If  we  are  only  given  the  open  circuit  characteristic  and  a 
point  P'  on  a  wattless  characteristic,  we  can  construct  this 
characteristic  as  follows.  Make  NM  equal  to  aN-^^A  and  draw 
the  ordinate  MQ  to  the  curve  OP.     Join  QP\     Then,  if  we  take 
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any  point  R  on  the  curve  OP  and  draw  RR'  equal  and  parallel  to 
QP'y  R'  will  be  a  point  on  the  wattless  characteristic  through  P\ 
The  wattless  characteristic,  therefore,  can  be  obtained  from  the 
open  circuit  characteristic  by  simply  displacing  the  latter  curve 
parallel  to  itself  through  a  distance  equal  to  QP", 

When  we  use  a  condenser  or  an  over-excited  synchronous 
motor,  the  equation  to  the  wattless  characteristic  for  a  given 
current  A  is  got  by  writing  —90°  for  yjt'.     Thus  we  get 

V^LcoA  =-siDi/r/(w(7-a-«^iil  sin'^)+  cos^  yjrF (13 N^ A). 

Assuming  that  -^  is  approximately  equal  to  —  90°,  we  find  that,  in 

this  case, 

V=f(nG  +  aN,A)  +  La)A. 

The  wattless  condenser  characteristic  for  a  given  current  A  is 
therefore  simply  the  open  circuit  characteristic  displaced  through 
a  given  distance  parallel  to  itself.  It  is  above  the  curve  OP  in 
Fig.  29.  When  the  machine  is  running  on  a  condenser  load,  and 
the  magnetising  current  is  made  zero,  the  terminal  potential 
difference  is  appreciable,  as  the  magnetomotive  force  of  the  arma- 
ture current  magnetises  the  field.  The  wattless  characteristics 
found  experimentally  are  very  similar  to  the  curves  obtained  by 
the  above  constructions.  It  has  to  be  remembered,  however,  that 
we  have  made  several  assumptions  in  proving  them  which,  in 
some  cases,  are  not  justified.  We  have  assumed,  for  example,  that 
the  vectors  in  Fig.  27  are  in  one  plane,  and  we  have  also  assumed 
that  both  yjt  and  -^^  are  equal  to  90°. 

When   RA,  LaoA   and   F(l3NiA)cos'\lr  are   small   compared 

with    V,  we  see  from   Fig.   27  that  i/r  is  approxi- 

2^J*~^  '"*"*"     mately  equal  to  ^'.     Hence,  by  projecting  OABCD 

load  charac-  oU  OD,  WC  Sfet 

teristics.  ° 

V=f{nC  —  aNiA  sin '^)  —  La>A  sin  yjt  —  RA  cos  yjr. 

For  a  given  value  of  yjr  this  is  the  general  equation  to  the  load 
characteristic.  We  have  already  seen  how  to  find  La>A  {BK  in 
Fig.  29)  from  the  short  circuit  and  open  circuit  characteristics. 
Calculating  a  by  Guilbert*s  formula,  we  can  find /(/iC—aiViil  sin '^) 
from  the  open  circuit  characteristic,  and  thus  we  can  predetermine 
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V  for  any  current  A  and  power  factor  cos  -^^  provided  that  the 
current  follows  the  harmonic  law  and  that  y^'  is  approximately 
equal  to  yfr. 

The  following  particular  cases  may  be  noted. 


\^ 

cosf 

Formula  for  V 

90° 

46° 

0° 

-46° 

-90° 

0 
0-71 

1 
0-71 

0 

f(nC-aNiA)-Lu,A 
f  (nC -O-llaN^A)- 0-71  {R  +  Lu))  A 

f{nC)-RA 
f(nC  +  0'71aNT,A) +  0-71  {L(a-R)  A 

f(nC  +  aNiA)  +  Lu>A 

These  equations  may  be  taken  as  giving  first  approximations  to 
the  value  of  F.  They  show  clearly  that  for  a  given  current  the 
greatest  drop  in  the  voltage  between  the  terminals  occurs  when  the 
current  lags  90°.  For  a  condenser  load,  on  the  other  hand,  the 
terminal  potential  diflference  may  be  greater  than  on  open  circuit. 

By  the  regulation  of  an  alternating  current  machine  is  meant 
the  way  in  which  the  potential  difference  between 
Jf^aiteSLtora."  *^®  terminals  of  the  machine  alters  with  the  load 
and  the  power  factor.  To  express  it  explicitly,  a 
series  of  load  characteristics  for  various  power  factors  would  have 
to  be  given.  When  ordering  alternators  from  the  manufacturer 
it  is  generally  specified  that  the  percentage  '  rise  in  volts '  when 
the  full  load,  at  a  given  power  factor,  is  switched  oflF,  the  speed  and 
excitation  being  maintained  constant,  must  not  exceed  a  definite 
amount.  By  the  '  rise  in  volts '  is  meant  the  diflference  between 
the  voltage  at  the  terminals  immediately  after  the  load  is  taken 
oflF  and  the  voltage  at  full  load,  the  speed  and  the  excitation  being 
maintained  constant.  To  predetermine  this  rise  of  voltage  when 
designing  a  given  machine,  especially  if  the  design  be  novel,  is  a 
very  complex  problem.  For  a  given  type  of  machine,  by  using 
empirical  formulae  and  methods  designers  can  predetermine  the 
rise  in  volts  within  a  few  per  cent.,  but  it  is  not  safe  to  apply 
these  formulae  to  other  types  of  machine. 
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We  have  seen  (p.  58)  that,  when  RA^  LwA  and  F(fiNiA)cosyJr 
are  small  compared  with  F,  we  may  write 

V=f(nC  —  aNiA  sin  yfr)  —  La>A  sin  yfr  —  RA  cos  yfr 
=f(nG -  aN^A  sin  yfr)  -  \/W+L^  A  cos  (yfr  -  7), 
where  tan  7  =  Lco/R, 

In  this  equation  cos  yjr  is  the  power  factor  of  the  load.  If  we  make 
the  assumption  that  the  current  follows  the  harmonic  law,  a  can 
be  calculated  by  the  formula  given  on  p.  47,  and  thus 

/(nC-aN'^Asmylr) 
can  be  found  from  the  open  circuit  characteristic.  The  value  of 
this  quantity  fixes  a  superior  limit  to  the  value  of  V,  If  we 
subtract  from  it  Vi2*  +  L^co^ .  A,  we  get  an  inferior  limit  to  V. 
Now  from  Fig.  27  we  see  that,  when  the  terminals  of  the 
machine  are  short  circuited,  we  get 

RA  =f(nCo  —  aNiA  sin  -^o)  •  cos  1^0  +  ^(fi^iA) .  sin  1^0  cos  yfro, 
and 

Lay  A  =^f(nCo  -  aN^A  sin  yjro)  .  sin  yjro  -  Fi^N^A).  cos^  ^0, 
where  Gq  is  the  exciting  current  corresponding  to  the  cuiTent  A  on 
short  circuit,  and  -^o  is  the  phase  difference  between  the  armature 
current  and  the  E.M.F.  generated  by  the  direct  flux,  when  the 
short  circuit  current  is  A,     We  thus  obtain 

(R'  +  DcD^)  A^  =  {/{nCo  -  aN,A  sin  i^o)}'  +  {F {0N,A)}^  cos^  1^0, 
and 

t^^  ^  _  t^n  of.  /^^^^  -  ^-^^^  "^^  ^^>  "  ^(^^^^)  •  «^^  ^0 '  ^Q^'  ^0 

ian7-.Tianyo       /(nOo-ai\r,^  sini^o)  +  i^()8i^i^).sini^o        " 
When,  therefore,  F{l3NiA)  is  appreciable,  1^0  is  greater  than  7. 

If  we  make  the  assumption  that  the  transverse  magnetisation 
can  be  neglected,  we  have  7  =  i^^,  and  thus 

V=f(nG  —  aNiA  sin  yjr)  —f{nCo  —  aN^A  sin  -^^o)  •  cos  (yjr  —  yfr^). 

If  Wq  be  the  power,  in  watts,  expended  in  heating  the  alternator 
when  the  current  in  the  short  circuited  armature  is  A  and  the 
exciting  current  is  consequently  Co,  we  have 

f(nGo  —  aNiA  sin  1^0)  •  A  cos  1^0  =  Wq, 
Since  nGo--aN'iA  sin  1^0  is  a  small  magnetising  force,  we  can  write 
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k  (hCq  —  aNiA  sin  yfto)  for  /(nCo  —  aN^A  sin  yjro),  where  A;  is  a 
constant   which   is   found   from   the   open   circuit   characteristic. 

Thus  we  have 

W 

{nCo-aN'iA8myfro)co8ylro=  rj. 

This  equation  for  yjr^  can  be  solved  graphically.  If  we  draw  the 
sine  and  secant  curves  given  by  the  equations 

y  =  uGq  —  aNiA  sin  x, 
and  y  =  r-T  sec  a?, 

the  abscissa  of  their  point  of  intersection  gives  the  value  of  -^o- 
The  potential  difference  V  can  then  be  determined  by  the  equation 

V  =fi»G - aN.A  sin ^)-^\ cos(ir,-f) 
•^  ^  ^  ^      A         cos  ^0 

Since  the  open  circuit  voltage  V^  is  given  by 

Fo=/(nC), 

we  see  that,  when  the  power  factor  of  the  load  is  cos  i^,  the  drop 
in  volts  for  a  given  current,  the  effective  value  of  which  is  A,  is 
given  by 

In  proving  this  formula  we  have  made  the  assumptions  that  jB^ 
and  LfoA  are  small  compared  with  F,  that  the  current  follows 
the  harmonic  law,  and  that  the  transverse  magnetisation  can 
be  neglected. 

In  practice,  Wq  can  be  measured  accurately  by  a  transmission 
dynamometer.  We  measure  the  power  W  taken  to  turn  the 
armature  at  the  given  speed  when  the  field  is  not  excited  and  the 
terminals  are  on  open  circuit.  We  then  measure  the  power  TF' 
taken  to  turn  the  armature  at  the  same  speed  when  the  short 
circuit  current  is  A.  The  difference  between  W  and  W  will  be 
very  approximately  equal  to  Wq. 

It  will  have  been  seen  that  the  cross  magnetising  and  de- 
maffnetisinff  effects  of  the  armature  currents  con- 

Theoretical  •,,,,.  ,  ,  ,  /.  , 

charac-  sidcrabiy  complicate  the  problem  of  predetermimng 

the  pressure  drop  at  the  terminals  for  a  given  load. 
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In  some  machines,  however,  these  effects  are  not  large,  and  so  it  is 
instructive  to  find  the  relations  between  the  various  voltages  and 
the  current,  on  the  assumption  that  these  effects  are  negligible. 
The  shapes  of  the  curves  obtained,  on  this  assumption,  are  similar 
to  those  obtained  by  experiment  on  most  forms  of  alternator. 

Suppose  that  e  is  the  instantaneous  value  of  the  total  E.M.F. 
generated  in  the  armature,  v  the  external  potential  difference, 
R  the  resistance  of  the  armature,  and  e^  the  armature  leakage 
E.M.F.  Then,  if  i  be  the  instantaneous  value  of  the  current,  we 
have  by  Ohm's  law, 

.     e  —  v  —  ei 
*  =  — R— ' 

and  therefore  e  =  JRt  -f  61  +  v. 

Hence  squaring  and  taking  mean  values  we  get 
E^-=E'A^  +  E^^  +  V^  +  2RE^Aqob<I>^ 

+  '2,RVA  cos  -^/r'  +  2Ejr  C0&  <^2, 

where  the  capital  letters  denote  effective  values,  and  ^1,  y^'  and  <^2 
are  the  phase  differences  between  Ei  and  A,  Fand  A  and  between 
Ex  and  V  respectively.  J^i^lcos^i  is  the  power  expended  in 
hysteresis  and  eddy  current  loss  in  the  alternator,  and  cos  '^'  is 
the  power  factor  of  the  external  circuit.  If  we  neglect  the  losses 
in  the  armature,  we  get  ^1  equal  to  ninety  degrees,  and  we  can 
write  LwA  for  E^  where  Z  is  a  constant.  If  we  make  the  further 
assumption  that  Ei,  A  and  V  are  in  one  plane,  then  we  can  write 
90°  —  '^'  for  ^a.  On  substituting  these  values  the  equation 
reduces  to 

E^^d'A^  +  'lhAV+V^ (i), 

where  a^  =  R?  +  Dw\ 

and  h  =  R  cos  y^  +  L(o  sin  -^^ 

=  a  cos  {y^'  —  7), 

where  tan  7  =  -^ . 

Now,  for  given  values  of  y^',  (o  and  E,  the  equation  (i)  represents 
an  ellipse.  If  we  take  A  as  abscissa  and  V  as  ordinate,  we  may 
write  (i)  in  the  form 

a^(c'-\-2hxy  +  y^  =  E\ 
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Hence  the  angles  0i  and  ffz  that  the  axes  of  this  ellipse  make  with 
OX  are  determined  from  the  equation 

2A 


tan  2^  = 


a^-1' 


If,  therefore,  the  impedance  is  unity,  0  is  45  degrees.  In  order  to 
simplify  the  equation  as  much  as  possible,  let  us  suppose  that  R  is 
zero  and  La>  isl.  Then  a  is  1  and  h  is  sin  yjr\  Hence  the  equation 
becomes 

a?*  +  2xy  sin  i^'  +  y^  -  E\ 


Volts 


Current 

Theoretical  oharacteristio  curves  of  armature  electromotive  force 
and  current. 
BC  is  the  curve  on  an  inductive  load. 
BDC  is  the  curve  on  a  non-inductive  load. 
EEC  is  the  curve  on  a  condenser  load. 
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Solving  this  equation  for  y  (the  voltage)  we  get 

y  =  -  a;  sini^'  +  Vj&«  -  ar»  cos*  if-'. 

As  both  X  and  y  must  be  positive,  we  need  only  consider  the  part 

of  the  ellipse  lying  in  the  first  quadrant.     When  y^'  is  negative, 

that  is,  on  a  condenser  load,  y  attains  a  maximum  value  Aycos-^' 

when  X  is  —  J^tan-^'.     If  y^'  be  a  large  angle,  we  see  that  the 

potential  difference  between  the  terminals  may  be  very  high  on  a 

condenser  load. 

On  a  very  inductive  load  y^'  is  ninety  degrees,  and  the  equation 

becomes 

x  +  y=^E. 

This  is  the  equation  of  the  line  BG  shown  in  Fig.  30.  On  a  con- 
denser load  the  equation  is 

x-y^E, 

which  represents  a  line  through  B  at  right  angles  to  BG,  On  a 
non-inductive  load  we  should  get  the  circle  BDG,  and  on  a  load 
which  gave  a  leading  current,  the  ellipse  BEG.  In  many  cases 
the  curves  obtained  by  experiment  are  very  like  those  shown  in 
the  figure. 

When  the  reluctance  of  the  field  magnet  circuit  alters  periodi- 
cally, as,  for  example,  when  there  are  'polar  projections 
^omponenf  of  ^^  slots  in  the  armaturc,  an  alternating  e.m.f.  is  set 
current***"^  up  in  the  field  magnet  coils  due  to  the  periodic 
variations  in  the  flux.  If  the  alternator  is  one  which 
has  a  polar  projection  on  the  armature  corresponding  to  every 
field  magnet  pole,  the  jfrequency  of  the  alternating  component  of 
the  current  in  the  field  magnet  windings  will  be  twice  as  rapid  as 
the  frequency  of  the  alternating  current  in  the  armature.  This 
alternating  current  component  is  rarely  large  owing  to  the  high 
inductance  of  the  field  magnet  windings,  and  does  not  vary  much 
when  a  non-inductive  resistance  is  put  in  series  with  these  windings. 
The  impedance  of  the  field  magnet  coils  is  practically  proportional 
to  the  speed  of  the  armature,  and  so  also  is  the  E.M.F.  set  up  in 
them.  We  should  therefore  expect  that  the  amplitude  of  the 
alternating  current  component  in  the  exciting  circuit  would  be 
independent   of  the  speed  of  the  armature,  provided   that   the 
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direct  current  component  in  the  windings  of  the  field  magnets  were 
maintained  constant.     This  is  found  to  be  the  case  in  practice. 

In  machines  which  have  a  large  armature  reaction,  the  periodic 
magnetising  forices  due  to  the  currents. in  the  armature  windings 
may  give  rise  to  large  altematijig  current  components  in  the 
exciting  circuit  of  the  field.  The  period  of  the  variation  of  the 
flux  in  the  field  magnets  is  twice  as  great  as  the  period  of  the 
alternating  current  supplied  to  the  external  circuit  of  the  machine. 
The  variation  of  the  flux  in  the  field  magnets  gives  rise  to  losses 
due  to  hysteresis,  eddy  currents  and  the  heating  of  the  field  magnet 
coils  by  the  alternating  current  component  flowing  in  them.  This 
alternating  current  component  produces  the  same  heating  effect 
on  the  coils  as  it  would  produce  if  the  direct  current  component 
were  zero.  For  example,  if  the  effective  value  of  the  direct 
current  component  is  40  amperes  and  the  effective  value  of  the 
alternating  current  component  is  9  amperes,  the  heating  loss  will 
be  R  (9^  +  40*)  where  R  is  the  resistance  of  the  circuit,  and  the 
reading  on  an  ammeter  in  the  circuit,  therefore,  will  be  41  amperes 
(see  Vol.  I,  p.  67). 
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CHAPTER  11. 

Three  phase  machines.  Eflfect  of  star  or  mesh  connection  of  the  armature 
on  the  output  of  the  machine.  Current  in  a  mesh  connected  armature 
on  no  load.  Connection  of  the  armature  of  a  three  phase  machine  so 
as  to  give  single  phase  currents.  Diagram  of  a  three  phase  winding. 
Armature  reactions.  Illustrations.  Examples.  The  electromotive  force 
on  open  circuit.  The  shapes  of  the  star  and  mesh  voltage  waves. 
The  p.D.  wave  on  closed  circuit.  Inductive  characteristics.  Tests  of  a 
three  phase  machine.  Characteristic  curves.  Oscillograph  records. 
Two  phase  machines.  Armature  current  on  no  load.  Tests  of  a  two 
phase  machine.  Characteristic  curves.  Oscillograph  records.  Tests  of 
a  large  three  phase  generator.  Load  losses.  The  efficiency  of  the  exciter. 
References. 

We  saw  in  Volume  I  that  the  armature  of  a  three  phase 
machine  has  three  windings,  which  may  be  connected 
machine?**  either  in  star  or  in  mesh  fashion.  In  a  two  phase 
machine  we  can  have  two  windings  which  are  quite 
separate  from  one  another,  or  we  can  have  four  windings  which 
may  be  connected  in  star  or  in  mesh.  We  shall  only  consider 
three  phase  and  two  phase  alternators,  as  these  are  the  only 
practical  forms  of  polyphase  machines.  In  a  three  phase  machine 
there  are,  when  the  armature  is  the  stator,  three  terminals,  and, 
when  the  armature  is  the  rotor,  three  slip  rings  from  which  the 
alternating  current  is  collected ;  just  as  in  a  single  phase  machine 
we  have  two  terminals  or  two  slip  rings.  In  a  two  phase  machine 
there  are  generally  only  three  terminals  or  slip  rings,  when  the 
armature  has  two  separate  windings,  and  a  three  wire  system  of 
distribution  is  used  (Vol.  I,  Chap,  xii) ;  in  all  other  cases  there 
must  be  four  terminals  or  slip  rings.  We  shall  first  consider  three 
phase  machines.  In  Figs.  31  and  32  are  shown  the  simplest  forms 
of  mesh  and  star  windings  for  three  phase  armatures.  The  three 
circles  in  the  centre  of  Fig.  31  represent  the  slip  rings.     The  slip 
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rings  are  mounted  on  the  shaft  and  insulated  from  it.  The  current 
is  collected  from  them  by  means  of  copper  or  carbon  brushes.  The 
arrow  heads  show  the  directions  of  the  currents  in  the  various 
conductors.  The  conductors  are  drawn  radially  so  as  to  make  the 
diagram  clearer,  but  they  are  really  parallel  to  the  shaft,  and  are 
placed  in  slots  in  the  circumference  of  the  armature.   The  armature 


Fig.  31.    Three  phase  armature  with  bar  winding  mesh  connected. 

is  built  up  of  thin  circular  iron  sheets  placed  at  right  angles  to  its 
axis.  These  sheets  are  insulated  from  one  another,  and  are  pressed 
together  between  end  plates,  the  whole  being  firmly  keyed  to  the 
shaft.  In  some  machines  the  armature  rotates,  but  more  commonly 
the  field  magnets  rotate.  In  the  latter  case  no  slip  rings  are 
required  for  the  alternating  current,  but  slip  rings  are  required  to 
bring  the  direct  current  to  the  exciting  coils  of  the  rotating  field 
magnets. 

5—2 
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In  Fig.  32  the  windings  are  indics^ted  for  a  machine  which  has 
a  star  connected  armature.  It  will  be  seen  that  the  winding  is 
practically  identical  with  that  shown  in  Fig.  31. 


Fig.  32.    Three  phase  armature  with  har  winding  star  connected. 

Let  us  first  consider  a  machine  with  a  mesh  connected  armature. 
When  the  load  is  balanced,  the  currents  in  the  ex- 
ternal mains  will  each  be  equal  to  A»J^  (Fig-  33)> 
where  A  is  the  effective  current  in  a  phase  winding 
of  the  armature.  This  follows  because  we  can  regard 
the  current  in  the  main  Bh,  for  example,  as  the 
resultant  of  the  currents  flowing  in  AB  and  GB  respectively. 
Now  we  know  (see  Vol.  I,  p.  228)  that  the  currents  in  GB  and  BA 
differ  in  phase  by  120  degrees,  and  therefore  the  currents  in  the 
directions  GB  and  AB  differ  in  phase  by  60  degrees.  It  follows 
that  the  current  in  the  main  is  the  resultant  of  two  currents  each 


Effect  of  star 
or  mesh  con- 
nection of  an 
armature  on 
the  output  of 
a  machine. 
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having  an  eflfective  value  -4,  the  phase  difiference  between  them 
being  60  degrees.  Hence  the  current  in  each  main  is  A\/Z, 
If  V  be  the  efifective  voltage  between  any  two  of  the  slip  rings 
of  this  machine,  the  efifective  voltage  between  the  mains  will  also 
be  F.  We  can  show  in  a  similar  manner  that  the  currents  in 
each  arm  of  the  balanced  load  ahc  (Fig.  33)  are  each  equal  to  A. 


B  5 

Fig.  33.    Mesh  connected  armature  ABC.    When  the  load  is  balanced  the  current 
in  each  main  is  /^8  times  the  current  in  an  armature  winding. 

If  the  mains  be  very  short  so  that  the  *  voltage  drop '  along  them 
is  negligible,  the  voltage  across  the  arms  of  the  load  will  be  F. 
The  power  given  to  the  load  therefore  is  3  VA  cos  -^j  where  cos  y^ 
is  the  power  factor  of  each  arm  of  the  load.  When  the  load  is 
non-inductive  the  power  given  to  it  is  3Fi4. 


-%-^ 


Fig.  34.  Star  connected  armature  ABC.  When  the  load  is  balanced  the  voltage 
between  any  two  of  the  terminals  A,  B^  and  C,  equals  ^^3  times  the  voltage  between 
A  and  S,  where  8  is  the  centre  of  the  star. 


A  diagram  of  the  armature  when  it  is  star  connected  is  shown 
in  Fig.  34.  In  this  case  the  current  in  the  main  is  the  same  as 
the  current  in  a  winding,  but  the  efifective  voltage  between  the 
slip  rings  on  a  balanced  load  will  now  be  FV3  since  F  is  the 
potential  difiference  between  A  and  8  (Fig.  34).  The  output  of 
the  machine  is  3  x  F\/3  x  ( J.  cos -^^3,  that  is,  3  Fil  cos  i|r.  It 
is  therefore  the  same  as  when  the  armature  is  mesh  connected. 

The  maximum  output  of  a  machine  is  limited  either  by  the 
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rise  of  temperature  in  the  armature  or  by  the  maximum  current 
the  armature  windings  can  carry.  Now,  whether  the  armature  be 
connected  in  star  or  in  mesh,  the  output  is  SVAcoQyjr,  and  is 
limited  by  the  maximum  permissible  value  of  SEA^  in  each  case. 
Thus,  if  V  and  cos  >|r  be  constant,  the  maximum  output  in  the 
two  cases  is  the  same.  We  must  note,  however,  that  the  voltage 
between  the  mains  with  the  star  connected  armature  is  \/3  times 
the  voltage  with  the  mesh  connected  armature. 

We  shall  see  in  the  next  paragraph  that  local  currents,  which 
will  lower  the  efficiency  of  the  machine,  may  be  generated  in  a 
mesh  connected  armature.  In  this  respect  only  is  the  mesh  con- 
nection inferior  to  the  star  connection.  For  equal  power  and 
voltage  we  require  V3  times  the  number  of  windings  when  the 
armature  is  mesh  connected  compared  with  what  is  necessary 
when  it  is  star  connected.  In  the  latter  case,  however,  the  cross 
section  of  ^  the  wire  needs  to  be  \/3  times  as  great,  and  thus  the 
labour  involved  in  winding  the  armature  is  much  the  same  in 
the  two  cases. 

It  is  to  be  noted  that,  with  the  mesh  winding,  if  we  start  from 
Current  in  a  ^^y  ^'^P  ^^S  ^>  ^c  get  metallic  Connection  with  the 
mesh  con-  gjip  ring  2  through  the  winding  (1,  2),  then  with 

ture  on  no  3  through  the  winding  (2,  3),  and  finally  back  again 

to  the  first  slip  ring  through  the  winding  (3, 1).  The 
three  windings  thus  form  a  closed  metallic  circuit,  and,  if  the  three 
E.M.F.S  are  not  balanced  at  every  instant,  we  get  a  local  current 
circulating  in  the  windings. 

If  the  slots  are  arranged  symmetrically  and  if  the  E.M.F.  in  one 
winding  be  /(t),  then,  if  the  resultant  e.m.f.  round  the  circuit  of 
the  armature  coils  always  vanishes,  we  must  have 

/(<)+/(<  +  |)+/(«  +  2f)  =  0. 

Solving  this  equation  (see  Vol.  I,  p.  231)  we  find 

/(0=Zsm(2,ri  +  F)     (i), 

where  X  and  Y  are  functions  of  t  that  do  not  alter  when 
t  +  T/S,  t+T/2  or  t  +  2TIS 


n] 


THE  E.M.F.  ROUND  A  MESH  WINDING 


71 


V 

n 

Voiti 

n 

/ 

/ 

/ 

\ 

r\ 

/ 

\ 

A 

'\ 

s    / 

/ 

\ 

V  ^^ 

/  \ 

^*^^ 

\ 

af 

V 

\ 

i 

\ 

\ 

\ 

\ 

/ 

"t 

*/ 

'\ 

\ 

/ 

\ 

■^ 

/ 

\ 

<^ 

A 

o 

\ 

V 

r 

/ 

TImt 

V 

1 

Fig.  35.     *a'  is  the  mesh  e.m.f.  of  a  General  Electric  *a.t.'  machine  at  no  load. 
*&'  is  the  resultant  e.m.f.  waye  round  the  circuit  formed  by  the  mesh  windings. 
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is   written   for  t      An   example   of  such   a   function  would   be 

sin  6  -^ .     If  f(t)  be  a  sine  curve  or  any  other  of  the  curves 

given  by  the  equation  (i),  there  will  be  no  currents  in  the  armature 
at  no  load. 

If  the  E.M.F.  wave/(<)  generated  do  not  satisfy  the  equation  (i), 
the  resultant  E.M.F.  (jy  (t)  will  be  given  by 


and  hence 


=  -«^(0- 


Therefore 


*(*+f)=-"^(*+f)=='^(*^- 


Hence  the  frequency  of  the  circulating  current  is  at  least  three 
times  as  rapid  as  the  frequency  of  the  alternating  current  given 
out  by  the  machine.  Since  the  inductance  of  the  armature  is 
always  high,  the  loss  due  to  this  cause  is  generally  only  appre- 
ciable in  machines  which  produce  low  frequency  currents.  In 
Fig.  35  *a'  is  the  mesh  voltage  of  a  General  Electric  *a.t.' 
machine  at  no  load.  *b*  is  a  curve  obtained  graphically  by 
finding  the  resultant  of  three  curves  similar  to  *a'  and  having 
time  lags  of  0,  T/S  and  2373  respectively.  A  very  small  change 
in  the  shape  of  'a'  may  produce  a  considerable  change  in  the 
shape  and  magnitude  of  '  b.' 

We  shall  now  consider  how  to  connect  the  coils  of  a  star 
Connection  of  wouud  armaturc  so  as  to  get  single  phase  currents. 
of\  tiiTee"*^^  If  the  windings  X,  Y  and  Z  (Fig.  36)  be  separated 
phase  machine  from  the  commou  junctiou  and  connected  as  in 
single  phase  Fig.  36,  the  phascs  and  the  magnitudes  of  the  com- 
ponent effective  voltages  x,  y  and  z  may  be  represented 
by  lines  as  in  the  figure.    When  Xy  y  and  z  are  each  equal  to  F,  the 
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resultant  voltage  will  be  2  F,  provided  that  the  sum  of  the  in- 
stantaneous values  of  the  e.m.f.s  generated  in  the  armature  coils 
is  zero  when  they  are  connected  in  mesh.  For  let  the  instantaneous 
values  of  the  E.M.F.S  be  represented  by  f{t\  /(t  +  T/S)  and 
f(t  +  2TI8),  then  the  resultant  km.f.  when  they  are  connected 
as  in  the  figure  is 

and  this  is  equal  to 

if  /(«)+/(<+|^)+/(<+2|)  =  0. 

Thus  the  eflfective  value  of  the  resultant  voltage  is  2F. 


Fig.  86.  Three  phase  armature  connected  so  as  to  give  single  phase  cnrrents. 
Resultant  voltage  between  A  and  JB  is  2F,  where  V  is  the  effective  voltage  generated 
in  each  winding. 

Now,  as  we  have  stated  above,  the  maximum  output  of  an 
alternator  is  generally  governed  either  by  the  maximum  per- 
missible heating  of  the  armature  or  by  the  maximum  current  the 
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armature  windings  can  carry.  In  the  first  case,  let  us  suppose 
that  the  armature,  when  it  has  attained  its  highest  permissible 
temperature,  can  radiate  an  amount  of  heat  which  is  equivalent 
to  H  joules  per  second.  Let  A^  be  the  largest  effective  current 
which  it  is  safe  to  take  from  each  winding.  Then,  neglecting  the 
iron  losses,  we  have 

where  R  is  the  resistance  of  one  winding.  If  V  be  the  potential 
difference  between  the  terminals,  the  output  is 


3FilsCOS'^  =  V3FA/^COSl|r. 


When  it  works  as  a  single  phase  machine  (Fig.  36),  the  output  is 
2FJ.iC0si^,  and 

H  =  ZRA^\ 

and  therefore  the  output  equals 

-j^  ^  V  ;K  cos  1^  =  g .  V3  ^  Y  ;g  cos  i/r  =  1-15  V  y -^  cos  i|r  nearly. 

When  the  armature  is  connected  in  the  manner  shown  in  Fig.  34, 
the  output  is,  therefore,  only  two-thirds  the  output  of  the  machine 
when  giving  three  phase  currents. 

Sometimes  single  phase  currents  are  obtained  by  merely 
loading  one  phase  of  the  three  phase  generator.  If  we  assume 
that  the  maximum  current  the  armature  winding  can  carry  is  Ay 
then  the  output  is  V^F^cosi^,  as  compared  with  2F4cos'\/r 
when  the  machine  is  connected  as  in  Fig.  34. 

If,  however,  we  assume  that  the  output  is  governed  by  the 
heating  of  the  armature,  we  have 

H=2RA\ 

and  the  output         =  V3  VA  cos  y^ 


AZ-g  cosi^  nearly. 


=  1-22F/ 

In  this  case  the  current  in  each  of  the  active  windings  is  about 
twenty  per  cent,  greater  than  when  connected  as  in  Fig.  36,  and 
the  output  is  about  six  per  cent,  greater. 
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A  method  of  connecting  a  three  phase  mesh  connected  armature 
so  as  to  get  single  phase  currents  is  shown  in  Fig.  37.  It  will  be 
seen  from  the  diagram  that  the  problem  is  practically  identical 
with  the  preceding  one.  Thus,  if  we  take  the  heating  of  the 
armature  as  the  governing  factor,  the  output  as  a  single  phase 
machine  is  only  two-thirds  of  the  output  as  a  polyphase  machine. 


-f^ 


Fig.  37.  Armature  with  windings  in  'mesh,'  connected  so  as  to  give  single 
phase  currents.  Resultant  voltage  between  A  and  B  is  2r,  where  V  is  the  effective 
voltage  generated  in  each  winding. 

A  conventional  method  of  representing  the  windings  in  a  three 
^.  ,        phase  armature  is  shown  in  Fiff.  38.     It  will  be  seen 

Diagram  of  a        ^^  ° 

three  phase        that  there  are  three  slots  on  the  armature  per  pole, 
^°  *"^'  or  in  other  words  one  slot  per  pole  and  per  phase. 

Only  the  end  connections  are  shown,  the  armature  conductors  being 
perpendicular  to  the  plane  of  the  paper. 


Fig.  38.    Three  phase  alternator  with  rotating  field.    Currents  in  phase  with 
the  armature  electromotive  force. 
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If  the  curreDt  be  in  phase  with  the  armature  electromotive 

force,  then,  with  the  field   magnets   in  the   position 

Armature       shown  in   the   diagram,   the    currents    in    the   wires 

reactions.  o  ' 

marked  2  will  be  zero  and  the  currents  in  the  wires 
marked  1  and  3  respectively  will  be  equal  in  magnitude  but 
opposite  in  sign.  The  eflFect  of  these  currents  is  to  produce  both 
a  direct  and  a  transverse  magnetisation  of  the  field. 


Mg.  39.    Three  phase  alternator  with  rotating  field.    The  directions  of  the 
currents  an  eighth  of  a  period  later  than  in  Fig.  38. 

The  position  of  the  field  magnets,  an  eighth  of  a  period  later, 
is  shown  in  Fig.  39.  The  arrow  heads  indicate  the  directions  of 
the  currents  when  they  are  in  phase  with  the  armature  electro- 
motive forces.  It  will  be  seen  that  transverse  and  direct  magnetising 
efiects  on  the  field  are  still  being  produced.  In  Chapter  I,  p.  38, 
formulae  were  found  for  the  mean  demagnetising  efiect  of  the  com- 
ponent of  the  current  which  is  ninety  degrees  different  in  phase 
from  the  armature  electromotive  force,  and  formulae  were  also 
found  for  the  mean  ampere-turns  ^NiA  cos  yjr,  due  to  the  com- 
ponent of  the  current  in  phase  with  the  armature  electromotive 
force  tending  to  magnetise  the  field  transversely.  When  we  are 
considering  a  three  phase  armature,  we  can  add  the  three  mean 
magnetising  forces  together,  and  so,  if  the  load  be  balanced,  the 
formulae  (p.  47)  become 

aN^A  sm Y*  =  3  ^^-  j^JN^iA  sm y  sm 77-  sm 


TT*      h' 


2a 


2a 


=  1*720  r  NiA  sin  ylr  sin-^r-  sm  ^    , 
ttV, 


and  ^NiA  cos  i/r  =  1720  j-  N^A  cos  ^  sin  ^  1 1  -  cos  |^  j , 
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where  2JVi  is  the  number  of  armature  conductors  per  pole  and 
per  phase,  or  in  other  words  Ni  is  the  number  of  armature  turns 
per  pole  and  per  phase,  and  the  other  symbols  are  defined  as  on 
pp.  34  and  38. 

To  illustrate  the  method  of  applying  these  formulae,  let  u& 
first  consider  the  winding  illustrated  in  Fig.  38.     In 

Illustrations.      ,.  .-  ii/..i7/  ii  -i/., 

this  case  the  breadth  of  a  coil  o  equals  the  pitch  of  the 
poles  a,  and  hence  the  formulae  become 


and 


aNiA  sin  i^  =  1*720  r  NiA  sin  i^  sin  ^ , 
^N.A  cos  i/r  =  1-720  ^  N,A  cos  i/r  (l  -  cos  1^)  . 


Fig.  40.    Three  phase  alternator  with  rotating  field  having  two  slots 
per  pole  and  per  phase  in  the  armature. 

Let  US  next  consider  the  winding  illustrated  in  Fig.  40.  Id 
this  case  we  have  two  slots  per  pole  and  per  phase,  and  the  breadth 
of  the  inner  winding  of  a  coil  is  5a/6  and  of  the  outer  7a/6.    Now,. 

for  the  inner  coil,  sin  -^  equals  sin  y^ ,  that  is,  sin  75°,  and  for  the 

outer  coil,  sin—  equals  si^T^   which  is  also  equal  to  sin75^ 
Hence  we  get 

aNiA  sin  -^^  =  3  —^  T^^"^  ^^^  '^  ®^^  9~  ^^  ^^° 

=  1*661  T  NiA  sin  yfr  ain  ^  , 
and  ^N'lA  cos  i/r  =  1*661  ^  NiA  cos  i/r  f  1  -  cos  |^j . 
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If  we  have  three  slots  per  pole  and  per  phase,  the  breadth 
of  the  middle  winding  of  a  phase  is  a  and  the  breadths  of  the 
inner  and  outer  windings  7a/9  and  lla/9  respectively.  We 
have,  therefore, 

aNiA  sin -^^  =  3  —^  ft  -^^^  ®^^  '^  ^^^  2~ 

.    Ttt       .    dir       .    IItt 
8m-  +  8m-  +  8in3g 


=  1'653  r  J^i-4.  sin  -^Ir  sin  ^r- , 
0  la 

and  fiJS'iA  cos  i/r  =  1*653  -r  N-^A  cos  -^/r  n  —  cos  ^ ) . 

In  the  following  table  the  values  of  a  and  )8,  in  this  case,  are 
calculated  for  various  values  of  6/a. 


h 

a 

1 

0-9 

0-8 

0-75 

0-7 

0-65 

0-6 

0-55 

0-5 

a 

1-653 

1-827 

1-963 

2085 

2-105 

2-169 

2-229 

2-285 

2-337 

^ 

1-653 

1-561 

1-425 

1-361 

1-291 

• 

1-215 

1-135 

1053 

0-968 

In  practice  a  is  often  taken  as  being  equal  to  1*5  V2,  Le,  2*121. 
This  value  would  correspond  to  a  value  of  hja  lying  between 
0-65  and  07. 


Examples. 


In  a  1400  kilovolt  ampere  Creusot  alternator  the  armature  has 
two  slots  per  pole  and  per  phase  and  has  6  conductors 
in  each  slot.     Hence  the  number  N-^  of  turns  per  pole 

and  per  phase  will  be  6.     When  a  equals  6  and  A  is  156  amperes, 

we  find  that 

aNiA  sin  i/r  =  1-661  j-  N^A  sin  i/r  sin  — 


and 


=  1555  sin  i/r, 
fiNiA  cos  i/r  =  1555  cos  yjr. 
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In  a  760  kilovolt  ampere  Heyland  alternator  the  armature  has 

two  tunnels  per  pole  and  per  phase  with  three  conductors  per 

tunnel.     In  this  case,  Ni  is  3,  and  a  equals  b.     When  A  is  200 

amperes  we  have 

a  JVi  A  sin  i/r  =  996-6  sin  i/r, 

and  /8JVi-4  cos  i/r  =  996*6  cos  f. 

A  2600  kilovolt  ampere  Siemens  and  Halske  alternator  has 
three  slots  per  pole  and  per  phase,  with  one  conductor  in  each 
slot,  and  a  is  equal  to  b.  In  this  case  Ni  is  1*5,  and  when  A  is 
520  amperes 

aNiA  sin  i/r  =  1289  sin  i^, 

and  fiNiA  cos  yfr  =  1289  cos  yjr. 


Fig.  41.  Nmuber  of  armature  coils  6.  Number  of  poles  4.  The  coils  round 
1',  2'  and  3'  (not  shown  in  the  diagram)  may  be  connected  either  in  parallel  or 
series  with  the  coils  round  1,  2  and  3. 

It  is  to  be  noted  that  in  an  alternator  the  number  of  armature 
coils  is  not  necessarily  a  multiple  of  the  number  of  poles.  For 
instance,  in  the  four  pole  machine  illustrated  in  Fig.  41  we  have 
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six  armature  coils  and  four  poles.     In  this  case,  since  the  number 
of  turns  per  armature  coil  is  three,  Ni  would  be  1*5. 


Fig.  42.    Part  of  the  armature  of  a  three  phase  machine  having  sixteen 
poles  and  twenty-fonr  armature  coils. 

In  Fig.  42  is  shown  part  of  the  armature  of  a  three  phase 
machine  which  has  sixteen  poles  and  twenty-four  armature  coils. 


Fig.  43.    Three  phase  alternator  with  ten  poles  and  twelve  armature  coils. 
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If  there  are  n  turns  on  eaoh  armature  coil,  then,  Ni  will  equal 
871/16,  that  is,  n/2. 

The  formulae  can  be  applied  even  when  the  armature  winding 
is  complicated.  The  effect  of  the  various  windings  of  the  armature 
shown  in  Fig.  43  in  producing  the  potential  differences  between 
the  slip  rings  will  be  understood  from  the  diagram  in  Fig.  44, 


3-  ^2 

Fig.  44.    Diagram  of  the  e.m.f.s  in  the  three  phase  alternator  shown  in  Fig.  43. 

where  the  manner  in  which  the  potential  differences  combine 
vectorially  is  indicated.  Since  there  are  ten  poles  and  twelve 
armature  coils  the  number  of  armature  coils  per  pole  and  per 
phase  will  be  4/10,  and  thus,  if  there  are  Ui  turns  per  armature 
coil,  Ni  will  equal  2ni/5. 

The  electromotive  force,  on  open  circuit,  at  the  terminals  of  an 

armature  coil  of  a  three  phase  machine,  can  be  cal- 

motivl'force        culatcd  in  the  same  way  as  the  E.M.F.  for  a  single 

circuit  °  phase  machine.    With  our  usual  notation,  if  there  are 

N^  bars  joined  in  series  in  one  winding,  then,  the 

voltage  V  at  the  terminals  of  the  coil  is  given  by  (p.  16) 

F=2/ar'  — <D^xlO-8. 

In  order  to  find  F,  therefore,  we  must  know  the  shape  of  the 
wave  of  electromotive  force,  and  this  can  only  be  predetermined 
when  we  know  how  the  flux  in  the  air-gap  is  distributed. 

If  we  make  the  assumption  that  the  problem  can  be  discussed 
with  suflScient  accuracy,  as  if  it  were  in  two  dimensions,  then 
the  distribution  of  the  flux  in  the  air-gap  can  be  determined 

R.  II.  6 
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approximately  in  the  following  manner.  Cut  out  a  sheet  of 
tinfoil  (Fig.  45)  so  that  it  represents  a  section  of  the  pole,  armature 
and  air-gap  by  a  plane  perpendicular  to  the  axis  of  the  rotor. 
We  shall  suppose  that  the  armature  is  in  such  a  position  that  the 
field  is  symmetrical  on  both  sides  of  the  pole.  Let  AB  represent 
the  surface  of  the  armature,  and  let  CD  and  EF  each  represent 
half  the  distance  between  adjacent  polea     Now  paste  the  tinfoil 


Fig.  45.    Method  of  finding  the  reluctance  of  the  air-gap  of  an  alternator. 


on  a  sheet  of  glass,  and  place  strips  of  copper  along  CD  and  EF, 
If  we  connect  these  strips  with  the  terminals  of  an  accumulator, 
the  current  will  flow  along  the  tinfoil  from  one  strip  to  the  other. 
The  equipotential  lines  on  the  tinfoil  can  be  plotted  out  easily  by 
KirchhoflF's  method.     We  connect  wires  with  the  terminals  of  a 
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sensitive  galvanometer.  The  extremity  of  one  of  these  wires 
being  placed  on  P,  for  instance,  we  move  about  the  extremity  of 
the  other  on  the  tinfoil  until  we  find  a  point  where  there  is  no 
deflection  of  the  galvanometer.  This  point  will  obviously  lie  on 
the  equipotential  line  through  P.  Similarly  we  can  easily  find 
other  points  on  this  equipotential  line.  In  particular,  we  plot  out 
the  equipotential  lines  AL  and  BM  that  pass  through  the  points 
A  and  B  on  the  armature.  The  stream  lines  cut  the  equipotential 
lines  at  right  angles,  and  the  edges  of  the  tinfoil  will  obviously 
be  stream  lines.  Now,  it  is  easy  to  see  from  the  mathematical 
equations  that  the  equipotential  lines  in  the  electrical  problem  are 
the  lines  of  force  in  the  corresponding  magnetic  problem,  in  two 
dimensions,  and  the  lines  of  equal  magnetic  potential  in  the  latter 
problem  correspond  to  the  stream  lines  in  the  former. 

When  the  current  is  maintained  constant,  the  number  of  equi- 
potential lines  which  pass  between  any  two  points  in  the  tinfoil  is 
proportional  to  the  diflference  of  potential  between  these  two 
points.  The  P.D.  between  any  two  points  can  be  determined 
readily  by  the  potentiometer  method  indicated  in  the  diagram. 
RS  is  a  long  wire  stretched  between  the  poles  of  the  battery  and 
points  py  q,  I  and  m  are  found  on  it  which  are  at  the  same  potential 
as  the  points  P,  Q,  L  and  M,  We  see  that  the  ratio  of  the 
number  of  lines  of  force,  in  the  magnetic  problem,  between  L  and 
M  to  the  number  of  lines  of  force  between  P  and  Q  equals  the 
ratio  of  the  p.d.  between  L  and  M  to  the  p.d.  between  P  and  Q, 
and  thus  is  equal  to  the  ratio  of  the  length  of  pq  to  the  length 
of  Im,  We  can  find  in  this  manner  the  ratio  of  the  flux  between 
any  two  points  on  the  polar  surface  to  the  flux  between  any 
otter  two  points,  and  thus  we  can  map  out  the  flux  density. 
We  can  also  map  out  in  the  same  way  the  flux  density  at  all 
points  on  the  air-gap,  and  so  we  can  construct  the  flux  curve.  It 
has  to  be  remembered,  however,  that  we  are  making  the  assump- 
tion that  the  permeability  of  the  iron  in  the  armature  and  pole- 
piece  is  infinite.  We  also  neglect  the  efi^ect  of  hysteresis  in 
distorting  the  field  when  the  rotor  is  in  motion. 

To  find  the  reluctance  between  the  armature  and  the  pole-piece 
we  proceed  as  follows.  If  Rb  denote  the  resistance  to  electric  flow 
in  the  tinfoil  between  the  equipotential  lines  AL  and  BM  and  Rg 

6—2 
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denote  the  resistance  to  electric  flow  between  LM  and  AB,  when 
AL  and  BM  are  stream  lines,  then,  if  p  be  the  resistivity  of  the 
tinfoil  and  its  thickness  be  unity,  we  have 

Now  the  equipotential  curves  passing  through  P  and  Q  are 
practically  straight  lines  passing  through  these  points.  Thus  if 
the  length  of  PQ  be  a  and  the  length  of  CD  be  c,  we  have 

^"     A      'p{alcy 

where  G  is  the  current  in  the  tinfoil  and  ^1,^2,  V^  and  Fa  are  the 
potentials  at  P,  Q,  L  and  M  respectively.     We  have,  therefore, 

'^  C    Vi  —  Va 

Hence  i2^  =  ^_  __^=p_.^. 

Now  the  general  formulae  for  resistance  and  reluctance  are 

R^Xp-y  and  (8  =  2—, 

respectively.  Thus,  when  we  know  the  resistance  to  the  flow  of 
electricity,  we  can  find  the  reluctance  in  air  by  writing  p  equal  to 
unity.  We  find  therefore  that  the  reluctance,  per  unit  length 
parallel  to  the  axis,  of  the  pole  is  c.pq/a.lm,  and  thus 

where  (Rg  is  the  reluctance  of  the  path  of  the  flux,  leaving  the 
pole  iV,  which  is  linked  with  one  of  the  adjacent  poles,  and  b  is 
the  breadth  of  the  pole  parallel  to  the  axis  of  rotation. 

When  we  know  approximately  the  density  and  the  distribution 
of  the  flux  in  the  air-gap,  both  of  which  can  be  found  by  the 
above  experimental  method,  the  shape  of  the  wave  of  the  open 
circuit  E.M.F.  when  the  armature  has  a  simple  bar  winding  can  be 
predetermined.  We  can  then  find  V  from  this  wave  by  the  con- 
struction given  in  Vol.  I,  p.  69.     When  the  distribution  of  the 
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flux  varies  appreciably  with  the  relative  positions  of  the  armature 
and  the  pole,  then  (Hg  is  not  a  constant,  but  the  problem,  although 
much  more  difficult,  can  still  be  solved  by  the  experimental  method 
described  above. 

When  the  armature  of  the  machine  is  star  wound,  the  shape  of 
the  wave  of  p.d.  between  a  terminal  and  the  centre 
the*8ta*and°  of  a  Star  winding  is,  in  general,  diflferent  from  the 
watesT^^***^*  shape  of  the  wave  between  two  terminals.  If  ei,  e^ 
and  ^8  be  the  instantaneous  values  of  the  p.d.s 
between  the  terminals  1,  2  and  3  and  the  centre  of  the  winding, 
and  if  Vi.^,  v^-z  and  t;,.!  be  the  p.d.s  between  the  terminals,  we  have 

Vj.j  =  6i  •"  62,        V9.8  =  62  ~~  ^8*        ^8-1  ^^  ^8  """  ^* 

On  open  circuit  ^i,  e^  and  e,  can  be  calculated  when  the  distribution 
of  the  flux  in  the  air-gap  is  known.  Let  us  suppose  that  the 
machine  is  symmetrical,  so  that  we  may  write 

e,  ^f{t\    e^  ^/{t  +  T/S)  and  e,  =/(«  +  2T/3). 

Then,  we  have 

fi-«  =/(0  -/(<  +  T/S)  =f(t)  +y  (t  -  T/6). 

We  can,  therefore,  easily  find  Vi.^  graphically  by  adding  together 
the  ordinates  of  two  periodic  curves  each  equal  to  the  curve  f(t) 
representing  the  star  voltage  and  one  having  a  time  lag  relative 
to  the  other  of  one-sixth  of  a  period. 
Let  us  suppose  that 

€1  +  62  +  69  =  0, 

and  that  V  is  the  effective  value  of  each  of  the  star  voltages.  In 
this  case  their  vectors  will  be  inclined  to  one  another  at  angles  of 
120  degrees,  and  so  the  effective  value  of  t;i.a  will  be  FV3.  Let 
us  also  suppose  that/(^)  represents  a  symmetrical  alternating  wave 
(see  Vol.  I,  p.  153),  so  that  we  have 


/(«)=/(!-«)— /(-«)• 


Then  since 
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we  see  that  Vj.^  vanishes  when  t  is  T/12.     Thus  if  A^  be  the  area 
of  the  wave  Vi.j,  we  have 

IT 

12 

=  A-2Ai  +  A-2A^ 
=  2^  -  4^1, 
where  A  is  the  area  of  the  positive  half  of  the  wave/(<X 

T 

ri2 
and  ^1=       f(t)dt. 

J  0 

If  we  divide  the  base  of  the  part  of  the  curve  f(t),  between  0  and 

T/2,  into  six  equal  parts,  and  erect  ordinates  at  the  five  points  of 

division,  Ai  will  be  the  area  of  either  the  first  or  the  last  of  the 

segments  into  which  the  area  has  been  divided. 

Let  kg  and  km  be  the  form  factors  of  the  star  and  the  mesh 

wave  respectively.     Then  we  have 

"'-A-r 
and  km  = 


2-4 -4A'  2 

V3        A 


•  n^g. 


2  'A-2Aj 
If  Ai  be  zero,  then,  whatever  the  shape  of  the  rest  of  the  wave, 

*m  =  Y-*«  =  ^*^^^^*- 

This  may  also  be  seen  at  once  since,  in  this  case,  the  area  of 
the  mesh  wave  is  double  that  of  the  star  wave  whilst  the  R.M.S. 
value  of  its  height  is  \/3  times  that  of  the  star  wave. 

If  f(t)  represent  a  triangular  wave, 
km  =  0-97  4i  kg. 

For  a  sine  wave 

fCm  =  ^»> 

and  for  a  rectangular  wave 

km=^i-'o  kg. 
If  -4 1  be  large,  then  km  can  be  much  greater  than  kg. 
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The  upper  curve  in  Fig.  46  is  the  mesh  voltage  wave  of  a  three 
phase  generator  (Oerlikon,  type  6065)  and  the  lower  curve  is  the 
star  voltage  wave  of  the  same  machine.     The  wave  is  not  sym- 
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Fig.  46.  The  upper  curve  is  the  mesh  voltage  wave  of  an  Oerlikon  three  phase 
generator  (type  6065)  and  the  lower  curve  is  the  star  voltage  wave  of  the  same 
machine.  The  upper  curve  can  be  obtained  by  adding  together  two  curves  similar 
to  the  lower  one  and  having  a  time  lag  of  60  degrees. 

metrical  and  so  the  above  formula  for  the  ratio  of  A;^  to  fc,  does 
not  apply.  It  is  however  approximately  symmetrical,  and  as  A-^ 
is  small  compared  with  -4,  we  see  that  k^  will  be  approximately 
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equal  to  ^k8/2.  We  have  seen  above  that  the  upper  curve, 
which  is  sometimes  called  the  compounded  wave  of  E.M.F.,  can 
easily  be  constructed  from  the  lower  one. 

The  eflfects  of  the  transverse  magnetisation  of  the  field  by  the 
armature  currents  on  the  shape  of  the  potential 
difference  wave  across  the  terminals  of  the  machine 
are  conspicuous  in  the  p.d.  wave  shown  in  Fig.  47. 
This  is  the  shape  of  the  wave  of  the  mesh  potential 
difference  of  an  Oerlikon  three  phase  generator  when  working  on 
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Fig.  47.  The  shape  of  the  wave  of  the  mesh  potential  difference  across  the 
terminals  of  a  three  phase  generator  (Oerlikon,  type  6065)  on  a  non-inductive  load. 
Note  the  distortion  due  to  the  cross  magnetisation  of  the  field. 

a  non-inductive  load.  In  this  machine  the  cross  magnetising 
effect  of  the  current  in  the  phase  winding  in  which  the  maximum 
electromotive  force  is  being  developed  is  large.  In  Fig.  48  the 
P.D.  wave  of  the  same  machine  when  working  on  an  inductive  load 
is  shown.  It  will  be  seen  that  the  wave  is  nearer  to  a  sine  wave 
than  when  the  machine  is  working  on  a  non-inductive  load. 
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Fig.  48.    The  shape  of  the  wave  of  the  star  potential  difference  of  a  three  phase 
generator  (Oerlikon,  type  6065)  on  an  inductive  load. 

In  Fig.  49  the  curve  A  is  the  open  circuit  chajacteristic  of  a 
400  kilovolt  ampere  generator  with  a  mesh  connected 
armature.  It  is  evident  from  the  figure  that  the  iron 
in  the  field  magnet  windings  is  saturated  when 
the  exciting  current  is  large.  In  small  machines,  owing  to  the 
large  air-gap,  this  characteristic  is  often  very  nearly  a  straight 
line.  The  curve  B  gives  the  characteristic  when  the  machine  is 
driving  an  unloaded  synchronous  motor,  the  field  of  the  motor 
being  only  feebly  excited.  In  this  case,  the  current  is  nearly 
wattless,  and  is  lagging  by  a  large  angle  behind  the  applied 
potential  difference.  The  current  is  kept  approximately  constant 
and  the  field  excitation  of  the  alternator  is  varied.  The  curve  B 
obtained  is  similar  to  the  corresponding  curve  for  a  single  phase 
machine,  and  it  can  be  utilised  in  a  similar  manner  to  find  the 
leakage  electromotive  force  of  the  armature.  The  curve  G  is 
obtained  by  over  exciting  the  field  of  the  sjmchronous  motor,  so 
that  it  acts  like  a  condenser,  and  we  have  a  wattless  leading 
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current.  It  will  be  noticed  that  in  this  case  we  can  even  reverse 
the  direction  of  the  current  in  the  field  magnet  windings  of  the 
alternator,  without  the  motor  falling  out  of  step  as  the  field  of  the 
alternator  is  excited  by  the  armature  currents.     These  curves  are 
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Fig.  49. 


A,  Open  circuit  characteristic  of  a  400  kilovolt  ampere  A  generator. 

B,  Characteristic  on  an  inductive  load. 
C   Characteristic  on  a  condenser  load. 


useful,  as  by  their  aid  we  can  determine  approximately  what  the 
potential  drop  at  the  terminals  of  the  machine  will  be  with  a 
given  power  factor  (see  p.  58),  and  as  only  a  small  amount  of 
power  is  required  to  drive  a  machine  on  a  wattless  load,  the 
makers  are  able  to  test  it  economically. 

The  characteristic  curves  of  three  phase  machines  are  similar 
to  those  of  single  phase  machines  provided  that  the  three  phases 
are  equally  loaded.  A  diflference  arises,  however,  when  the  phases 
are  unequally  loaded,  and  it  will  be  interesting  to  consider  the 
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curves  obtained  in  this  case.  The  following  diagrams  and  data  for 
a  small  three  phase  machine  were  obtained  by  Andr^  Blondel  and 
will  well  repay  study. 

The  armature  of  the  three  phase  machine  on  which  the  ex- 
periments were  carried  out  is  star  connected,  and 

Tests^of  a  *^ 

three  phase  the  full  load  Current  in  the  windings  is  9  amperes, 
mac  ine.  ^j^^  pressure  between  the  slip  rings  being  110  volts. 

The  output  of  the  machine  on  a  balanced  non-inductive  load  is 
therefore  V3  x  9  x  110  watts,  that  is  1*7  kilowatts.  The  following 
are  the  principal  mechanical  data. 

Number  of  field  magnet  poles    ...  4. 

Area  of  polar  face     100  square  centimetres. 

Diameter  of  armature      310  mms. 

Number  of  slots   54. 

Length  of  slots     110  mms. 

Depth  of  slots       20  mms. 

Greatest  breadth  of  teeth    1 1  mms. 

Number  of  conductors  per  slot   ...  6. 

Air-gap 3  mms. 

Revolutions  per  minute  1350. 

Frequency    45. 

The  characteristic  curves  given  in  Fig.  50  were  obtained  in  the 
usual  manner,  and  their  general  shapes  are  in  agree- 
ment with  the  curves  obtained  from  first  principles 
in  Chapter  I.  The  curve  11  is  the  open  circuit 
characteristic,  and,  as  it  is  a  straight  line,  it  proves  that  the  iron 
of  the  field  magnets  is  not  magnetised  strongly.  The  short 
circuit  characteristic  22  is  also  a  straight  line  showing  that  the 
armature  reaction  is  small,  probably  owing  to  the  large  air-gap. 
The  curve  33  gives  the  characteristic  on  a  non-inductive  load 
S3mametrically  balanced,  when  the  excitation  is  108  ampere.  It 
is  approximately  an  ellipse.  The  curve  44  is  the  characteristic 
on  a  purely  inductive  load;  it  is  indistinguishable  from  a 
straight  line.  The  curves  55  and  66  give  the  voltages  between 
the  slip  rings  1  and  2,  and  between  the  slip  rings  2  and  3,  or 
3  and  1,  for  various  values  of  a  non-inductive  load  connected 


Characteristic 
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between  1  and  2.  The  regular  shapes  of  these  curves  might  have 
led  us  to  think  that  the  shapes  of  the  electromotive  force  and 
current  waves  do  not  vary  much  with  the  character  of  the  load. 
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Fig.  50.    Characteristio  curves  of  a  three  phase  alternator  with  star  connected 

armature. 

1.  Open  circuit  characteristic. 

2.  Short  circuit  characteristic. 

3.  Characteristic  on  a  non-inductive  load  when  the  three  phases  are  loaded 

symmetrically. 

4.  Characteristic  on  an  inductive  load  when  the  three  phases  are  loaded 

symmetrically. 

5.  Voltage  of  the  phase  (1,  2)  when  it  alone  has  a  non-inductive  load  placed 

across  it. 

6.  Voltage  of  the  phases  (2,  3)  and  (3, 1)  in  this  case. 


The  following  oscillograph  records,  however,  prove  that  they  vary 
in  an  extraordinary  manner. 
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In  Fig.  51  the  shape  of  the  electromotive  force  wave  e  at  the 
terminals  of  one  phase  on  open  circuit  is  given.  It 
differs  very  little  from  that  of  a  sine  wave  and  is  not 
rippled  by  the  variations  of  the  reluctance  caused  by 
the  slots  in  the  armature.  This  is  due  to  the  large  air-gap  making 
these  variations  in  the  reluctance  small  compared  with  the  total 


Oscillog^ph 
records. 


Fig.  51.     e.  Voltage  wave  across  one  phase  of  a  star  wound  three  phase  machine 

on  open  circuit. 
C.    OsciUograph  record  of  exciting  current. 

reluctance  of  the  gap.  The  eflfective  value  of  e  is  63  volts.  The 
curve  C  (Fig.  51)  is  the  record  of  the  exciting  current.  The 
effective  value  of  the  exciting  current  in  all  the  experiments  was 
kept  constant  and  equal  to  108  amperes.  On  open  circuit  it  is 
practically  a  straight  line.  Note  that  in  Fig.  51  and  in  the 
succeeding  oscillograph  records,  the  time  is  measured  from  right 
to  left. 

In  Fig.  52  the  curves  of  the  exciting  current  G  and  the  load 


Fig.  52.     t.   Current  wave  in  a  phase  winding  of  a  star  connected  three  phase 

machine  when  symmetrically  loaded. 

C.    Oscillograph  record  of  exciting  current. 
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current  i  are  given  when  the  three  phases  are  equally  loaded. 
The  load  in  this  case  consisted  of  glow  lamps,  so  that  the  shape 
of  the  electromotive  force  waves  is  the  same  as  that  of  the  current 
waves.  The  eflfective  voltage  between  any  of  the  slip  rings  and 
the  neutral  point  common  to  the  three  windings  is  57,  and  the 
current  in  each  phase  is  11  2  amperes.  It  will  be  noticed  that  G 
is  a  pulsatory  current,  the  frequency  of  the  pulsations  being  six 
times  that  of  the  alternating  currents.  This  is  due  to  the  armature 
reaction.  The  magnetomotive  force  of  the  current  in  the  armature 
windings  which  acts  on  the  field  magnets  goes  through  all  its 
values  in  one-sixth  of  a  period. 


Fig.  53.    Ci,  Voltage  wave  in  a  phase  winding  of  a  star  connected  three  phase 
machine  when  working  on  a  symmetrical  inductive  load. 
ii.    Current  wave. 
C.    Exciting  current. 

The  curves  Ci  and  ii  in  Fig.  53  show  the  shape  of  the  voltage 
and  current  waves  when  the  machine  is  working  on  a  symmetrical 
inductive  load.  The  eflfective  value  of  ii  is  32  amperes,  and  of  e^ 
24-1  volts. 

In  Fig.  54  the  curve  i  practically  gives  the  shape  of  the 
current  wave  on  short  circuit.  The  eflfective  value  of  the  potential 
diflference  between  a  slip  ring  and  the  neutral  point  is  only  one  volt. 
The  eflfective  value  of  the  current  is  47*5  amperes.  The  eflfective 
value  of  C  is  1*08  amperes,  and  the  pulsations  seem  to  be  due 
to  two  disturbing  causes,  the  frequencies  of  which  are  2/  and  6/ 
respectively.  This  may  be  owing  to  the  slightly  greater  demag- 
netising effect  on  the  field  magnets  of  one  of  the  windings. 


n] 


SHORT  CIRCUIT  WAVE 


95 


The  curves  shown  in  Fig.  55  are  very  instructive,  as  they  show 
the  eflfect  of  loading  one  phase  of  a  three  phase  machine.  The 
load  consisted  of  glow  lamps  in  parallel  with  an  electrolytic 
rheostat.  The  electrolyte  was  a  solution  of  sulphate  of  zinc  and 
the  electrodes  were  zinc  sheets.  It  was  found  experimentally 
that  this  rheostat  acted  to  a  certain  extent  like  a  condenser,  the 
current  wave  leading  the  electromotive  force  wave.  The  load  is 
connected  across  the  slip  ring  joined  to  phase  1  and  the  neutral 


Fig.  54.    t.  Current  wave  when  the  slip  rings  are  short  oircoited. 
C.  Exciting  current. 


point.  The  eflfective  value  of  the  current  in  phase  1  is  50  amperes, 
and  the  effective  potential  difference  across  this  phase  is  44  volts. 
In  this  case,  the  voltage  across  the  second  phase  is  63*5,  and  the 
voltage  across  the  third  phase  is  55"6.  It  will  be  seen  that  the 
shapes  of  the  electromotive  force  waves  in  the  three  cases  are 
quite  different,  the  curve  e^  is  more  rounded  than  the  curve  ei, 
and  the  curve  ^a  is  much  more  pointed.  Since  the  resistance  of 
the  external  circuit  of  phase  1  is  less  than  1  ohm,  the  current 
will   lag   by  an   appreciable  angle  ^fr  behind   the  phase  of  the 
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armature  electromotive  force.  If  we  denote  the  current  by 
/sin(o)^  — -^X  then,  by  the  principle  of  two  reactions,  the  trans- 
verse magnetisation  of  the  field  will  be  proportional  to  /cos-^ 
and  the  demagnetising  force  acting  on  the  field  magnets  will  be 
proportional  to  I  sin  yfr.  The  voltage  of  the  second  phase  in  this 
case  is  actually  greater  than  the  voltage  on  open  circuit.  This  is 
due  to  the  component  I  cos  yfr  sin  cot  of  the  current  in  the  phase  1 


Fig.  55.    Three  phase  machine  working  on  one  phase  only, 
gj.    Voltage  wave  of  the  loaded  phase, 
ij.    Current  wave  of  this  phase. 
C.    Exciting  current. 

increasing  the  magnetisation  of  the  sides  of  the  poles  nearly 
opposite  the  windings  2.  Similarly  this  component  weakens  the 
flux  density  of  the  field  on  the  other  sides  of  the  poles  which  are 
adjacent  to  the  windings  of  phase  3.  In  addition,  the  component 
—  /  sin  -^  cos  a)t  of  the  armature  current  tends  to  demagnetise  the 
field  magnets.  The  voltage  across  the  phase  2  being  greater  than 
on  open  circuit  proves  that  the  increased  flux  due  to  the  transverse 
magnetisation  more  than  compensates  for  the  demagnetising  eflfect 
of  the  lagging  component  of  the  current. 
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The  pulsations  of  the  exciting  current  G  (Fig.  55)  in  this  case 
are  large,  and,  just  as  in  single  phase  machines,  their  frequency  is 
twice  that  of  the  frequency  of  the  alternating  currents.  Although 
the  effective  value  of  the  exciting  current  is  1*08  amperes,  the 
same  as  on  open  circuit,  yet  the  eflfective  potential  diflference 
across  the  field  magnet  windings  is  now  95  volts,  whilst  on  open 
circuit  it  is  only  90  volts.  This  is  due  to  the  alternating  electro- 
motive force  induced  in  the  exciting  circuit  by  the  armature 
reaction. 

The  theory  of  two  phase  machines  is  practically  the  same  as 
Two  phase  ^^^^  ^^  three  phase  machines.  The  four  armature 
machines.  windings  may  be  connected  either  in  star  or  in  mesh, 
and  either  the  field  magnets  or  the  armature  may  rotate.     There 


Fig.  56.     Two  phase  armature  with  bar  winding  for  a  sixteen  pole  machine. 
E.  II.  7 
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is,  however,  one  case  in  which  there  is  an  important  difference, 
namely  when  the  armature  has  two  separate  windings  as  in 
Figs.  56  and  57.  The  armature  of  the  machine  represented 
diagrammatically  in  Fig.  56  rotates,  and  the  effective  value  of  the 
potential  difference  between  the  two  outer  slip  rings  equals  that 
between  the  two  inner  rings,  but  differs  from  it  in  phase  by 
90  degrees.  Hence  the  currents  supplied  respectively  by  the 
two  pairs  of  slip  rings  to  two  symmetrical  loads  will  differ  in 
phase  by  90  degrees  We  may  replace  any  two  slip  rings  not 
attached  to  the  same  winding  by  a  single  slip  ring  without 
affecting  the  working  of  the  machine.  Suppose,  for  example,  the 
slip  rings  2  and  3  are  replaced  by  a  single  slip  ring  x,  and  let 
Fi.a.  denote  the  effective  value  of  the  volts  between  1  and  x. 
Then  V^,^^  and  ¥4,.^  and  F1.4  form  an  isosceles  right-angled  triangle, 
we  have,  therefore, 

F..,=  F,.«  =  ^  =  0-7071  F..,. 

The  phase  difference  between  V^.x  and  V^,^  is  90  degrees,  and 
between  F1.4  and  V^.^^  or  V^.^  is  135  degrees. 

The  electromotive  forces  can  be  calculated  approximately  by 
the  same  formulae  as  for  single  phase  machines,  and  so  also  can 
the  transverse  and  demagnetising  forces  of  the  armature  currents. 


Fig.  57.    Developed  diagram  of  the  winding  of  the  armature  of  a  two  phase 
alternator.     The  winding  of  one  phase  only  is  shown. 

In  Fig.  57  a  developed  diagram  of  the  winding  of  one  phase  of 
a  two  phase  machine  is  shown.  The  field  magnets  rotate  and  T^ 
and  Ta  are  two  of  the  four  terminals  of  the  machine. 

In  Fig.  58  a  coil  winding  for  an  armature  is  shown,  consecutive 
coils  of  one  phase  being  wound  in  reverse  directions.  When  the 
coils  are  wound  in  the  same  directions,  the  connections  of  adjacent 
coils  must  be  reversed. 
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If  the  armature  be  wound  with  four  coils,  the  electromotive 
force  generated  in  each  of  which  diflfers  in  phase  by  ninety  degrees 
from  the  E.M.F.  generated  in  the  two  coils  adjacent  to  it,  then 
these  windings  may  be  connected  in  star  or  in  mesh.  If  V  be  the 
effective  voltage  generated,  and  A  the  current  flowing  in  each 


Fig.  58.     Coil  winding  for  the  armature  of  a  two  phase  generator.     Coils  1  and  2 
are  wound  in  the  reverse  direction  to  coils  1'  and  2'. 

coil  when  the  machine  is  symmetrically  loaded,  the  maximum 
output  is  4 FJ.,  whether  the  coils  be  connected  in  star  or  mesh 
fashion.  When  the  coils  are  star  connected,  the  effective  voltage 
Fi.2  between  adjacent  mains  is  \/2  F,  and  the  currents  in  the  mains 
are  each  equal  to  A.  When  the  coils  are  mesh  connected,  the 
effective  voltage  Y^,^  between  adjacent  mains  is  F,  but  the 
currents  in  the  mains  are  now  sl^A, 

If  we  connected  the  coils  1  and  3  in  series  and  also  the  coils 
2  and  4,  we  should  have  a  two  phase  machine  with  two  separate 
windings.  In  this  case  the  voltage  Fi.g  would  be  2F,  and  the 
maximum  output  would  be  4F4,  the  same  as  before. 

\{  f(i)  be  the  electromotive  force  generated  in  one  phase  of  a 
mesh  connected  armature,  the  resultant  E.M.F.  round  the 
armature  windings  will  be 

/(0+/(^  +  f)-H/(^4) +/(*  +  ¥)• 
Now,  whatever  the  shape  of  the  wave,  we  have,  if  the  north  and 
south  poles  of  the  field  magnets  are  similar, 

/(0  =  -/(*+f) 

7—2 


Armature 
current  on 
no  load. 
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and  /(,  +  f)  =  _/(,  +  ^). 

Hence  the  resultant  E.M.F.  is  always  zero. 

A  slight  lack  of  symmetry,  however,  in  the  four  windings 
might  introduce  a  small  local  armature  current  at  all  loads. 

The  following  tests  on  a  two  phase  alternator  were  made  by 
Blondel.     The   two   phase  machine   experimented   on 

Tests  of  a         ,      ,  ^     , .  ,      ,         *  . 

two  phase  had  two  separate  wmdings,  and  the  normal  current 
mac  me.  j^  ^^^j^  ^^  ^^  amperes  at  110  volts,  so  that  the  full 
load  output  was  3*08  kilowatts.  The  principal  data  of  this 
machine  are  given  below. 

Number  of  field  magnet  poles    ...  4. 

Area  of  polar  face     100  square  centimetres. 

Diameter  of  the  armature   310  millimetres. 

Number  of  slots    52. 

Length  of  slots 110  millimetres. 

Depth  of  slots  24  millimetres. 

Greatest  breadth  of  teeth    11  millimetres. 

Number  of  conductors  per  slot   ...  7. 

Air-gap 3  millimetres. 

Revolutions  per  minute  1350. 

Frequency    45. 

In  Fig.  59  the  characteristic  curves  of  this  machine  are  given, 
Characteristic  ^^^  ^^  ^^^^  ^®  seeu  that  their  general  appearance 
curves.  jg  gimiiar  to  that  of  the  three  phase  curves  shown 

in  Fig.  50. 

The  curve  11  is  the  open  circuit  characteristic,  and  is  prac- 
tically a  straight  line,  showing  that  the  iron  is  far  from  being 
saturated.  The  characteristic  22  on  a  balanced  non-inductive 
load  is  approximately  an  ellipse,  and  on  a  purely  inductive  load 
it  is  a  straight  line  33.  The  characteristics  when  one  phase  only 
is  loaded  are  shown  in  A^,  B4,  and  -4.8,  B^  respectively.  A4  is 
the  characteristic  of  the  loaded  phase  when  working  on  a  non- 
inductive  resistance  and  A^  its  characteristic  on  a  purely  inductive 
load. 
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Fig.  59.     Gharacteristio  curves  of  a  two  phase  alternator. 
Open  circuit  characteristic. 
Characteristic  on  a  non-inductive  load  when  the  two  circuits  are  equally 

loaded. 
Characteristic  on  an  inductive  load  when  hoth  circuits  are  equally  loaded. 
Characteristic  of  the  loaded  circuit  when  the  other  circuit  is  open.     The 
volts  of  the  open  circuit  are  shown  by  B^,    The  load  is  non-inductive. 
Af  and  B^,    The  same  characteristics  when  the  loaded  phase  is  working  on 
a  purely  inductive  load. 

In  Fig.  60  the  shape  of  the  electromotive  force  wave  of  this 

Oscillograph       machine  on  open  circuit  is  shown.     The  ripples  in 

records.  ^jj^  wave  are  due  to  the  slots,  and  the  equation  to 

the  wave,  making  sine  curve  assumptions,  would  be  of  the  form 

e  =  J?  sin  0)^  (1  +  \  sin  2na)t), 

where  \  is  a  small  fraction  and  2n  is  the  number  of  armature 
teeth  in  the  polar  step.     The  effective  value  of  the  electromotive 
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force  in  this  case  is  110  volts,  and  the  exciting  current  is  1'02 
amperes,  the  potential  difiference  across  the  field  magnet  terminals 
being  89  volts. 


Fig.  60.    Shape  of  the  electromotive  force  wave  of  a  two  phase  machine 
on  open  circuit. 

It  will  be  seen  from  the  following  diagrams  that  the  ripples 
c 


Fig.  61.    ei .    Potential  difference  wave  when  the  two  circuits  are  equally  loaded. 
1*1.     Current  wave  in  the  same  case, 
C.     Exciting  current. 
The  load  consisted  of  glow  lamps. 
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still  remain  in  the  potential  difference  waves  when  the  machines 
are  loaded,  but  they  disappear  from  the  current  wave  when  the 
current  becomes  large  (see  Vol.  I,  p.  79). 

In  Fig.  61  the  shape  of  the  potential  diflference  wave  Ci  and  of 
the  current  wave  ii  are  shown  when  the  two  circuits  are  working 
on  equal  non-inductive  loads.  The  eflfective  potential  difference 
in  each  circuit  is   99    volts   and   the  effective   current   is   14'5 


Fig.  62.     ij.    Shape  of  the  current  wave  when  both  circuits  of  a  two  phase 
machine  are  short  circuited. 
C.    Exciting  current. 


amperes.  The  ripples  in  the  exciting  current  show  that  there 
is  some  armature  reaction,  and,  although  the  effective  value  is 
1*02  amperes,  as  before,  yet  the  effective  voltage  at  the  terminals 
of  the  field  magnet  windings  is  89*5  instead  of  89,  the  value  it 
has  on  open  circuit.     The  frequency  of  the  alternating  component 
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in  the  exciting  current  is  four  times  the  frequency  of  the  alter- 
nating current. 

The  shape  of  the  current  wave  ii  (Fig.  62)  when  the  armature 
windings  are  short  circuited  is  approximately  a  sine  curve.  This 
is  due  to  the  large  inductance  and  small  resistance  of  the  circuits 
in  this  case.  For  this  reason  the  high  frequency  components  of 
the  electromotive  force  produce  only  very  minute  currents,  which 
are  not  apparent  on  the  resultant  current  wave  ij.  The  effective 
value  of  ii  is  39*5  amperes. 

When  one  circuit  is  closed  through  a  choking  coil  and  the 
other  is  open,  the  diflference  between  the  shapes  of  the  potential 
diflference  waves  (Fig.  63)  is  very  marked.     The  wave  across  the 


Fig.  63.    e^.    Potential  difference  wave  when  the  first  circuit  is  working  on  an 
inductive  load,  the  second  circuit  being  open, 
tj.     The  current  wave. 

^2.    Potential  difference  wave  across  the  unloaded  circuit. 
C,    Exciting  current. 

working  circuit  is  very  flat,  and  its  effective  value  is  50  volts, 
whilst  the  wave  across  the  unloaded  circuit  is  peaky  and  has  an 
effective  value  of  76  volts.  The  effective  value  of  the  current 
in  the  choking  coil  is  34'2  amperes,  and  the  frequency  of  the 
alternating  component  of  the  exciting  current,  as  in  single  phase 
machines,  is  twice  that  of  the  alternating  current. 

In  Fig.  64   the  cuiTent  and   potential   difference  waves  are 
shown  when  one  winding  is  short  circuited.      In  this  case  the 
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current  wave  is  curiously  distorted,  and  the  exciting  current  has 
a  very  large  alternating  current  component.     The  effective  value 


^o 


Fig.  64.    Two  phase  machine  with  two  separate  windings,  the  first  of  which  is 
short  circaited  and  the  second  is  on  open  circuit* 
ij.    Current  in  short  circuited  winding* 
eg.    Potential  difference  across  unloaded  winding. 
C,    Exciting  current. 

of  6a,  which  is  110  when  the  other  phase  is  open  circuited,  is  now 
only  60  volts.  The  effective  value  of  the  current  in  the  first 
winding  is  62*5  amperes.     If  the  current  wave  had  been  a  sine 
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curve,  we  should  have  expected  that  the  maximum  demagnetising 
forces  would  have  occurred  at  the  instants  when  the  armature 
current  had  its  maximum  values.  Since  the  frequency  of  the 
induced  electromotive  force  in  the  field  magnet  windings  is  double 
that  of  the  alternating  current,  this  induced  e.m.f.  will  have  its 
maximum  value  one-eighth  of  a  period  after  the  armature  current 
has  its  maximum  value.  The  phase  of  the  alternating  current 
component  of  C,  however,  will  depend  on  the  magnetic  leakage 
and  hence,  even  when  the  current  ii  is  sine  shaped,  it  would  be 
difficult  to  determine  the  time  lags  between  the  maximum  values 
of  ii  and  C.  We  see  from  the  figure  that,  for  the  given  machine, 
one  set  of  maximum  values  of  C  occur  nearly  at  the  same  instants 
as  the  maximum  positive  values  of  ii,  and  the  other  maximum 
values  occur  about  one-eighth  of  a  period  later  than  the  maximum 
negative  values  of  ij. 


Fig.  65.     2330  k.v.a.  Caflfaro  Generator. 

The  three  phase  generator  shown  in  Fig.  65  is  one  of  several 
which  were  supplied  by  the  Oerlikon  Company  to  the  generating 
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Tests  of  a 
larg:e  three 
phase 
Srenerator. 


station  of  the  power  transmission  line  at  Caffaro  in  the  north 
of  Italy.  Each  generator  is  used  in  conjunction  with 
a  transformer  immersed  in  oil,  which  is  kept  cool  by 
pipes  through  which  water  flows.  One  of  these  trans- 
formers is  shown  in  Chapter  xi,  and  its  eflBciency 
curve  is  given.  The  generator  voltage  is  raised  to  40,000  by 
means  of  the  transformers,  and  this  is  the  voltage  between 
each  of  the  transmission  wires.  The  total  weight  of  each 
generator  is  82,000  pounds,  and  the  weight  of  the  revolving  field 
system  is  30,000  pounds.  The  output  of  each  machine  is  233 
amperes  at  10,000  volts,  and  the  rotor  makes  315  revolutions 
per  minute. 

In  Fig.  66  the  short  circuit  and  open  circuit  characteristics  of 
this  machine  are  shown.     The  working  pressures  vary  between 
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Fig.  66.  Curves  for  2330  kilovolt  ampere  three  phase  generator  (Oerlikon 
type  6236).  The  machine  runs  at  315  revs,  per  minute,  and  its  voltage  is  varied 
from  9000—10,600  as  desired. 


9000   and    10,600,   so    that    points   on    the   load    characteristics 
corresponding  to  working  values  of  the  amperes  and   volts   lie 
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between  the  thick  lines  shown  on  the  diagram.  Parts  of  the 
wattless  characteristics  at  130  and  150  amperes  are  shown,  and 
parts  also  of  the  load  characteristics  when  cos  -i/r  is  equal  to  1  and 
when  cos  yjr  is  0*75.  The  efficiency  curve  ^,  in  terms  of  the  load 
when  the  power  factor  is  unity,  is  also  given.  When  the  power 
factor  is  0*75,  the  eflBciency  curve  is  practically  the  same,  at  small 
loads,  as  the  curve  shown.  At  the  maximum  load  on  this  power 
factor  the  ordinate  of  this  curve  is  diminished  by  about  one  per 
cent.  only. 


Kllow 

»tt» 

f)0 

4*^ 

Eddy 

ourn 

Wt  tl 

d  hy 

tt»r$a 

«  /Oft 

M 

..- 

4Q 

/ 

3P 

fl 

*ii 

90 

/ 

?? 

c{? 

4^ 

y 

?0 

Yen 

tim 

n  am 

1  frir 

foil  h 

vun 

y 

/ 

y 

/ 

> 

/ 

/ 

x^ 

\^ 

Mf 

/ 

^ 

y 

/^ 

y 

/ 

^ 

-fti 

f 

/ 

/ 

10 

>t^ 

5^ 

9 

f 

/ 

<^ 

y 

^ 

jss 

f^ 

T 

/ 

S?«^ 

ft 

^ 

^ 

/ 

^ 

«^ 

'*i 

HB'*^ 

^ 

y 

x^' 

^ 

C 

IC 

[X) 

20 

DO 

3G 

DO 

K 

UmatU  (to 

-) 

Fig.  67.    Curves  of  the  losses  in  a  2330  kilovolt  ampere  three  phare  generator 
(Oerlikon  type  6235). 
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Load  losses. 


The  losses  of  the  Oerlikon  generator  for  diflFerent  loads  are  shown 
by  the  curves  in  Fig.  67.  The  resistance  of  one  phase 
of  the  armature  winding  is  019  of  an  ohm,  and  the 
resistance  of  the  windings  of  the  field  magnets  is  0*52  of  an  ohm, 
both  being  measured  when  warm.  It  should  be  noticed  how 
rapidly  the  copper  losses  in  the  armature  increase  on  inductive 
loads. 


The  curves  showing  the  performance  of  the  hundred  kilowatt 
The  efficiency     Separate  cxcitcr  used  in  conjunction  with  the  above 


of  the  exciter. 


machine  are  shown  in  Fig.  68.      The  machine  is 
shunt  wound;  the  armature  resistance  is  00015  of  an  ohm  and 
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Fig.  68.  Open  circuit  characteristic  and  efficiency  curve  of  a  100  k.w.  separate 
exciter.  When  running  at  600  revs,  per  minute  it  has  an  output  of  800  amperes  at 
125  volts. 

Armature  resistance =0*0016  ohm. 
Shunt  resistance =10*5  ohms. 
Loss  at  no  load  =  6*3  kilowatts. 


the  resistance  of  the  shunt  winding  is   10'5  ohms,  both  being 
measured  when  warm.     By  varying  the  resistance  of  the  rheostat 
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in  the  shunt  circuit,  the  armature  being  driven  at  a  constant 
speed  of  600  revolutions  per  minute,  we  get  the  no-load  voltage 
curve  by  plotting  out  simultaneous  readings  of  the  volts  and 
amperes  for  different  positions  of  the  contact  maker  of  the 
rheostat.  The  diflference  of  the  P.D.  drop  at  the  terminals  with 
a  current  of  800  amperes  when  the  excitation  is  7  and  104  amperes 
respectively  should  be  noticed. 
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In  many  distributing  systems  we  have  mains  of  high  electro- 
_  ,  static  capacity  in  circuit  with  transformers  havincf 

Danglers  from  .  . 

harmonics  in      Considerable  inductance,  and  the  armature   of  the 

'the  d  fS.  P 

alternator  itself  has  also  considerable  inductance. 
We  have  seen  in  Vol.  I,  p.  82,  that  when  we  have  a  condenser  of 
capacity  Kin  series  with  an  inductive  coil  whose  inductance  is  L, 
resonance  of  the  nth  harmonic  in  the  applied  potential  difference 
wave  ensues  when 

LKn'(27rfy=l, 

where  /  is  the  frequency  of  the  first  harmonic.  In  this  case,  very 
high  potential  differences  are  established  between  various  parts  of 
the  circuit,  sometimes  causing  sparks  which  break  down  the  in- 
sulation of  the  cables,  or  of  the  armature  or  transformer  windings. 
As  a  rule  LK(27rfy  is  much  smaller  than  unity,  so  that  there  is 
little  danger  of  resonance  with  the  first  harmonic.  The  danger 
arises  when  there  is  a  pronounced  high  harmonic.  The  above 
formula  shows  that  the  nth  harmonic  will  resonate  with  only  the 
l/n^  part  of  the  capacity  required  for  resonance  by  the  first  harmonic. 
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It  would  be  dangerous  to  run  up  an  alternator,  which  had  a  jagged 
electromotive  force  wave,  to  its  normal  speed  with  its  field  excited 
if  its  terminals  were  connected  with  mains  having  considerable 
electrostatic  capacity.  There  would  be  a  serious  risk  of  the 
resonance  of  some  of  the  harmonics  at  particular  speeds.  It  is 
therefore  essential  to  consider  the  causes  of  these  harmonics  in 
the  electromotive  force  wave  of  the  machine,  and  whether  there 
are  any  methods  of  preventing  their  formation.  We  shall  first 
consider  methods  of  analysing  the  wave  forms  of  alternators  into 
their  various  harmonics. 

The  wave  form  of  an  alternator  can  be  found  directly  by  means 
of  an  oscillograph,  ondograph,  or  rheograph.  We  can 
analysing  then  apply  various  analytical  methods  to  analyse  this 
curve  into  its  harmonics.  It  is  found,  however,  in 
practice  that  owing  to  the  irregularities  in  the  speed  of  the  engines 
driving  the  alternators,  etc.,  the  curves  cannot  be  traced  with  suf- 
ficient accuracy,  to  make  graphical  methods  useful,  and  so  recourse 
is  had  to  experimental  methods  of  finding  the  amplitudes  of  the 
harmonics  and  their  phases  relative  to  the  fundamental  harmonic. 

Let  f{t)  denote  the  electromotive  force  wave  of  the  machine, 
then  by  Fourier's  Theorem  we  have 

f(t)  =  S-4n  sin  ntot  •{•XBn  cos  rmt (1) 

=  2 ^Ar?  +  Bn^^m{na)t  +  <^n)    .(2), 

Bn 

where  tan  <^„  =  -j- . 

There  is  no  constant  term  in  the  series  as  f{t)  is  a  purely 
alternating  function.  In  order  to  find  f{t)  we  have  to  determine 
the  amplitudes  VJ.n*  +  5w*  of  the  various  harmonics  and  their 
time  lags  <\>n. 

If  we  apply  the  potential  difference  wave  we  wish  to  analyse 

to  the  terminals  of  a  non-inductive  resistance  ii,  then 

mtTthtd.'*       the  current  wave  in  this  resistance  will  be  similar  to 

the  applied  potential  diflference  wave,  since  by  Ohm's 

law  i=/(^)/B,  and  therefore  the  curves  of  i  and  f{t)  only  diflfer  in 

the  scale  of  the  ordinates.     Thus,  if  we  can  analyse  the  current 
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wave  in  the  non-inductive  resistance  into  its  various  harmonics, 
we  can  find  the  corresponding  harmonics  in  f{t).  The  time  lags 
of  the  harmonics  in  the  potential  diflFerence  and  current  waves 
will  be  the  same  in  the  two  cases,  but  the  amplitudes  in  the 
former  case  will  be  R  times  the  amplitudes  in  the  latter  case. 
Let  the  current  i  pass  through  the  fixed  coil  of  an  electro- 
d3niamometer,  the  reactance  of  this  coil  being  negligible  compared 
with  Ry  and  let  the  current  from  one  phase  of  an  auxiliary  two 
phase  alternator  which  produces  a  sine  shaped  electromotive  force 
wave  pass  through  a  non-inductive  resistance  and  through  the 
moveable  coil.  When  the  speed  of  the  auxiliary  machine  is 
varied,  we  get  large  deflections  of  the  dynamometer  at  par- 
ticular frequencies.  Let  us  suppose  that  the  auxiliary  current 
is  7  sin  (nQ)<  —  a),  then,  we  have 

T  \    ~^ '  ^  ^^  ^^®*  "  ^^  ^*  ^  S  •  T  /    -^^^^  ^^^  ^^^^  ~"  "^  ^^ 

=  2^  i^n  cos  a-Bn  sin  a), 

where  An  and  Bn  are  the  coefficients  of  sin  ncot  and  cos  ncot  in  (1). 
Hence,  by  Vol.  I,  p.  66,  ii  k  be  the  constant  of  the  electro- 
dynamometer  and  Di  be  the  deflection,  we  have 

2^  (An  cos  a  -  £„  sin  a)  =  A*  A- 

Similarly  by  sending  the  current  /cos(nG)^  — a)  firom  the  other 
two  terminals  of  the  machine  through  the  moveable  coil  we  find 
that 

^  (An  sin  a  -f  -Bn  cos  a)  =  Ar^A, 

where  A  is  the  new  reading  of  the  dynamometer. 
Therefore 

(An'  +  Bn')i  =  2Rk'  ( A«  +  AOV^, 

and  thus  the  amplitude  of  the  nth  harmonic  is  found.  We  have 
assumed  that  a  remains  constant  during  the  time  of  taking  the 
readings  Di  and  Dg.  It  would  be  advisable  therefore  that  the 
auxiliary  machine  be  connected,  through  a  variable  speed  gearing, 
directly  with  the  shaft  of  the  alternator. 

i^'  II.  8 

/■ 
/ 
/ 
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In  Pupin  8  method  the  potential  diflference  wave,  which  is  to  be 
analysed,  is  applied  to  the  terminals  of  a  circuit  con- 
resonance  sisting  of  a  condenser  K  in  series  with  a  choking  coil  L 
*"*  °  ■  which  contains  no  iron  and  the  eddy  current  loss  in 
which  is  negligible.  Pupin  placed  an  electrometer  across  the 
condenser  jff,  but  in  practice  an  electrostatic  voltmeter  is  now 
more  convenient.  The  capacity  or  the  inductance  is  varied  con- 
tinuously, and  the  values  of  K  and  L  for  which  the  voltmeter 
readings  attain  maximum  values  are  noted.  These  voltmeter 
readings  enable  us  to  determine  the  amplitudes  of  the  various 
harmonics  in  the  potential  difference  wave. 

Let  in  denote  the  nth  harmonic  in  the  current  wave ;  then  we 
know  (see  Vol.  I,  p.  81)  that 


.  On  sin  {ntot  +  <f>n''  '^n) 

where  o„  =  V4„'  +  B„\ 

and  *^tn=     j^^^ii      . 

Now  the  amplitude  of  in  is  a  maximum  when  no)  '^LK  equals 
unity,  and  is  given  by 

in  =  j^  sin  {n(Dt  +  ^n)- 

Hence  ij  is  in  phase  with  the  nth  harmonic  of  the  applied 
potential  difference  wave  and  is  a  simple  sine  wave. 

If  en  denote  the  nth  harmonic  of  the  potential  difference  wave 
at  the  terminals  of  the  condenser,  then 


'^KT 


dt 
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Therefore,  if  F„  be  the  eflFective  value  of  e„,  we  have 
y.  _  Lncoa^ 


and 


a«  = 


Now,  if  R  be  small  compared  with  La),  the  amplitudes  of  the 
other  harmonies  in  the  applied  P.D.  wave  are  very  small  compared 
with  Fn  when  n  equals  \\^irf'^LK,  Hence  F„  practically  equals 
the  reading  of  the  electrostatic  voltmeter,  and  thus  a„  can  be 
found.  The  amplitudes  of  the  other  harmonics  are  found  in  the 
same  way.  It  is  to  be  noted  that  this  method  does  not  determine 
the  phase  diflferences  of  the  various  harmonics. 

Armagnat  uses  an  oscillograph  instead  of  an  electrostatic 
voltmeter.  In  this  case  we  can  easily  arrange  to  get 
metSTod'!**^  a  picture  of  the  potential  difference  wave  and  of  its 
resonating  nth  harmonic  on  the  screen  at  the  same 
time.  We  arrange  a  condenser  in  series  with  a  choking  coil  and 
find  the  current  wave  in  the  circuit  by  means  of  an  oscillograph. 
The  wave  of  potential  difference  is  found  by  means  of  a  second 
oscillograph  the  circuit  of  which,  in  series  with  a  large  non- 
inductive  resistance,  is  placed  in  parallel  with  the  circuit  of  the 
first  oscillograph,  which  is  in  series  with  the  condenser  and  the 
choking  coil.  Exact  resonance  ensues  when  the  amplitude  of  the 
nth  harmonic,  shown  by  the  vibrations  of  the  mirror  of  the  first 
oscillograph,  has  its  maximum  value.  ^  If  the  oscillograph  be 
standardised  so  that  we  know  the  value  of  the  current  which 
produces  the  observed  maximum  deflection,  we  can  find  a„,  for 
a„  =  i27„  nearly,  where  i2  is  the  combined  resistance  of  the  oscillo- 
graph circuit  and  of  the  choking  coil.  The  observed  current  is 
practically  equal  to  i„. 

Again,  since  there  is  resonance,  i«  and  e«  are  in  phase  with  one 
another.  By  noting,  therefore,  the  angle  of  lag,  between  i^  and 
the  applied  potential  difference  wave  on  the  screen,  we  can  find  <^„. 
We  have  assumed,  hitherto,  that,  when  resonance  ensues  with  a 
particular  harmonic,  the  other  harmonics  produce  currents  which 
are  negligible  in  comparison.     In  many  cases  this  assumption  is 

8—2 
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not  permissible.  We  shall  now  find  the  values  of  the  other 
currents  when  there  is  resonance  of  the  nth  harmonic.  In  this 
case,  we  have 

and  since 

an+m  sin  {(n  +  m)(0t-\-  <f>n+m  -  '^n+m\ 


'^n+m  —  ■ 


R 


we  have 


■^n-i-m  — 


(n  +  m)an+m 


In  practice,  the  interference  of  the  first  harmonic  is  usually- 
much  the  most  troublesome.     In  this  case, 

/.= 
while       /„  = 


{JR2  +  (n*-l)2ZW}i  = 
a„ 


R' 

Hence  the  greater  the  ratio  of  Lto  to  R  the  smaller  will  be  the 
effect  of  this  interference.  It  is  therefore  important  to  arrange 
that  the  resistance  of  the  resonant  circuit  shall  be  as  small  as 
possible.  The  minimum  value  of  this  resistance,  if  the  applied 
voltage  cannot  be  varied,  is  limited  by  the  maximum  permissible 
readings  of  the  oscillograph.  The  presence  of  harmonics  other 
than  the  nth  has  generally  only  the  eflfect  of  producing  a  slight 
curvature  of  the  median  line  without  appreciably  altering  either  the 
amplitude  or  the  phase  of  the  nth  harmonic.  This  will  be  seen  in 
Figs.  70  and  71  below.  Sometimes  however  nodes  and  loops  are 
produced  (Fig.  73). 

Again  we  have 

ten  Vr„.„  =  V       Kin  +  my.^r '_ 


I  mn  \  L(o 

\         m  +  nj  K 


When  Leo/R  is  large,  it  will  be  seen  that  yfrn+m  is  practically 
equal  to  +  90  degrees  when  there  is  resonance  of  the  nth  harmonic 


R' 


in]  ANALYSIS   OF  WAVES  117 

if  m  be  positive.     If  m  be  negative,  so  that  n  +  m  is  less  than  n, 
then  -^n+m  will  be  nearly  —  90  degrees. 

Suppose  that  a  small  error  is  made  in  adjusting  the  resonance 
so  that 

n«G)*i^-l  =  e, 

where  6  is  a  small  fraction,  then,  in  this  case 

_a^   sin  (n(Dt  +  <^n  --  V^n) 

a^  COB  ylr^   -    /      ,       ,  .   v 

=        j^  ^    sm  (mot  +  </)n  -  ^„), 

These  formulae  show  that,  if  the  regulation  of  the  resonance  is 
not  quite  exact,  both  the  amplitude  and  phase  of  the  nth  harmonic 
are  affected.  It  is  necessary,  therefore,  that  the  variation  of  LK 
be  done  in  a  manner  that  is  practically  continuous.  A  variable 
inductance  of  the  A)rrton  and  Perry  type  is  suitable,  or  a  large 
drum  on  which  flexible  wire  can  gradually  be  coiled  so  as  to  in- 
crease continually  the  value  of  the  self-inductance  of  the  circuit. 

Unless  the  speed  of  the  alternator  is  almost  perfectly  constant 
it  is  practically  impossible  to  photograph  the  resonance  curves,  as 
a  slight  variation  of  speed  makes  the  resonance  no  longer  perfect. 
Also,  the  greater  the  ratio  of  Z  to  iJ  the  more  difficult  it  is  to  get 
exact  resonance.  Hence  it  is  sometimes  necessary  to  increase  the 
resistance  of  the  resonant  circuit  so  as  to  diminish  the  effects  of 
the  irregularities  in  the  speed  of  the  generator. 

The  following  experimental  analysis  of  an  electromotive  force 
wave  was  made  by  Armagnat.  The  machine  ex- 
ciectromotive  porimcuted  ou  was  a  small  rotary  converter,  with  two 
distinct  windings  on  its  armature,  so  arranged  that 
the  applied  direct  current  potential  difference  was  equal  to  the 
effective  value  of  the  alternating  voltage.  The  pressure  of  the 
direct  current  supply  circuit  was  unsteady,  and,  owing  to  this 
cause,  it  was  almost  impossible  to  get  photogi*aphs  of  the  curves 
at  the  moment  of  exact  resonance.  The  frequency  of  the  alternating 
current  was  about  26. 
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In  Fig.  69,  e  gives  the  shape  of  the  wave  of  electromotive  force 
which  is  analysed,  and   i,    cfives  the  phase  of  the 

Resonance  of  .       .       ,  ,  •  t        i  •  i  i  p    r 

the  first  principal  harmonic.     In  this  case  the  value  of  L  was 

armonic.  2006  hcnrys,  of  K,  9  microfarads,  and  the  resistance 

of  the  circuit  was  204  ohms.     The  value  of  <f>^  (Fig.  69)  is  zero, 
and  Oi  measured  in  a  certain  scale  is  6500. 


Fig.  69.    Besonanoe  of  the  first  harmonic  iy. 


In  Fig.  70  the  fifth  harmonic  is  approximately  in  resonance, 
but  the  interference  of  the  first  harmonic  is  evident. 

Resonance  of        „,,  ,  i      i    .   .        i        /» 

the  fifth  Ihe  equation  to  the  curve  marked  %  m  the  figure  is 

harmonic.  .    , 

approximately 
%  =  /i  sin  {o)t  —  7r/2)  + 1^  sin  (b(ot  +  if>^. 
Putting  mt  equal  to  zero  we  get 

%  =  -  /i  +  /e  sin  </)6. 
When  Q>^  is  27r/5,  we  have 

•//  -r  ^TT  -r       •        . 

%    =  —  ii  COS  -^  +  Ye  Sm  <pe. 
o 
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Similarly  we  can  write  down  the  values  of  the  ordinates  when  wt 
is  47r/5,  67r/5  and  Stt/o,     Thus,  we  get  by  addition 

i'  -l-i"-f  ...  =-  /i  f  1  +<;os  -|^+  ...  +C03  -^j  +  5/5sin<^5 
=  5/5  sin  <^6. 


Therefore 

/s  sin  <^B  = 


=  Z. 


Also  when  cot  is  7r/2  we  have 

It  cos  ^5  =  ti'  =  m. 
Therefore         7e  =  VP  +  m^  and   tan  <^6  =  ^/^. 

The  values  of  i,  ^  and  i2  in  this  case  were  0240,  3  and  13 
respectively.    The  sum  of  the  five  ordinates  i  +  i"  + . . .  is  practically 


Fig.  70.    Resonanoe  of  the  fifth  harmonic. 

zero  while  i/  is  large.  Thus  <^6  is  zero  and  a^  is  13/e,  that  is,  ISt/. 
On  the  scale  in  which  Ui  is  represented  by  6500,  a^  is  represented 
by  136. 

Approximate  resonance  of  the  seventh  harmonic  is  shown  in 
Fiff.  71.     The  interference  of  the  first  harmonic  is 

Resonance  of  *^.       .  /»     j    r  j  f 

the  seventh        again  m  evidence.     We  can  find  I7  and  97  from  the 
curve  in  practically  the  same  way  as  we  found  I^ 
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and  ^B-     Starting  from  t  equal  to  zero  and  taking  the  ordinates 
at  distances  27r/7  apart,  we  have 

.  „  ^7  Sin  07  = y , 

and  — 17  cos  <^  =  i/, 

where  i^  is  the  value  of  i  when  (ot  is  ir/2. 


Fig.  71.    Resonance  of  the  seventh  harmonic. 

The  values  of  i,  K  and  iJ  were  0240,  1*6  and  6*8  and  the 
values  of  a^  and  ^  are  57  and  4-37r/4. 

In  both  figures  70  and  71  the  amplitude  of  the  component 
produced  by  the  first  harmonic  is  about  a  quarter  of  that  produced 
by  the  resonating  harmonic. 


Fig.  72. 


of  the  eleventh  harmonic. 
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Resonance  of 
the  eleventh 
harmonic. 


In  Fig.  72  the  eleventh  harmonic  is  nearly  in  resonance,  and 
the  interference  of  the  first  harmonic  is  now  much 
less.  In  this  case,  the  values  of  i,  K  and  R  were 
0*240,  0  63  and  13  respectively  and  the  approximate 
values  of  Ou  and  <^,i  are  357  and  —  tt.  The  variations  of  the 
angular  velocity  of  the  machine  are  now  in  evidence,  and  the 
amplitude  of  the  curve  i  is  continually  varying. 

The  curve  i  shown  in  Fig.  73  illustrates  the  curious  effect 
produced  by  the  interference  of  the  eleventh  and 

Interference  of      ^  "^ 

two  resonating     thirteenth  harmouics. 

armonics.  ^^^  values  of  i,  K  and  R  which  produced  this 

effect  were  0106,  0*90  and  181  respectively.     By  this  experi- 


Fig.  73.    The  thirteenth  harmonic  interfering  with  the  eleventh  harmonic. 


mental  analysis  Armagnat  finds  that  the  equation  to  the  curve  e 
is  approximately  of  the  form 

e  =  6500  sin  wt  +  1 36  sin  5cb<  +  75  sin  (7a>t  +  37r/4) 
4-  357  sin  (llwt  -  tt)  +  90  sin  IScot. 
The    electromotive    force   wave    contains    other    harmonics,   the 
seventeenth  for  example,  but  their  amplitude  is  quite  negligible 
when   compared   with   the   amplitudes   of  the   harmonics   given 
above. 

Resonance  methods  can  also  be  applied  to  measure  irregu- 
larities in  the  speed  of  an  alternator.    If,  for  example, 
ir4^^rritie8       ^^  ^^  oscillograph  we  suppress  the  displacement  of 
of  Steraatore.      ^^^  ®P^^  ^^  light  in  the  direction  of  the  time  axis  we 
get  a  luminous  straight  line.    The  length  of  this  line 
is  proportional  to  the  amplitude  of  the  wave  of  current  passing 
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through  the  oscillograph.  If  this  luminous  line  be  primarily  due 
to  a  resonating  high  harmonic  of  the  electromotive  force  wave,  the 
variations  in  its  length  will  indicate  slight  variations  in  the  speed 
of  the  machine.  Now  if  we  let  it  fall  on  a  strip  of  sensitive 
paper  wound  on  a  drum  which  is  made  to  move  synchronously 
with  the  axis  of  the  alternator,  we  get  a  trace  on  the  strip  the 
breadth  of  which  is  proportional  to  the  speed  of  the  alternator. 

If  we  have  an  irregular  distribution  of  the  magnetic  flux  in 
the  air-gap  of  an  alternator,  then,  since  the  electro- 
hilmoiiica^^  motivo  forcc  is  due  to  the  armature  conductors  being; 
firc^ver  ^^*  ^y  ^^  cutting  Uues  of  force,  it  is  obvious  that  the 
E.M.F.  wave  will  be  irregular.  In  order,  therefore,, 
that  the  electromotive  force  wave  on  open  circuit  may  be  a  sine 
curve  it  is  necessary  that  the  distribution  of  the  flux  density 
round  the  air-gap  at  every  instant  follow  the  harmonic  law.  With 
smooth  core  armatures  this  can  be  attained  approximately  by 
making  the  pole  pieces  of  a  suitable  shape.  In  modem  alternators 
the  field  magnets  are  of  cast  steel,  but  the  pole  pieces  are 
laminated  and  are  cut  back  so  that  the  distribution  of  the  flux 
in  the  air-gap  is  often  approximately  sine  shaped. 

When  there  are  slots  in  the  armature  it  is  evident  that  the 
flux  density  in  the  air-gap  cannot  follow  the  harmonic  law,  and  so 
in  this  case  we  should  expect  to  find  harmonics  in  the  E.M.F.  wave. 
Also,  when  an  alternator  is  working  on  a  load,  the  reaction  of  the 
currents  in  the  armature  will  distort  the  field,  and  harmonics  will 
be  introduced  into  the  electromotive  force  wave  of  the  machine. 
This  latter  effect  could  only  be  got  rid  of  by  constructing  a 
machine  with  negligible  armature  reaction.  We  shall  first  find 
the  order  of  the  harmonics  introduced  into  the  electromotive  force 
wave  by  the  slots  in  the  armature. 

Let  us  consider  the  case  of  a  polyphase  alternator,  the  field 

.        magnets  of  which  rotate.     Let  us  suppose  that  the 

caused  by      armature  has  slots  so  that  there  will  be  a  continual 

variation  of  the  reluctance  of  the  air-gaps  as  the  field 

magnets  rotate.     If  there  are  n  slots  in  the  polar  step,  then, 

during  the  time  that  a  point  on  the  circumference  passes  over  the 
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nth  part  of  this  distance,  the  flux  will  go  through  all  its  values. 
This  time  is  the  2wth  part  of  the  period  of  the  alternating  current. 
Now,  if  47r(R/10  be  the  reluctance  of  the  path  of  the  field  flux,  we 
have,  on  open  circuit, 

where  <I>  is  the  flux  traversing  the  path  and  n'(7  the  ampere- turns 
of  the  exciting  current  producing  this  flux.  Since  (R  fluctuates 
with  a  frequency  2n/T,  <I>  will  vary,  and  an  electromotive  force  will 
act  on  the  exciting  circuit,  inducing  in  it  an  alternating  component. 
The  eflfect  of  this  induced  current  is  to  diminish  the  amplitude  of 
the  variation  of  <I>  from  its  mean  value  ^m-  It  has  no  efiect  on 
the  frequency  2ri/  of  the  fluctuations  of  <I>,  where  /  is  the  frequency 
of  the  alternating  current.     We  may  therefore  write 

where  F{2n(»>t)  is  a  periodic  alternating  function  the  maximum 
value  of  which  is  unity,  and  e  is  generally  a  very  small  fraction. 

Now,  if  <^  be  the  instantaneous  value  of  the  flux  embraced  by 
an  armature  coil,  we  can  write 

=  Fi  (a)t)  <Prn{l  +  €F  (2na}t)}. 
By  Fourier's  Theorem  we  may  write 

^1  (ojt)  =  ill  sin  (cot  —  OLi)  +  J.8  sin  (3a)t  —  aj)  +  . . . , 
and       F  (2n(ot)  =  B^  sin  (2n(ot  -  jSi)  +  A  sin  (Gncot  -  /Sj)  +  . . . . 
Hence  a  typical  term  in  the  series  for  2^mFi(<M}t)  F(2n€i)t)  is 
2^m^pBq  sin  (pcot  —  ap)  sin  {q2na>t  —  fiq) 
=  <PmApBq  COS  {{2nq  -p)a)t  +  ap  —  ffq} 

—  ^rn^pBq  COS  {{2nq  +p)a)t-OLp-  I3q}. 

The  orders  of  the  harmonics  in  (f>  due  to  this  typical  term  are 

therefore 

2nq+p  and  2nq—p. 

Now  the  electromotive  force  is  proportional  to  the  rate  at 
which  (f)  varies  with  the  time,  hence  the  order  of  the  harmonics 
in  the  electromotive  force  wave  will  also  be  2nq-\-p  and  2715— jp. 
Therefore    the    lowest   harmonics    due    to    the    slots   which   are 
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introduced  into  the  electromotive  force  wave  of  a  polyphase 
machine  on  open  circuit  are  2n  +  l  and  2w— 1  respectively.. 

The  same  reasoning  applies  also  to  single  phase  machines  on 
open  circuit,  the  lowest  harmonics  introduced  by  the  action  of 
the  slots  being  2n— 1  and  2n4-l. 

The  lowest  possible  orders  of  the  harmonics  introduced  into 
.     .       the  electromotive  force  waves  of  three  phase  machines 

Harmonics  in  i  •  i  i  i  \  #.  i 

the  E.M.p.  can  easily  be  written  down  by  the  above  formulae. 
^hRse  Consider,  for  example,  a  three  phase  machine  having 

machines.  ^^^  ^j^^  p^^,  p^j^  ^^ j  p^^.  pj^j^g^^  g^j^^j  therefore  having 

three  slots  in  the  polar  step.  The  lowest  harmonics  introduced  by 
the  action  of  the  armature  slots  will  be  the  (2  x  3  —  l)th  and  the 
(2x3  +  l)th,  that  is,''the  fifth  and  the  seventh.  If  the  machine  had 
two  slots  per  pole  and  per  phase  then  the  lowest  harmonics  would 
be  the  eleventh  and  the  thirteenth,  and  if  it  had  three  slots  per 
pole  and  per  phase  they  would  be  the  seventeenth  and  the  nine- 
teenth. 

In  Fig.  73  we  saw  the  eflfect  produced  by  the  interference  of 
the  eleventh  and  thirteenth  harmonics.  To  a  first  approximation 
we  can  assume  that  the  equation  to  this  curve  is 

y  =  In'  sin  (lU'  - 1)  +  4'  sin  (iSx  +  ^)  . 

If  we  make  the  further  assumption  that  I^  and  IJ  are  each  equal 
to  unity,  we  get 

y  =  —  2  sin  a;  sin  12a? 

as  the  equation  to  the  cui^ve.  This  curve  is  shown  in  Fig.  74,  and 
it  will  be  seen  that  it  is  not  unlike  the  curve  in  Fig.  73.  Blondel 
has  suggested  that  when  considering  resonance  in  net-works  in 
practice,  when  eleventh  and  thirteenth  harmonics  are  involved, 
it  is  sufficient  merely  to  consider  this  curve,  which  we  may 
regard  as  a  twelfth  harmonic  with  a  periodically  varying  ampli- 
tude. The  curve  shows  the  eflfect  of  the  alternate  increase  and 
diminution  of  the  reluctance  caused  by  the  six  teeth  in  the  polar 
step.  It  is  to  be  noted  that  the  disturbing  effect  changes  sign 
in  each  half  of  the  period  of  the  first  harmonic.  This  change  of 
sign  is  well  shown  at  T\  0  and  T  (Fig.  74).     In  practice  we  are 
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only  able  to  calculate  very  roughly  the  lowest  frequency  at  which 
resonance  will  ensue  in  a  net-work.     It  is  suflScient  therefore  to 


12  84  ff  6 

Fig.  74.     The  jagged  component  of  an  e.m.f.  wave  produced  by  six  slots. 

make  sure  that  this  frequency  does  not  approach  2n/in  value,  where 
n  is  the  number  (odd  or  even)  of  the  slots  in  the  polar  step  and /is 
the  frequency  of  the  alternating  current. 

Let  us  now  consider  how  harmonics  are  introduced  by  arma- 
ture   reaction,   taking  first   the    case    of    a    single 
Introduced  by     phaso  machine.     Suppose  that  the  current  in  the 
reactS*^  armature  follows  the  harmonic  law.     The  flux  pro- 

duced by  this  current  will  be  oscillatory  and  will 
rotate  with  the  same  angular  velocity  as  the  armature  when  the 
armature  rotates,  or  will  be  fixed  in  direction  when  the  field  ro- 
tates. In  the  first  case  the  oscillatory  magnetic  field  rotating  with 
the  angular  velocity  w/p,  where  2p  is  the  number  of  poles,  may 
be  resolved  into  two  equal  magnetic  fields,  one  of  which  is  fixed  in 
space  and  the  other  rotates  with  the  angular  velocity  2co/p  (see 
Vol.  I,  p.  297).  The  fixed  flux  sometimes  gives  rise  to  harmonics 
owing  to  the  distortion  of  the  magnetic  field  it  produces.  The 
rotating  field  introduces  a  third  harmonic,  as  the  expression  for  the 
value  of  the  resulting  field  contains  terms  of  the  form  8mcots\n2€ot 
and  this  may  be  written  ^cos  eot  —  ^  cos  3a)t  In  the  second  case 
the  oscillatory  field  being  fixed  can  be  resolved  into  two  equal 
rotary  fields  revolving  with  angular  velocities  co/p  and  —  eo/p  re- 
spectively. One  of  these  is  fixed  relatively  to  the  field  and  the 
other  rotates  with  a  velocity  —  2a)/p  relatively  to  it.  Therefore, 
as  before,  we  find  that  a  third  harmonic  is  introduced  by  this 
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latter  field.  Hence  we  generally  find  a  pronounced  third  harmonic 
in  the  potential  difference  wave  of  a  single  phase  machine  when 
loaded. 

In  polyphase  machines  when  the  currents  in  the  windings  in 
the  armature  follow  the  harmonic  law,  then,  to  a  first  approximation 
at  least,  the  resultant  flux  produced  by  these  currents  is  fixed 
relatively  to  the  field.  In  practice  the  field  flux  is  affected  by 
small  periodic  fluctuations  due  to  the  armature  currents  and  so 
harmonics  arise  from  this  cause. 

Let  us  consider  the  electromotive  force  generated  in  one  phase 
of  a  polyphase  generator  with  a  distributed  winding 
hrmon?M  by      ill  *he  armature.    In  order  to  fix  our  ideas  let  us  take 
^ndfngs.  ^^^  ^^^  ^^  ^^  ordinary  ring  armature  with  a  Gramme 

winding  and  suppose  that  the  two  slip  rings  to  which 
the  phase  winding  is  connected  have  p  coils  between  them,  the 
angle  between  the  planes  of  two  adjacent  coils  on  the  armature 
being  a.  Let  ei,  ^a,  ...  ^p  be  the  electromotive  forces  generated  in 
the  coils,  then 

€i=Ai  sin  (eot  —  00  +  . . .  +  -4n  sin  (na)t  —  <f>n)y  and 

€p  =  A  isia  {(ot  —  <l>i  —  (p  —  1)  a]  +,..+  An  sin  [neot  -  <^n  -  ^  (i>  —  1)  a}. 
Therefore,  since 
e  =  ^1  -f  ^2  +  . . .  -f  6|p,  we  have 


.    pna 
+  An —  sin  (ruot  -  <^„  -^^^  naj . 


srny 


Hence   if  sin  ^-^  /  sin  -^   is  less  than    sin  -^  /  sin  ^    the    ratio 

of  the  amplitude  of  the  nth  to  that  of  the  first  harmonic  is  less  in 
the  resultant  wave  than  in  the  wave  generated  in  a  single  coil. 

We  see  also  that  if  8m(pna/2)  is  zero  and  sin(7ia/2)  is  not 
zero,  the  nth  harmonic  in  the  resultant  wave  vanishes.    In  a  single 
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phase  machine  pa  is  tt,  and  as  n  is  always  an  odd  number  in 
practice  the  nth  harmonic  is  not  annulled. 

Consider  now  the  case  of  a  three  phase  machine  with  a  rotating 
•armature.     In  this  case  we  have  pa  equal  to  27r/3,  hence 

pwa/2  =  utt/S,   and    7ia/2  =  W7r/3p. 

If  w  be  a  multiple  of  3  but  not  of  Sp,  there  is  no  nth  harmonic 
in  the  resultant  electromotive  force  wave. 


The  variation  of  the  reluctance  of  the  magnetic  circuit  due  to 
the  slots  in  the  armature  can  be  prevented  by  two 
methods.  In  the  first  method  the  slots  (Fig.  75)  are 
inclined  at  a  certain  angle  to  the  axis  of  the  rotor. 
This  angle  is  chosen  so  that  a  line  drawn  parallel 
to  the  axis  through  the  middle  point  of  a  slot  directly 
under  a  side  edge  of  the  pole  piece  will  pass  through  the  middle 
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Fig.  75.    Inclined  slots. 
P  is  the  pole  piece. 


Fig.  76.  Inclined  pole  piece.  The 
slots  are  parallel  to  the  axis  of 
the  rotor. 


point  of  an  adjacent  slot  directly  under  the  opposite  edge  of  the 
pole  piece.  Whether  the  field  or  armature  rotates,  the  reluctance 
of  the  magnetic  circuit  of  the  field  will  in  this  case  be  constant. 
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An  alternative  constructional  method  of  eliminating  the 
harmonics  caused  by  slots  is  to  make  the  slots  parallel  to  the 
axis  and  to  incline  the  pole  pieces  so  that  if  we  project  the  edge 


Fig.  77.    Field  magnets  with  inclined  pole  pieces  to  obtain  a  pure  sine  wave. 
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of  a  pole  piece  on  to  the  armature,  this  projection  will  be  parallel 
to  the  line  joining  the  middle  point  of  a  slot  directly  under  the 
side  edge  of  a  pole  piece  to  the  middle  point  of  an  adjacent  slot 
directly  under  the  opposite  edge  (Fig.  76).  This  method  of  getting 
a  sine  wave  of  E.M.F.  was  adopted  as  early  as  1892  by  the  Oerlikon 
Company  in  the  generator  they  constructed  for  the  historic 
Frankfort-LaufFen  power-transmission  experiments.  In  Fig.  77  is 
shown  the  rotor  of  an  Oerlikon  generator  in  which  this  device  is 
employed. 

Both  these  methods  are  found  very  useful  in  practice ;  and  if, 
in  addition,  the  pole  pieces  are  bent  slightly  back  so  as  to  make 
the  air-gap  of  variable  depth,  it  is  possible  to  construct  machines 
which  on  open  circuit  will  give  an  electromotive  force  wave, 
practically  indistinguishable  from  a  sine  wave. 

In  Fig.  78  the  mesh  e.m:.f.  of  a  three  phase  alternator  with 
inclined  pole  pieces  is  shown.      It  will  be   seen  that  the   first 


O  T 

Fig.  78.     Positive  half  of  the  wave  of  the  mesh  e.m.f.  of  a  three  phase 

Oerlikon  alternator. 

Type  6295.     2360  Kws.     315  Revs.     42-. 

harmonic  is  very  nearly  coincident  with  the  wave.  The  alternator, 
which  has  sixteen  poles,  was  built  by  the  Oerlikon  Company  and 
has  an  output  of  2350  kilowatts  at  315  revolutions  per  minute. 
Its  frequency  is  therefore  42. 

R.  II.  9 
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Owing,  however,  to  the  fact  that  the  eflfects  of  hysteresis  are 
always  appreciable,  it  would  be  practically  impossible  to  get  a 
perfect  sine  wave. 

It  has  been  suggested  that  a  sine  distribution  of  flux  might  be 
obtained  by  arranging  the  windings  on  the  field  magnets  so  as  to 
get  this  eflfect.  In  most  cases  this  would  present  practical 
difficulties,  and  it  would  be  uneconomical  owing  to  the  leakage 
of  the  field  flux. 
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When  an  alternating  current  dynamo  is  supplying  current  to 
any  circuit,  then,  owing  to  the  electrical  losses  in* 
motora^°"°"^  the  machine,  the  mean  power  given  to  the  rotor  hy 
the  prime  mover,  must  be  greater  than  the  electrical 
output.  A  torque  has  to  be  applied  to  the  pulley  of  the  rotor  to 
overcome  the  magnetic  attractions  and  repulsions  between  the 
field  poles  and  the  armature  poles,  as  these  forces,  in  accordance 
with  Lenz*s  law,  tend  to  prevent  the  rotation.  Now  the  polarity 
of  the  armature  coils  alternates  with  the  same  frequency  as  the 
current.  If,  therefore,  the  values  of  the  currents  in  the  armature 
coils  at  any  instant  were  the  same  as  when  the  machine  is  acting 
as  an  alternator,  but  if  they  were  flowing  in  the  opposite  direction, 
the  attractions  and  repulsions  would  become  repulsions  and  attrac- 
tions, and  so  the  induced  torque  would  be  in  the  direction  of 
rotation  and  the  machine  would  act  as  a  motor.  In  order, 
therefore,  to  turn  an  alternator  into  a  motor  we  need  to  supply  it 
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with  alternating  current  the  frequency  of  which  is  exactly  equal 
to  the  frequency  of  the  current  it  would  give,  when  running  as  an 
alternator  at  the  same  speed.  A  motor  of  this  kind  is  called 
a  synchronous  motor.  It  is  found  in  practice  that  its  efficiency  is 
high,  and  that  a  considerable  mechanical  load  can  be  put  on  the 
pulley,  without  pulling  it  out  of  step  with  the  pulsations  of  the 
supply  current.  In  order  to  understand  the  action  of  this  type  of 
motor,  let  us  consider  the  working  of  a  single  phase  alternator 
which  has  an  armature  rotating  in  a  bipolar  field. 

Let  us  first  consider  the  simple  alternator  illustrated  in  Fig.  79. 
We  suppose  that  the  armature  is  simply  a  bundle  of 
iron  stampings  wrapped  round  with    a    coil   of  in- 
sulated wire  the  ends  of  which  are  connected  with 
two  slip-rings.     We  may  suppose  that  the  field  is  produced  either 


Bipolar 
alternator. 


Fig.  79.     Single  phase  alternator  or  synchronous  motor. 

by  permanent  magnets  or  by  electromagnets  excited  by  dfrect 
current.  If  we  rotate  the  armature  at  a  constant  speed,  the 
electromotive  force  generated  in  the  coil  will  be  a  maximum 
when  it  is  in  the  position  shown  in  the  figure,  and  it  will  be  zero 
when  the  axis  of  the  coil  is  horizontal,  that  is,  when  it  embraces 
the  maximum  magnetic  flux.  If  SN  is  the  position  of  the  axis  of 
the  coil  at  the  moment  when  we  begin  to  measure  time,  we  may, 
on  making  certain  assumptions,  express  the  electromotive  force 
generated  in  the  coil  by  E  sin  cot,  where  ©  is  the  angular  velocity 
of  the  armature  of  the  two-pole  machine  and  a)/27r  is  therefore  the 
frequency  of  the  alternating  E.M.F.  generated. 
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If  the  external  circuit  be  closed  through  a  large  non-inductive 
resistance,  the  current  in  the  armature  will  be  in  phase  with  the 
armature  electromotive  force.  Hence  the  current  will  be  a  maxi- 
mum in  the  position  of  the  armature  shown  in  Fig.  79,  and  if  the 
direction  of  rotation  is  with  the  hands  of  a  watch,  that  is,  if  it 
rotates  against  the  brushes  shown  in  the  figure,  the  arrow  heads 
will  indicate  the  direction  of  the  current.  The  top  part  of  the 
armature  will,  therefore,  be  a  north  pole.  It  will  be  seen  that 
work  has  to  be  done  against  the  magnetic  attractions  and  re- 
pulsions of  the  field  poles  in  order  to  maintain  the  mean  angular 
velocity.  If  g  denote  the  instantaneous  value  of  the  moment, 
about  the  axis  of  the  armature,  of  the  mechanical  forces  which 
have  to  be  applied  to  it,  so  that  its  angular  velocity  may  not  vary, 
g<o  will  be  the  rate  at  which  work  is  given  to  it,  and  if  this  be 
expressed  in  watts,  we  shall  have 

gm  =  e% 

where  e  and  i  are  the  instantaneous  values  of  the  electromotive 
force  and  current  respectively;  we  neglect  the  losses  due  to 
friction,  eddy  currents  and  hysteresis.  Since  e  is  zero  twice  in 
every  revolution,  and  i  is  in  phase  with  e,  we  see  that  in  this  case 
g  is  also  zero  twice  in  every  revolution.  When  e  and  i  have  not 
the  same  time  lag,  g  must  vanish  four  times  every  revolution  and 
it  is  sometimes  negative  and  sometimes  positive.  If  the  machine 
has  2p  poles,  the  frequency  of  the  alternating  currents  generated 
will  be  pft)/27r,  and  the  torque  will  vanish  4p  times  every  revolu- 
tion, provided  that  the  current  and  electromotive  force  do  not 
vanish  simultaneously.  If  they  do  vanish  simultaneously  the 
torque  will  vanish  2p  times  every  revolution. 

Let  us  suppose  that  when  the  angular  velocity  of  the  armature 

.    .  of  the  above  machine  is  to,  the  slip-rings  are  put  in 

Bipolar  .       .        .  ,  ,    .  T  .  1. 

synchronous       circuit  With  mams  Supplying  alternating  current  oi 

frequency  /,  and  suppose  that  ©  is  ^irf.     Then,  if 

the  armature  is  rotating  in  the  direction  against  the  hands  of 

a  watch  as  indicated  by  the  brushes  in  Fig.  79,  and  if  the  current 

is  a  maximum  in  the  position  illustrated  and  flows  in  the  direction 

of  the  arrow  heads,  there  will  be  a  torque  in  the  direction  of  the 

motion  as  the  top  part  of  the  armature  is  a  north  pole.    A  quarter 
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of  a  period  later  the  axis  of  the  armature  coil  will  be  horizontal. 
The  current  reverses  in  the  armature  at  this  instant,  and  we 
see  that  the  side  of  the  armature  which  is  uppermost  is  always 
a  north  pole.  Similarly,  the  lower  side  of  the  armature  is  always 
a  south  pole,  and  hence  the  torque  is  always  in  the  same  direction. 
The  eflfect  of  the  alternating  current,  therefore,  in  this  case,  is  to 
produce  a  mechanical  torque  which  tends  to  accelerate  the  angular 
velocity  of  the  armature. 

Let  us  now  consider  the  case  when  the  alternating  current 
supplied  can  be  represented  by  /  sin  (ot  We  suppose 
thc"torque.°'^  that  t  is  zcro  whcn  the  axis  of  the  armature  coil  is  in 
the  position  SN(Fig.  79).  Owing  to  the  direction  of 
rotation  being  opposite  to  the  direction  it  has  when  the  machine 
acts  as  an  alternator,  the  electromotive  force  developed  will  be 
always  in  opposition  to  the  current,  and  hence  work  will  be  given 
to  the  armature.  This  electromotive  force,  developed  in  the 
armature,  is  generally  referred  to  as  the  back  E.M.F.  of  the  arma- 
ture. Since,  in  our  case,  it  is  proportional  to  sincoi,  we  may 
write 

gm  =  EI  sin*  cot, 

hence  9=^0  sin*  (ot 

=  JG-iGcos2c»<, 

where  0  is  the  maximum  torque  on  the  armature.  We  see  at 
once  that  the  mean  torque  over  a  whole  revolution  is  )^G  in 
this  case. 

In  general,  when  the  alternating  current  supplied  is 

/8in(ft)<  — a), 
we  have  ^r  =s  G^  sin  (ot  sin  {tot  —  a) 

=  ^0  cos  a  —  JCr  cos  (2©^  —  a). 

The  mean  torque  is  therefore  JG  cos  a  and  it  only  vanishes  when 
a  is  +  or  —  ninety  degrees.  For  all  values  of  a  between  these 
limits  the  mean  work  done  on  the  armature  during  a  revolution  is 
positive.  If,  however,  a  be  greater  than  ninety  degrees,  the  mean 
torque  is  negative,  and  the  armature  is  giving  work  to  the 
electric  circuit.  In  this  case  the  machine  is  acting  as  a 
generator. 
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In  Fig.  80  the  mean  torque  is  sbown  graphically  for  all  values 
of  a,  BOB  is  a  vertical  line  through  the  axis  of  the 
proof  that  the  armature,  and  NOS  is  the  horizontal  line.  The 
st^we^"^"""  "  li°®s  OB  and  OR  are  each  equal  to  ^0  and  circles 
are  described  with  these  lines  for  diameters.  We  can 
suppose  that  lines,  like  OPy  drawn  to  points  on  the  circumference 
of  the  upper  circle  are  positive,  and  that  lines,  like  OP',  drawn  to 
points  on  the  circumference  of  the  lower  circle  are  negative.     If 


Fig.  80.    OP  gives  the  mean  value  of  the  accelerating  torque  when  the  phase 
difference  between  the  current  and  the  back  e.m.f.  is  the  angle  BOP, 


the  angle  BOP  is  a,  OP  equals  BOcosa,  that  is,  ^Gcosa  and 
hence  this  line  gives  the  value  of  the  mean  accelerating  torque, 
when  the  current  lags  by  an  angle  a  behind  the  counter  E.M.F. 
generated  in  the  armature.  If  the  angle  BOP'  is  a',  then,  since 
OP'  is  drawn  to  the  lower  circle  it  is  negative  and  equals  \0  cos  a', 
the  mean  retarding  torque  when  the  angle  of  lag  is  a . 

Let  us  consider  the  case  when  the  current  supplied  to  the  slip- 
rings  lags  ninety  degrees  in  phase  behind  the  back  electromotive 
force  of  the  armature.  In  this  case,  a  will  be  ninety  degrees,  and 
so  OP  will  be  zero.  If  the  armature  now  slows  down,  the 
difference  in  phase  between  the  back  e.m.f.  and  the  current  will 
diminish,  and  OP  will  rapidly  increase,  tending  to  drive  the 
armature  more  quickly.  On  the  other  hand,  if  the  armature 
quickens  when  a  is  ninety  degrees,  a  retarding  torque  OP*  will  be 
applied  to  the  rotor  by  the  electrical  forces. 
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When  a  is  less  than  ninety  degrees  and  ^0  cos  a  is  the  mean 
value  of  the  retarding  torque  of  the  mechanical  forces  applied 
to  the  armature,  the  machine  will  run  as  a  motor,  and,  if  the 
moment  of  inertia  of  the  armature  be  considerable,  there  will  be 
only  slight  fluctuations  in  its  speed  due  to  the  fluctuations  in  the 
value  of  g.  When  the  armature  slows  down  the  mean  torque 
increases,  and  when  it  quickens  the  mean  torque  diminishes. 
Hence  an  alternator  used  in  this  fashion  makes  a  very  satisfactory 
motor.  It  is  called  a  synchronous  motor  because  it  is  always 
exactly  in  step  with  the  alternating  current  supplied. 

If  the  machine  have  2p  poles,  and  we  make  the  same  assump- 
tions as  before,  then 

g^O  sinpayt  sin  (prnt  —  a) 

Multipolar 

synchronous  =  ^Q  COS  a  —  ^0  COS  {2pa)t  —  o), 

where  0  is  the  maximum  value  of  the  torque  when 
the  current  and  the  back  electromotive  force  are  in  phase  with 
one  another.  We  see  that,  in  general,  g  vanishes  4p  times  during 
one  revolution  of  the  armature.  The  angular  velocity  of  the 
armature  is  ^irf/p,  and  it  therefore  makes  60//p  revolutions  per 
minute.  A  twenty-pole  machine,  for  example,  supplied  with 
alternating  current,  having  a  frequency  of  50,  would  make  300 
revolutions  per  minute. 

Consider  a  polyphase  alternator  with  its  terminals  connected 
with  three  mains  supplying  three  phase  currents,  of 
synchronous  frequency/,  and  suppose  that  the  angular  velocity  of 
the  rotor  is  27rf/p  where  2p  is  the  number  of  poles. 
If  we  make  the  assumption  that  the  currents  and  the  back  electro- 
motive forces  in  the  armature  coils  follow  the  harmonic  law,  then, 
if  g  be  the  instantaneous  value  of  the  torque  exerted  by  the 
magnetic  forces  on  the  armature,  we  have 

go)  =  EI  jsin  payt  sin  {payt  —  a)  4-  sin  (pa)t  -\-  -^  j  sin  (payt  —a  +  -^ ) 


=  ^/.f  cosa, 
and,  therefore. 


+  sin  (pmt  +  -^  j  sin  (pwt  -  a  +  -^  j  I 
g  =  (SEI/2a))  cos  a. 
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In  this  case,  therefore,  the  torque  on  the  armature  is  absolutely 
constant.  We  can  also  easily  show  that  when  the  armature 
quickens  the  torque  is  diminished,  and  when  it  slows  down  the 
torque  is  increased.  Hence  a  polyphase  alternator,  provided  that 
it  generates  a  sine  wave  of  E.M.F.  and  is  supplied  with  harmonic 
currents,  will  run  very  smoothly  as  a  synchronous  motor. 

In  Chapter  l  we  explained  Blondel's  theory  of  two  reactions. 
The  current  in  the  armature  was  resolved  into  two 
reactioTof""  Components,  one  of  which  was  in  phase  with  the 
motora?°°"*  armature  electromotive  force,  and  the  other  was  in 
quadrature  with  it.  The  former  merely  produced 
a  transverse  magnetisation  of  the  field,  and  the  latter  partially 
demagnetised  or  magnetised  the  field  magnets,  according  as 
the  current  was  lagging  or  leading.  Formulae  were  found 
for  these  effects.  In  a  synchronous  motor  the  same  eflFects 
will  be  produced,  but  since,  when  an  alternator  is  acting  as 
a  motor,  the  currents  in  the  armature  are  flowing  in  the  opposite 
direction  to  that  in  which  they  flow  when  the  machine  is  acting 
as  a  generator,  the  magnetic  effects  will  be  reversed.  That  is  to 
say,  the  transverse  magnetisation  will  be  in  the  opposite  direction 
to  that  in  which  it  is  in  a  generator  and  a  lagging  current  will 
now  tend  to  magnetise  the  field  magnets  whilst  a  leading  current 
will  demagnetise  them.  The  formulae  for  these  effects  are  given 
on  pages  38  and  47. 

We  shall  now  discuss  what  happens  when  the  load  on  a  syn- 
^     chronous  motor  is  varied.     In  this  case,  as  a  rule, 

Generator  and 

synchronous  the  phasc  difference  between  the  current  and  the 
applied  potential  difference  alters,  and  this  produces 
a  change  in  the  magnetic  field  of  the  generator.  It  is  therefore 
essential,  when  discussing  the  working  of  a  synchronous  motor,  to 
take  into  consideration  also  the  generator  or  generators  supplying 
it  with  electric  power. 

In  order  to  simplify  the  problem  as  much  as  possible,  we  will 
consider  the  case  of  two  alternating  current  machines  which  are 
similar  to  one  another  in  all  respects.  We  shall  suppose  that 
they  are  running  at  the  same  speed  and  that  their  terminals  are 
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in  metallic  connection.     If  their  field  magnets  be  excited,  there 
will  be  in  general  an  electromotive  force  round  the  circuit  of  the 


MM 


Fig.  81.    Vector  diagram  of  a  generator  and  a  synchronous  motor. 

two  armatures  and  the  same  current  will  be  flowing  in  each.     In 
the  case  when  the  electromotive  forces  generated   in  the  two 
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machines  are  equal  at  every  instant  but  act  in  opposite  directions 
round  the  circuit  of  the  two  armatures,  there  will  be  no  current, 
and  hence  no  power  will  be  conveyed  from  one  machine  to  the 
other.  In  order  that  power  may  be  transmitted,  a  current  must 
flow,  and  hence  the  two  electromotive  forces  cannot  be  in  exact 
opposition  in  phase.  The  simplest  method  of  discussing  this 
problem  is  to  represent  the  electromotive  forces  generated  in  each 
machine  by  vectors.  We  can  suppose  that  these  vectors  take 
account  of  armature  reaction.  In  Fig.  27,  page  52,  the  line 
joining  0  and  C  gives  us  the  vector  of  the  armature  electromotive 
force. 

Let  OC  in  Fig.  81  represent  the  eflective  value  Vi  of  the 
armature  electromotive  force  of  the  generator,  and 
S*e  anmiture  1©*  OA  represent  the  effective  value  Fa  of  the  arma- 
forcMi!"*°**^*  ture  electromotive  force  of  the  motor.  Join  AC  and 
bisect  it  in  B,  then  twice  OB  represents  the  resultant 
of  Vi  and  Fg  in  magnitude  and  phase,  and  is  the  effective  value  of 
the  electromotive  force  that  drives  the  current  round  the  circuit. 
Since  by  the  triangle  of  vectors  Vi  is  equivalent  to  the  vectors  OB 
and  BC,  and  Fj  is  equivalent  to  OB  and  BA,  it  follows  that  BA 
and  BC  are  each  equal  to  the  voltage  F  between  the  connecting 
mains.  The  lower  part  of  the  diagram  OBC  refers  to  the  generator 
and  the  upper  part  to  the  motor.  Hence,  although  BA  and  BC 
represent  the  same  voltage,  yet  we  have  drawn  them  as  if  they 
were  in  opposition  in  phase.  The  phase  of  the  potential  difference 
voltage  must  be  drawn  in  opposite  directions  when  looked  at  from 
the  generator  or  the  motor  end  of  the  circuit.  In  one  case  the 
current  in  a  circuit  bridging  the  mains  would  appear  at  a  parti- 
cular instant  to  be  going  from  left  to  right,  whilst  in  the  other 
case  it  would  appear  at  the  same  instant  to  be  going  from  right 
to  left. 

If  F  be  the  potential  difference  between  the  connecting  mains, 
Formula  for  *^^  ^  ^^^  phasc  difference  between  the  electromotive 
tiie  potential       forcos  of  the  two  machines,  then 

difference  at 

the  terminal..  F=  i(F,»  +  7,»  -  2F,F3C08  0)i (1). 

The  maximum  value  of  Fis  therefore  i(F,  +  F,),  and  it  has  this 
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value  when  cos  ^  is  - 1,  that  is,  when  the  phase  diflference  between 
the  two  electromotive  forces  is  180  degrees.  In  this  case,  the 
electromotive  forces  are  in  opposition  so  far  as  the  circuit  of  the 
armatures  is  concerned,  but  they  would  be  in  phase  as  regards 
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Fig.  82.    Resultant  of  two  rounded  electromotive  force  waves  when  their  angles 
of  time  lag  are  (a)  0°,  (&)  16°,  (c)  30°,  (d)  60°,  («)  90°,  (/)  120°,  {g)  160°. 

their  action  on  a  circuit  bridging  the  two  mains  joining  the 
terminals  of  the  machines.  We  shall  see  in  Chapter  VI  that  this 
is  approximately  the  case  when  the  two  alternators  are  running  in 
parallel. 

If  the  machines  give  electromotive  force  waves  of  different 
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shapes,  then  0  can  never  be  as  great  as  180  degrees.  For  example, 
if  the  electromotive  force  wave  of  the  generator  were  sine  shaped 
and  had  an  effective  value  of  1000  volts  whilst  the  motor  wave 
were  rectangular  and  had  an  equal  effective  value,  the  maximum 
value  of  V  would  be  974*8  volts. 

The  effective  value  of  the  electromotive  force  wave  producing 
the  current  round  the  circuit  of  the  two  armatures  is 
««uiumt  *^*  represented  in  magnitude  by  twice  OB,  and  in  phase 
forer^vc.''*  by  OB  (Fig.  81).  This,  however,  tells  us  nothing 
about  the  shape  of  the  resultant  wave.  If  the  waves 
were  sine  curves  then,  whatever  value  the  angle  of  lag  between 
them  might  have,  their  resultant  would  also  be  a  sine  curve.  In 
the  general  case,  however,  the  shape  of  the  resultant  wave  is  quite 
different  from  the  shape  of  either  of  its  components.  In  Fig.  82 
the  variation  in  the  shape  of  the  resultant  of  two  equal  circular- 
shaped  waves  is  shown  for  the  case  of  angles  of  time  lag  equal  to 
0,  15,  30,  60,  90,  120  and  150  degrees  respectively.  It  will  be 
seen  that  when  the  time  lag  is  small  we  get  a  rounded  wave,  but 
when  it  is  nearly  180  degrees  we  get  a  very  peaky  one. 

If  both  the  component  waves  are  peaky,  then,  as  a  rule,  the 
shape  of  their  resultant  is  rounded  when  they  are  nearly  in 
opposition,  and  peaky  when  they  are  nearly  in  phase.  This 
change  of  shape  of  the  wave  of  the  electromotive  force  which 
produces  the  current  in  the  armatures  makes  the  phase  difference 
between  it  and  the  current  produced  a  variable  quantity,  and  so 
we  are  not  justified  in  making  the  assumption  that  the  impedance 
of  the  circuit  of  the  two  armatures  is  constant.  Again  the 
armature  reaction  of  each  machine  depends  on  the  magnitude 
and  phase  of  the  current,  and  so  the  shape  of  the  electromotive 
force  waves  must  also  vary  from  this  cause. 

If  the  circuit  of  the  armatures  of  the  alternator  and  the 
synchronous  motor  acted  like  a  non-inductive  resist- 
Tilrtor?"*"*  ance,  the  current  vector  would  be  represented  in  phase 
by  OB  (Fig.  81).  In  general,  however,  the  phase 
difference  between  the  current  and  the  resultant  electromotive 
force  is  large.  Suppose  that  OK  in  Fig.  81  represents  this 
vector,  and  let  the  angle  BOK  equal  7.     If  we  suppose  that  OK 
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is  in  the  plane  OAC,  the  angle  KOA  would  be  the  phase  diflFerence 
between  the  current  and  the  motor  electromotive  force,  and  the 
angle  KOC  would  be  the  phase  difference  between  the  current 
and  the  generator  electromotive  force.  This  would  be  true  if  the 
waves  which  OAy  OC  and  OK  represent  were  all  sine  waves. 
In  practice  it  is  not  true,  and  hence  for  a  rigorous  theory  we 
would  need  to  have  recourse  to  solid  geometry  (see  Vol.  I, 
Chapter  viii).  The  formulae  got  by  making  the  assumption  that 
the  vectors  are  all  in  one  plane  are  useful  and  instructive,  but  it 
has  to  be  remembered  that  they  are  only  approximate. 

The  formulae  for  the  power  generated  in  the  alternator  and 
received  by  the  motor  can  easily  be  deduced  from 
SHS      Fig.  81.    In  this  figure 
andfw  the^fn-     OC  is  the  vcctor  of  the  alternator  E.M.F.,  Fi, 
moto?.^  *^*  OA  is  the  vector  of  the  motor  E.M.F.,  F^, 

•  OK  is  the  vector  representing  the  current,  Ai, 
AOG  is  the  phase  difference  0  between  OA  and  00, 
and  the  angle  BOK  is  7. 
The  angle  BOK  represents  the  angle  of  lag  of  the  current  behind 
the  resultant  E.M.F.  round  the  circuit  of  the   armatures.     This 
resultant  E.M.F.  is  represented  by  twice  OB. 

We  shall  also  denote  the  impedance  of  the  circuit  of  the  two 
armatures  and  their  connecting  mains  by  Z,  the  electrical  power 
generated  by  the  alternator  by  Wj  and  the  electrical  power  given 
to  the  motor  by  W^.  Since  KOCis  the  phase  diflFerence  between 
the  vectors  OK  and  OC,  that  is,  between  A  and  Fi,  we  get 

W,=^  A, V,  cos  KOC. 
Now,  since  Z  is  the  impedance  of  the  circuit  of  the  armatures,  and 
2 .  OB  is  the  resultant  E.M.F.,  we  have 

A      ^OB 

Again 

2 .  OB  cos  .K^OO  =  2 .  05  cos  {BOC  -  7) 

^2,  OB  cos  £00 C0S7  +  2 .  OB  sin  £00sin  7 
=  (Fi  +  Fa  COS  0)  COS  7  +  Fa  sin  0  sin  7 
=  Fi  cos  7  +  Fa  cos  (0  —  7). 
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Hence,  substituting  for  A  cos  KOC  in  the  formula  for  TFi,  we  get 

W^i=5{FiC0S7  +  F2C08(5-7)}   (2). 

Similarly  W^^-V^A  cos  A  OK 

=  -p{F2C087  +  F,cos(^  +  7)}  (3). 

When  the  running  is  steady  (2)  and  (3)  give  us  the  relations 
between  the  various  quantities  involved.  We  see  from  (3)  that 
TTa  is  a  maximum  when  ^  is  tt  —  7.     It  is  then  equal  to 

p(F,-F,  cos  7). 

Hence  the  smaller  the  impedance  Z  of  the  circuit,  and  the  nearer 
7  is  to  90  degrees,  the  greater  is  the  load  that  can  be  put  on  the 
motor. 

If  we  write  tt  —  7  +  a  for  ^  in  equations  (2)  and  (3)  we  get 

Condition  for  ^i  (jr  rr  /o  \i 

stable  run-  »^i  =  ^  1  >^i  COS  7  --  K  g  COS  (27  —  a)} 

y 

and  TFg  =  -^  { Fi  COS  a  —  Fa  cos  7}. 

If  we  suppose  that  a  varies  owing  to  irregularities  in  the  speed  of 
the  motor  or  generator,  then 

-^  =  --^^sm(27-«) 

,  dW,       v,v,  . 

and  -7-^  =  —  — ^  sm  a. 

Hence  if  a  be  positive  TFg  diminishes  when  a  increases.  We  see 
that  when  the  motor  quickens  the  power  given  to  it  diminishes, 
and  similarly  when  it  slows  down  the  power  given  to  it  increases, 
and  so  the  electric  forces  called  into  play  tend  to  keep  the  speed 
constant.  Also,  in  practice,  27  is  always  greater  than  a,  and 
hence  TTi,  the  load  on  the  generator,  diminishes  as  a  increases, 
and  so  this  also  has  the  eflFect  of  tending  to  restore  a  to  its  original 
value.  Therefore  positive  values  of  a  correspond  to  stable  positions 
of  running. 
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When  a  is  zero,  W^  has  its  maximum  value  y  {Fi  —  Fg  cos  7}. 

Hence  the  smaller  the  impedance  Z  of  the  circuit,  and  the  nearer 
7  is  to  90  degrees,  the  greater  is  the  load  that  can  be  put  on  the 
motor.     We  see  also  that  if  power  is  to  be  given  to  the  motor,  Fg 
must  be  less  than  Fi/cos  7. 
Again,  since 

COSa  =  -pry +^C0S7, 

it  follows  that  for  every  load  W^  on  the  motor  there  is  a  positive 
and  a  negative  value  of  a  which  satisfies  this  equation.  We  have 
already  seen  that  the  positive  value  of  a  corresponds  to  the  stable 
position  of  running,  and  we  can  show  in  an  exactly  similar  way 
that   the   negative   value   corresponds   to   an   unstable    position. 

When  TF2  is  zero,  a  is  cos~^  f  ~  cos  7) .     Hence  the  stable  positions 

of  running  are  given  by 

^  =  TT  —  7  +  a, 

where  a  can  have  any  value  between  0  and  cos~^  f  ^^^  cos  7  j .    If  Fa 

be  less  than  Fi,  6  may  be  greater  than  tt.  In  this  case  we  may 
regard  the  generator  as  the  leading  machine.  For  diflferent  loads, 
a  has  different  values,  but  in  all  cases  the  mean  angular  velocity 
of  the  rotor  is  exactly  the  same,  namely  27rf/p,  where  /  is  the 
frequency  of  the  alternating  current  and  2p  is  the  number  of  poles 
of  the  motor. 

When  a  load  is  put  on  a  synchronous  motor  gradually,  a  slowly 
diminishes.  When  the  load  is  so  great  that  a  vanishes,  then  the 
angular  velocity  of  the  rotor  diminishes,  and  the  applied  potential 
difference  being  no  longer  in  step  with  the  back  electromotive 
force  of  the  armature,  a  large  pulsating  current  is  set  up,  which 
blows  the  fuses  or  opens  the  magnetic  cut-outs  which  are  used  to 
protect  the  machine. 

We  know  that  the  square  of  the  effective  value  of  the  total 

electromotive  force  round  the  circuit  of  the  armatures 

fqu'Lti^oT"**^     is  Fi*  +  Fa^  +  2F1F2  cos  0,  where  6  is  the  phase  differ- 

ence    between   Fj    and    Fg.      Hence,    if   Z   be   the 
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impedance  of  this  circuit,  and  A  the  effective  value  of  the  current 
flowing  in  it,  we  have 

il»^»  =  7i«  +  Fa«  +  2FiFsCos5 

=  Fi»  +  F,«  +  2FiF,co8{(^  +  7)-7} 
=  F,2  +  Fa»  +  2  Fi  Fa  cos  (5  +  7)  cos  7 
+  2  Fi  Fa  sin  {6  +  7)  sin  7. 
Substituting  for  cos  {6  +  7)  and  sin  (^  +  7)  their  values  obtained 
from  (3)  and  noting,  since  the  minimum  value  of  0  for  steady 
running  is   ir  —  r^y  that   sin  (^  +  7)   is   either   zero  or  negative, 
we  get 

A^Z^  =  Fi«  -  2  W^Z  cos  7  -  Fs*  cos  27 

-2sin7{Fi«F,«-(Tf22'+Fa«cos7)»}* (4). 

This  is  the  frmdamental  equation  of  the  synchronous  motor.  If 
we  square  this  equation  and  simplify  we  get 

(il»^'»-Fi2  +  Fs«  +  2TfsZco87)*  =  4sin«7(il«2'2F2«-TF2'^»). 

This  equation  is  sometimes  given  as  the  fundamental  equation, 
but  (4)  is  more  usefril  in  practice  as  the  values  of  the 
variables  found  from  it  correspond  to  stable  positions  of  running 
only,  and  the  current  is  given  directly  in  terms  of  the  other 
variables. 

We  shall  first  consider  the  effect  of  varying  the  excitation  of 
the  motor  or  the  generator  on  the  current  in  the  circuit,  and  on 
the  power  factor  of  the  motor  load. 

In  equation  (4),  if  we  regard  Fj  as  variable  and  Fg,  W^,  Z  and 
Effect  of  'y  ®^  constants,  then,  for  each  value  of  Fi,  we  get 

varying  the        a  definite  valuc  of  A.     Equating  the  first  differential 

excitation  of  .  /.      j         •   1  i  it-  i    • 

the  motor  and  coeflttcient  of  A  With  regard  to  V^  to  zero,  solving 
generator,  ^j^^  resulting  equation  for  F,  and  substituting  in  (4), 
we  find  that  the  minimum  value  of  A  is  T^a/Fj.  Hence  the 
minimum  value  of  the  current  got  by  varying  the  excitation  of  the 
generator  is  TTa/Fa.  It  is,  therefore,  in  exact  opposition  in  phase 
to  Fa. 

Similarly,  when  we  vary  the  excitation  of  the  motor,  the 
minimum  value  of  the  current  is  given  by 


2^  cos  7     14-2"*  cos*  7     ^cos7) 


E.  11.  10 
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In  this  case  we  can  show  that  the  current  is  in  phase  with  Vi,  so 
that  the  minimum  value  of  the  current  is  Wi/Vj,  where  TT/  is  the 
electric  power  generated  when  Vi  and  A  are  in  phase. 

The  above  theorems  can  be  proved  more  easily  as  follows. 
When  we  vary  Vi  by  altering  the  excitation  of  the 
generator,  the  power  W2  given  to  the  motor  circuit 
is  —-4  Fa  cos  ^2,  where  0^  is  the  phase  difference  be- 
tween A  and  Fg.  Since  this  power  is  constant,  A  will  be  a 
minimum  when  —  cos  02  is  a  maximum,  that  is,  when  02  is  180°, 
and  in  this  case  A  is  W^jV^* 


Graphical 
solution. 


C  ^'C 

(a)  (h) 

Fig.  88.  (a)  The  minimnm  yalne  of  the  current  when  the  excitation  of  the 
generator  is  yaiied.  (&)  The  minimum  value  of  the  current  when  the  excitation  of 
the  motor  is  yaried. 

In  Fig.  83  (a)  gives  the  diagram  for  the  minimum  value  of  the 
current  when  the  excitation  of  the  generator  is  varied. 

Again,  from  equations  (2)  and  (3),  or  directly  from  the  fact  that 
the  electrical  power  generated  by  the  alternator  equals  the  power 
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given  to  the  motor  together  with  the  power  expended  by  the 
driving  electromotive  force,  we  have 

W^  =  W^  +  AZ,  A, cosy. 

Now  Wi  equals  AViCosdi,  where  0^  is  the  phase  difference 
between  A  and  Vi,  Substituting  this  value  for  Wi  in  the  above 
equation,  and  solving  the  resulting  quadratic  equation  for  A,  we 
find  that 

__  Vj cos 01      fJTcos^ _     Fa    Y 
~2Zcos7      \4iZ^  cos^y     ZCO87J   * 

For  every  load  W2  there  are  two  possible  values  of  the  current, 
but  the  larger  one  corresponds  to  the  unstable  position  of  running, 
and  so  we  have  prefixed  the  negative  sign  to  the  radical  in  the 
above  equation. 

Since  the  differential  coeflSicient  of  A  with  respect  to  cos  0i  is 
a  negative  quantity,  it  follows  that  A  diminishes  as  cos  0i  increases. 
Hence  it  has  its  minimum  value  when  cos^i  is  unity,  and  this 
gives  us  the  same  value  of  -4  as  before.  Also,  in  this  case,  TT/ 
equals  AVi,  and  hence  the  minimum  value  of  A  is  TTZ/Fi.  This 
case  is  illustrated  in  (6)  Fig.  83.  The  vector  OK  of  the  current 
coincides  in  direction  with  00,  the  vector  of  the  generator  electro- 
motive force. 

In  order  that  the  value  A  of  the  current  given  by  equation  (4) 
may  be  real,  W^Z  +  Y^  cos  7  must  be  less  than  F1F2.. 
viilics^of  the      ^*  follows  that  the  value  of  V^  must  lie  between 

motor  electro-  p-  r      TT^s  W  T\\ 

motive  force.  ^  \         ,    )       ^1         _   ^^  ^^  ( * 


2co87  '   (4008*7     COS7J 
7,        f    F,»        Tr,Z|i 


(4  008^7     cos  7 1 


and  ^ ^-. r 

2  cos  7      (4  cos^  7     cos  7  j 

We  see  that  if  cos  7  be  small,  the  back  electromotive  force  of  the 
motor  may  be  considerably  greater  than  the  electromotive  force 
of  the  generator  which  is  driving  it.  The  maximum  value  of  W^ 
is,  however,  V-^j^Z  cos  7. 

Suppose,  for  example,  that  7  is  60  degrees,  then  Fg  must  lie 
between 

Fi  +  (Fi«-2F2^)*  and  V^-{V,^^2W,Z)K 

The  maximum  value  of  TTj  in  this  case  is  V-^j^Z, 

10--2 
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If  71  denote  the  ratio  of  the  power  given  to  the  motor  to  the 
total  power  generated  by  the  alternator,  then  n  is 

Efficiency  of  ,        ^         •         f     /v>    •  ^     ,  •     •  ttt-   i 

the  trans-  the  fractional  eflttciency  of  the  transmission.     With 

mission.  ,  ... 

our  usual  notation 

and  hence  for  a  given  load  W^  the  efficiency  is  a  maximum 
when  the  current  is  a  minimum.  If  we  vary  the  excitation 
of  the  generator,  V^  remaining  constant,  the  minimum  value 
of  the  current  is  TTj/Fa.  Hence  the  maximum  efficiency  in  this 
case  is 


l  +  ^cos7 

and  this  diminishes  as  W^  is  increased. 

Again,  when  we  vary  the  excitation  of  the  motor,  keeping  V^ 
constant,  the  maximum  efficiency  occurs  when  A  has  its  minimum 
value  TTi/Fi,  and  in  this  case 


and  A=      ^'  [      ^'  ^^    Y 

22' cos  7     |42'*cos2  7     ZC0S7J   * 

Hence   the   maximum    efficiency  when   the  load  is   W^  can   be 
found. 

The  above  results  point  out  the  following  method  of  procedure 
as  being  theoretically  desirable,  when  we  wish  to 
increasing  the  increase  the  efficiency  by  raising  the  voltage.  First 
adjust  the  excitation  of  the  motor  until  the  current 
is  a  minimum.  Then  increase  the  excitation  of  the  generator 
until  the  current  is  again  a  minimum.  Then  go  back  to  the 
motor  and  increase  its  excitation  until  the  current  is  reduced 
again  to  its  smallest  value,  and  so  on  backwards  and  forwards 
between  the  two  machines  until  the  desired  efficiency  is  attained. 
In  practice  a  limit  to  the  possible  excitation  is  soon  reached.  It 
would  save  time  to  over-excite  the  motor  in  the  first  instance,  but 
the  theoretical  method  is  worth  remembering. 
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As  the  fundamental  equation  (4)  is  complicated,  we  shall 
illustrate  it  graphically  by  drawing  curves  for  various 
particular  cases.  It  is  to  be  remembered  that  we 
have  made  the  assumption  that  the  current  vector 
and  the  electromotive  force  vectors  are  in  one  plane, 
and  we  now  make  the  further  assumptions  that  the  impedance  Z 
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Fig.  84.    Variation  of  current  with  the  load  on  a  synehronous  motor. 

and  the  angle  of  lag  7  remain  constant  as  the  excitations  vary. 
The  curves  arrived  at  are  very  similar  to  those  obtained  by  actual 
experitnents,  and  show  that  the  main  phenomena  connected  with 
the  working  of  synchronous  motors  could  have  been  predicted 
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from  the  properties  of  triangles.  On  the  other  hand  the  anomalous 
results  sometimes  obtained  when  the  electromotive  force  waves  are 
very  distorted  from  the  sine  shape,  show  that  our  assumptions  are 
not  justifiable  in  these  cases. 

In  Fig.  84  a  curve  is  shown  illustrating  how  the  current  A 
varies  with  the  load  W^  on  the  motor.     The  angle  of  lag  7  of  the 
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Fig.  85.    Effect  of  varying  the  excitation  of  the  generator,  on  the  current 
taken  by  a  synchronous  motor  at  three  different  loads  'a,'  *5'  and  *<;'  when  7 
is  45  degrees. 

current  behind  the  resultant  or  driving  electromotive  force  round 
the  circuit  of  the  armatures  has  been  taken  equal  to  45°.  In 
practice  it  is  usually  greater  than  this. 

It  will  be  noticed  that  when  W^  is  zero  the  current  is  15 
amperes,  but  when  the  load  is  7*5  kilowatts  the  current  is  only 
10  amperes.     It  will  be  seen  that  the  current  varies  very  little  for 
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a  small  increase  or  diminution  of  this  load.  On  the  other  hand, 
when  the  load  is  heavy,  a  slight  increase  of  it  will  cause  a  large 
increase  of  the  current. 

Fig.  85  shows  how  the  current  varies  with  the  excitation  of  the 
venerator  for  three  different  loads  which  are  to  one 

Variation  of  °  .  . 

the  current  another  in  the  ratios  1  :  16  :  25.  The  angle  of  lag  7 
tation  of  Sc"  has  again  been  taken  equal  to  45  degrees.  When 
generator.  running    at    a    high    voltage    increasing    the    load 

diminishes  the  current,  but  at  a  low  voltage  increasing  the  load 
increases  the  current. 

The  curves  in  Fig.  86  show  how  the  current  varies  with  the 
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excitation  of  the  motor  when  7  is  90  degrees.  The  curve  'a* 
shows  the  machine  running  on  a  zero  load.  In  this 
case  the  curve  is  simply  two  lines  meeting  one 
another  at  the  point  10  on  the  axis  of  a?.  The 
curves  *b*  and  *c'  show  the  machine  running  on 

a  light  and  a  moderate  load  respectively.     The  curves  do  not 

intersect  one  another  in  this  case. 

In  Fig.  87  we  have  taken  7  equal  to  45  degrees,  all  the  other 

data  remaining  the  same  as  in  the  preceding  illustration.     It  is  to 
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Fig.  87.    The  curvea  *a,'  *6'  and  *c'  are  the  V  curves  of  a  synchronous  motor 
on  light  loads  when  7  is  45°. 


be  noted  that  the  curves  now  cross  one  another.  Comparing 
them  with  the  curves  shown  in  the  preceding  diagram  it  will 
be  seen  that  the  new  curves  are  much  narrower  than  the  old,  and 
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that  there  is  a  superior  as  well  as  an  inferior  limit  to  the  excitation 
of  the  motor. 

Curves  similar  to  those  shown  in  Figs.  86,  86  and  87  were 
first  obtained  experimentally  by  Mordey.  They  are  generally 
called  y  curves. 

The  power  factor  of  the  motor  circuit  is  the  cosine  of  the  angle 

between  the  current  vector  OK  and  the  line  joining 

thV*power°'       the  extremities  of  the  two  vector  electromotive  forces 

foar^^*^*^^     Oul  and  OG  shown  in  Fig.  81.     When  the  motor  is 

feebly  excited,  Fg  is  small,  and  hence  the  angle  BOG 

is  small.     In  practice  the  angle  BOK  is  nearly  90  degrees ;  hence 
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the  current  OK  lags  behind  the  applied  potential  difference  BG 
in  phase.  As  we  increase  the  excitation,  F,  increases,  and  OK 
becomes  parallel  to  BG  for  a  particular  excitation.  It  would 
apparently  follow  that  the  power  factor  must  always  be  unity  for 
a  particular  excitation.  We  have,  however,  to  remember  that  we 
have  made  the  assumption  that  OK  and  BG  are  in  one  plane, 
and  this  is  never  exactly  true  in  practice. 

In  Fig.  88  'a'  shows  the  relation  between  the  power  factor 
and  the  load  when  7  is  90  degrees,  and  '  h '  the  relation  when  7  is 
45  degrees.  In  '  a '  the  power  factor  increases  with  the  load,  and 
attains  its  maximum  value  0'96  when  the  load  has  its  maximum 
value  of  120  kilowatts.  In  ' 6'  the  power  factor  is  unity  when  the 
load  is  42  kilowatts,  and  it  then  diminishes.  The  maximum 
permissible  value  of  the  load  is  now  only  56  kilowatts. 
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Fig.  89.    How  the  power  factor  of  a  synchronous  motor  varies  with  the 
excitation  at  constant  loads. 
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In  Fig.  89  the  data,  with  the  exception  of  the  curve  *  a '  which 
represents  a  very  light  load,  are  the  same  as  for  the 

Variation  of  .       t^.       «V»  ,  /  o 

the  power  curvcs  in  Fig.  86,  so  that  the  two  sets  of  curves  can 

excitation  of  *  be  Compared.  For  each  curve  the  power  factor 
the  motor.  equals  unity  for  an  excitation  denoted  by  10.     For 

values  of  the  excitation  less  than  this,  the  current  lags  behind  the 
applied  potential  difference  by  an  angle  <f>,  where  cos^  is  the 
power  factor,  and  for  values  of  the  excitation  greater  than  10,  the 
phase  difference  is  leading.  From  Fig.  83  (6)  we  see  that  when 
we  gradually  increase  the  excitation  of  the  motor,  the  current 
attains  its  minimum  value  after  the  power  factor  becomes  unity. 

The  ease  with  which  large  lagging  or  leading  currents  can  be 
obtained  by  under-exciting  or  over-exciting  synchronous  motors 
sometimes  makes  them  useful  in  general  testing  work  when  large 
choking  coils  or  condensers  are  not  available  (see  page  55). 
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CHAPTER  V. 

Blondel's  bipolar  diagram.  Lines  of  equal  power  when  the  excitation  of  the 
generator  is  varied.  Lines  of  equal  phase  when  the  motor  excitation  is 
constant.  The  excitation  of  the  generator  required  to  give  a  power 
factor  of  unity.  The  circle  limiting  the  current  vector.  Example. 
Synchronous  motor  supplied  from  constant  potential  mainfe.  Rotary 
condenser.  Reactance  motors.  Synchronous  motors  with  alternating 
fields.  The  starting  of  single  phase  synchronous  motors.  Polyphase 
synchronous  motors.  The  starting  of  polyphase  motors.  Determination 
of  the  moment  of  inertia  of  the  rotor.  Methods  of  determining  the 
efficiency  of  a  motor.  Brake  tests.  Experimental  results.  Advantages 
of  synchronous  motors.     References. 

The  following  graphical  method  of  stud3dng  the  working  of  a 
«t    ^  t,  synchronous  motor  is  instructive  and  is  useful   in 

Blondel's  '^ 

bipolar  practico.      We    make    the    assumptions    that    the 

vectors  of  the  electromotive  forces  and  the  currents 
can  be  represented  by  lines  in  one  plane,  and  that  the  impedance 
of  the  circuit  of  the  armatures  is  constant.  The  effects  of 
armature  reaction  are  also  neglected.  In  the  diagram  (Fig.  90) 
OP  represents  the  armature  electromotive  force  Vi  of  the  generator 
and  OOi  the  armature  electromotive  force  V^  of  the  synchronous 
motor.  The  angle  POOi  is  the  supplement  of  the  phase  difference 
between  V^  and  V^  and  hence,  by  the  triangle  of  vectors,  OiP 
is  the  effective  value  of  the  resultant  electromotive  force  round 
the  circuit  of  the  armatures.  Let  the  line  OiB  give  the  phase 
of  the  current  and  draw  PB  perpendicular  to  OiB,  then  OiB  will 
represent  the  watt  electromotive  force  acting  (Vol.  I,  p.  158)  round 
the  circuit.  If  we  multiply  the  effective  value  A  of  the  current 
by  OiB  we  get  the  power  expended   in   heating  the  armature 
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windings.  Owing  to  eddy  currents  this  power  will  be  greater 
than  It .  A^,  where  R  is  the  resistance  of  the  armature  coils.  The 
value  of  OiB  will  be  therefore  greater  than  JR.  J..  In  practice, 
it  is  customary  to  assume  that  OiB  equals  nR.A  where  n  is  a 
number  greater  than  unity.     Usual  values  for  n  are  1*6  and  2. 


Fig.  90.    Blondel's  bipolar  diagram. 
YOiY^  is  inclined  at  an  angle  y  to  O^X,    O^P  represents  on  a  certain  scale  the 
current  vector,  when  the  phase  difference  between  it  and  V^  is  measured  from  0{Y', 

If  Z  be  the  impedance  of  the  circuit  of  the  armatures,  OiP  will 
be  equal  to  Z ,A  and  if  7  be  the  phase  difference  POxB  we  have 
cos  7  equal  to  nR/Z, 

Since  OiP  equals  Z.Awe  can  make  OiP  represent  the  current 
in  magnitude  by  assuming  that  the  length  representing  one 
ampere  is  Z  times  the  length  representing  one  volt.  In  other 
words  the  scale  in  which  the  amperes  are  measured  must  be 
Z  times  the  scale  in  which  the  volts  are  measured.  We  can  also 
make  OiP  represent  the  current  in  phase  by  assuming  that  the 
phase  difference  between  this  vector  and  V^  is  measured  by  the 
angle  it  makes  with  a  line  F'OjF  which  is  inclined  to  OX  at  an 
angle  7. 

To  prove  this,  let  us  suppose  that  the  line  Y'OiY  makes  an 
angle  7  with  OX.  Since  the  angle  POiB  is  also  equal  to  7,  it 
follows  that  the  angle  POiY  equals  the  angle  BO^X  and  therefore 
the  angle  BO^O  equals  the  angle  POiY\     Hence,  if  we  measure 
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the  phases  of  the  electromotive  force  vectors  by  the  inclinations  of 
these  lines  to  OX  we  can  measure  the  phase  of  the  current  by  the 
inclination  of  OiP  to  OyY\  We  see,  therefore,  that  if  the  scale 
of  the  amperes  is  Z  times  the  scale  of  the  volts  and  the  phase  of 
OiP  is  measured  by  its  inclination  to  OiT\  then  OxP  will  represent 
the  current  vector  completely. 

This  diagram  is  known  as  the  bipolar  diagram.  It  enables  us 
to  see  easily  how  the  cuiTcnt  and  electromotive  force  vectors  vary 
with  the  excitations  of  the  machines. 

If  PCX  (Fig.  90)  be  drawn  at  right  angles  to  OJ^,  then,  in 
the  scale  in  which  the  currents  are  measured,  O^G  will  represent 
the  watt  current  with  respect  to  Fa,  and  PC  will  give  the  wattless 
current.     If  the  power  given  to  the  motor  is  W^y  we  have 
1^8=72.^  cos 50iZ 
=  Fa.  ^  cos  po^a 
=  Fa.0i(7 
where   OiG  represents   the  watt   current.     Its   length   must   be 
measured  in  the  ampere  scale. 

Let  the  excitation  of  the  motor  and  the  load  on  it  be  kept 
constant,  whilst  the  excitation  of  the  generator  is 
equaf  power  Varied.  Then,  since  TTg  and  Fa  remain  constant,  the 
^itetion  ^^*^  current  O^C  must  also  be  constant.     For  all 

ratoTisvaried  ^^citations  of  the  generator,  therefore,  under  the 
given  conditions,  P  must  lie  on  the  line  PCX.  This 
line  may  be  called,  therefore,  a  line  of  equal  power.  In  general, 
all  lines  drawn  perpendicular  to  OiY  are  lines  of  equal  power. 

If  P  and  0  are  on  the  same  side  of  OiF,  PC  the  wattless 
component  of  the  current  will  be  lagging  with  respect  to  Fg.  In 
this  case  the  current  will  be  leading  with  respect  to  the  P.D. 
applied  at  the  motor  terminals,  and  so  the  armature  reaction  will 
weaken  the  field  of  the  motor.  If,  however,  P  and  0  are  on 
opposite  sides  of  OiF,  the  wattless  component  CP  will  be  leading 
with  respect  to  Fa  and  the  field  of  the  motor  will  be  strengthened 
by  the  armature  reaction.  It  has  to  be  remembered  that  in 
obtaining  the  diagram  we  have  neglected  these  reactions. 

In  the  last  chapter  we  saw  that,  when  the  phase  difference 
between  Fi  and  Fa  is  tt  — 7,  the  running  is  unstable.     This  can 
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be  seen  also  from  the  bipolar  diagram.  When  OP  (Fig.  90)  is 
perpendicular  to  PX,  the  angle  POOi  is  equal  to  the  angle  YOiX. 
It  is  therefore  equal  to  7.  Hence  the  angle  between  V^  and  Fa  is 
TT-  7.  In  this  case  OP,  which  represents  Fi,  is  a  minimum  for  the 
given  load  corresponding  to  the  watt  current  0^0,  If  the  load 
were  to  diminish,  0^0  would  diminish,  and  there  would  be  a  stable 
position  of  running,  but  if  it  were  to  increase,  OP  would  not 
reach  the  new  power  line  drawn  through  C,  there  would  be  no 
position  for  stable  running,  and  the  machine  would  drop  out  of  step* 
When  Fj  equals  0(7,  the  wattless  component  of  the  current 
with  respect  to  Fg  vanishes,  aud  when  Fi  is  greater  than  OG  the 
wattless  component  is  leading.  For  values  of  Fi  greater  than  OX 
we  may  consider  that  the  generator  is  the  leading  machine. 

The  phase  difference  between  a  current  vector  OiP  (Fig.  90)> 
and  the  vector  OOi,  representing  the  armature 
equal" phase  elcctromotive  force  of  the  motor,  will  be  POiY\ 
motor«cita.  H^^^e  this  angle  represents  the  phase  difference 
tioniscon-  between  any  of  the  current  vectors,  which  point 
in  the  direction  OiP,  and  the  motor  E.M.F.  The 
line  OiP  may  be  called,  therefore,  a  line  of  equal  phase.  In 
general,  every  line  drawn  through  Oi  is  a  line  of  equal  phase. 

When  the  current  is  in  opposition  in  phase  to  Fj,  OiFwill  be 
the  line  of  equal  phase.  If  0  be  the  phase  difference  between  Vi 
and  Fj  in  this  case,  we  see  from  the  diagram  that 

—  Vi  cos  ^  —  Fa  =  ZA  cos  7 
and  hence  ViA  cos  (tt  —  ^)  =  V^  +  ZA^  cos  7. 

This  could  also  have  been  written  down  directly,  since  the 
electric  power  generated  must  always  be  equal  to  the  power 
given  to  the  motor  together  with  the  power  expended  in  heating 
the  circuit. 

In   Fig.   90   the   angle  POiF  is    not    the   phase    difference 
between   the    current    and    the    applied    potential 
Iftiirgi^*^°"     difference  at  the  motor  terminals.     If  L  ^T'ig.  91) 
S*^v?r^"**      be  the  middle  point  of  O^P  and  the  lines/     ve  the 
ofmSty**^***'^       same   meanings   as   in  Fig.  90,  then,  if         make 
the  assumption  that  the  motor  and  g^  >r  are 

exactly  similar  machines,  OL  will  represent  in  w  ^  and 
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phase  the  potential  difiPerence  applied  at  the  motor  terminals. 
If  the  angle  OLOi  equals  the  angle  LOiB  (7)  then  OL  and  OiB 
will  be  parallel  and  the  phase  difference  between  them  will 
vanish.  Whenever,  therefore,  the  angle  OLOi  is  7,  the  power 
factor  of  the  motor  circuit  will  be  unity.  In  this  case,  the  locus 
of  Z  is  a  circle  having  OOi  for  a  chord  and  touching  OiY  at  Oi. 


Fig.  91.    When  P  lies  on  the  circle  OiNP^  the  power  factor  of  the  motor  circnit 

is  unity. 


The  locus  of  P  will  also  be  a  circle,  for  if  we  draw  through  P 
a  line  PO^  parallel  to  LO  this  line  will  always  cut  OiO  produced 
in  a  point  0'  so  that  (/O  equals  OOi  and  the  angle  OiPO'  will 
equal  OLOi  and  will  therefore  be  constant.  This  circle  will  also 
touch  OiY  at  Oi  and  its  radius  will  be  equal  to  Fj  cosec  7. 
Whenever  P  lies  on  this  circle  the  power  factor  of  the  motor 
circuit  is  unity. 

When  OiP  represents  the  current,  we  have  seen  that  GP 
represents  its  lagging  wattless  component  and  OiG  represents  its 
power  component.  From  Fig.  91  it  is  obvious  that,  when  the 
power  factor  of  the  motor  circuit  is  unity,  the  current  must  have 
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a  component  which  lags  relatively  to  the  counter  electromotive 
force  of  the  motor  armature.  In  this  case,  the  armature  reaction 
always  tends  to  weaken  the  field  of  the  motor  and  to  strengthen 
the  field  of  the  generator. 

It  will  be  seen  at  once  from  Fig.  91  that  as  0^0  increases,  OP 
increases.  Hence  as  the  load  on  the  motor  is  increased  we  must 
increase  the  excitation  of  the  generator  if  the  power  factor  of  the 
motor  circuit  is  to  be  kept  at  its  maximum  value.  We  also  see 
that  when  the  load  on  the  motor  remains  constant  and  we 
gradually  increase  the  excitation  of  the  generator  fi'om  a  low 
value,  the  power  factor  of  the  motor  circuit  attains  its  maximum 
value  before  the  current  attains  its  minimum  value. 


If  ^max.  be  the  maximum  permissible  value  of  the  current  in 
the  armature,  then  OJP  in  figures  90  and  91  must  be 
less  than  Z.-4niax.  Hence,  if  we  describe  a  circle 
(Fig.  92)  with  centre  Oi  and  radius  equal  to  ^.-4 max. 

P  must  be  somewhere  within  this  circle,  for  all  possible  positions 

of  running. 


max. 

The  circle 
limiting  the 
current  vector. 


Fig.  92.    The  radius  of  the  circle  PP*  is  the  maximam  current  the  armature 
can  carry.    P  lies  within  this  circle  in  all  practical  oases.  • 

B.  II.  11 
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Suppose  that  we  have  two  similar  and  equal  machines,  one 
acting  as  a  generator  and  the  other  as  a  synchronous 
xampe.       jjj^j^qj.^  a^d   supposo  that  they   are   coupled   together 
through  a  long  transmission  line.     Let  (r^,  li)  be  the  constants  for 
the  line  and  {nR,  L)  be  the  approximate  constants  for  the  arma- 
tures, then,  making  the  usual  assumptions,  we  get 

tan  7  =  0)  (ii  +  2i)/(ri  +  2niJ), 
and  Z^  =  (r,  +  2nRy  +  o)*  (l,  +  2Ly. 

Hence  7  and  Z  can  be  determined  approximately. 

Draw  a  line  OOi  (Fig.  92)  equal  to  the  armature  electromotive 
force  of  the  motor.  With  centre  Oi  and  radius  Z.^mai.  describe 
a  circle.  Along  OiY  mark  off  points  at  equal  distances  apart  and 
through  these  points  draw  lines  perpendicular  to  OiY.  These 
lines  will  give  the  lines  of  equal  power  and  the  distance  between 
them  can  be  chosen,  so  that  each  represents  a  load  which  is  a 
multiple  of  a  kilowatt.  Now  suppose  that  the  excitation  of  the 
generator  gives  an  electromotive  force  on  open  circuit  of  F,  volts. 
With  centre  0  and  radius  Vi  describe  a  circle,  and  let  it  cut  the 
circle  which  limits  the  current  in  P.  We  see  that,  if  we  draw 
a  line  from  P  perpendicular  to  OiF,  the  maximum  power  that  the 
transmission  line  can  transmit  for  this  excitation  of  the  generator 
can  be  read  off  at  once  along  OiF.  The  maximum  possible  power 
that  the  line  could  transmit  would  be  OiP'  and  to  transmit  this 
power  the  generator  would  have  to  be  capable  of  producing  an 
electromotive  force  on  open  circuit  equal  to  OP^, 

We  suppose  that  the  excitation  of  the  synchronous  motor  is 
constant  and  that  7  also  remains  constant.     With 

Synchronous  >'^       t-i-         i% 

motor  supplied  Centre  0  (Fig.  93)  and  radius  F,,  equal  to  the 
potential  constant    potential    difference   between    the    mains, 

mains.  dcscribc   a   circle  PP.     If  the  load  on  the  motor 

be  TTa,  mark  off,  on  the  scale  of  the  volts,  a  length  OiD  along  dF, 
so  that  Vi^OiD/Z  equals  TFa.  In  the  case  we  are  considering, 
we  can  neglect  the  impedance  of  the  rest  of  the  circuit  in  com- 
parison with  that  of  the  motor  armature.  Hence  Z  will  be 
practically  equal  to  the  impedance  of  the  motor  armature.  If  we 
draw  DP  perpendicular  to  OiF,  then,  OP  will  be  the  vector  of  the 
applied  potential  difference. 
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We  see  from  the  diagram  that,  if  the  perpendicular  through 
M  is  the  tangent  to  the  circle  at  P',  O^M  corresponds  to  the 
maximum  load  on  the  motor.  This  point,  however,  corresponds 
to  an  unstable  position  of  working,  as  the  slightest  increase  of 


Fig.  93.    Diagram  for  syuohronous  motor  working  on  constant  potential 

mains. 


the  load  would  make  the  motor  fall  out  of  step.  Since  OP'  is 
parallel  to  OjF,  the  angle  POOi  equals  7  and,  at  the  maximum 
load,  Fa  equals  OO^.O^M/Z,  that  is,  F2 ( F^ -  F^ cos 7)/^,  which 
agrees  with  the  formula  we  found  on  page  143. 

For  a  given  distribution  of  power  from  a  Central  Station,  the 
Use  of  higher  the  power  factor  of  the  load,  provided  that 

synchronous       the  currcut   is   laffffins:,  the   more   economical  will 

motors  for  .  oo      ©» 

raising  the  be  the  distribution,  as  the  current,  and   therefore 

power  ac  or.  ^^^^  ^j^^  copper  losscs  in  the  mains,  and  armature, 
diminish  as  the  power  factor  increases,  the  voltage  and  the  load 
remaining  constant.  Also,  since  the  current  is  lagging,  the 
excitation  has  to  be  increased  in  order  to  neutralise  the  demagne- 
tising effect  of  the  armature  currents  on  the  field  magnets,  and 

11—2 
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this  increases  the  total  loss.  Swinburne  suggested  in  1891  that 
the  power  factor  of  a  distributing  system  might  be  increased 
by  using  over-excited  synchronous  motors  at  the  supply  station 
to  neutralise  the  wattless  component  of  the  load  current.  We 
saw  in  Vol.  I,  p.  84,  how  a  condenser  shunt  could  be  utilised  to 
furnish  the  necessary  magnetising  current  for  a  choking  coil. 
In  a  similar  way  a  comparatively  small  synchronous  motor  can 
be  employed  to  raise  appreciably  the  power  factor  of  a  distributing 
system. 

Let  us  suppose  that  the  effective  value  of  the  current  in  the 
main  is  A^  and  that  A^  sin  ^i  is  its  wattless  component.  Let  also 
—  A^  sin  ^/rg  be  the  wattless  component  of  the  auxiliary  motor 
current.  If  cos-i/r  be  the  value  of  the  power  factor  when  the 
synchronous  motor  is  running,  we  have 

tan  y^  =  {A^  sin  y^^  —  A^  sin  y^^j{Ai  cos  y^^  +  A^  cos  i/rg). 

If  we  wish  a  power  factor  of  unity,  A2  sin  y^^  would  need  to  be 
equal  to  A^  sin  '^1.  Hence  the  smaller  the  value  of  '^1  the  smaller 
the  synchronous  motor  required.  Now  it  is  easy  to  see  from  the 
theorems  given  in  Vol.  I,  Chap.  VI,  that  a  power  factor  of  unity 
could  never  be  actually  obtained.  Let  us  suppose  that  cos  y^  is  the 
power  factor  required  for  satisfactory  working.  Then  writing  the 
above  equation  in  the  form 

Ai  sin  y^2  =  -4i  sin  yfr^  (1  —  tan  -i/r/tan  ^1)  —  A2  cos  yjt^  tan  -i/r, 

and  regarding  yft  as  constant,  we  see  that  the  smaller  the  value  of 
'^1,  for  a  given  wattless  current  Ai  sin  t/tj,  the  smaller  will  be  the 
value  of  ^2  sin '^2  •  Hence  the  greater  the  power  factor  of  the 
load,  for  a  given  value  of  the  wattless  current,  the  smaller  will  be 
the  size  of  the  synchronous  motor  required  to  raise  the  power 
factor  of  the  station  to  a  desired  value. 

When  a  synchronous  motor  is  used  merely  for  regulating  the 
Rotary  powcr  factor  of  the  load   on   a  power  station  it  is 

condenser.  sometimes  Called  a  rotary  condenser.  It  is  of  especial 
use  in  connection  with  long  transmission  lines  working  at  very 
high  pressures  as  a  small  motor  can  supply  both  the  lagging 
current  required  at  light  loads  and  the  leading  current  required 
at  heavy  loads.     For  example,  when  a  6000  horse  power  plant 
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in  India,  which  transmitted  power  90  miles,  reached  the  limit  of 
its  capacity,  the  installation  of  a  1000  kilovolt  ampere  rotary 
condenser  enabled  50  per  cent,  more  power  to  be  transmitted  for 
the  same  voltage  drop. 

When  the  number  of  turns  in  the  windings  of  the  armature  is 
Reactance  large,  the  wattless  component  A  sin  ^/r  of  the  current 
motors.  appreciably   magnetises   the   field.      Hence   a  motor 

wound  in  this  manner  will  be  self-exciting.  It  is  not  possible, 
however,  to  get  much  power  from  it,  as  the  power  factor  needs  to 
be  low  in  order  that  the  wattless  component  of  the  current  may 
be  sufficiently  large  to  magnetise  the  field.  Industrially,  these 
motors  have  not  hitherto  proved  successful. 

Ferraris  pointed  out  that  if  we  excite  the  field  magnets  of 
a  synchronous  motor  with  alternating  current  from 
m^tors^wuh*  ^^^  supply  maius,  then,  in  certain  cases,  the  machine 
fiewT***"*^  will  still  act  as  a  synchronous  motor  but  its  speed 
will  be  double  that  at  which  it  runs  when  its  field 
magnets  are  excited  with  direct  current.  The  windings  of  the 
field  magnets  may  be  connected  either  in  parallel  or  in  series,  with 
the  armature  windings. 

The  working  principle  of  the  machine  can  easily  be  understood 
from  Fig.  79,  p.  132.  Let  us  suppose  that  the  current  is  a  maximum 
in  the  position  shown  in  the  figure.  At  this  instant  the  torque  will 
be  in  the  direction  against  the  hands  of  a  watch.  A  quarter  of 
a  period  later  the  axis  of  the  armature  coil  will  be  again  vertical, 
but,  the  current  being  zero,  there  will  be  little  magnetism  left 
either  in  the  field  magnets  or  in  the  armature.  A  quarter  of  a 
period  later,  the  polarity  of  both  field  magnets  and  armature  will 
have  changed,  but  the  armature  being  in  its  initial  position  the 
torque  will  still  be  in  the  same  direction.  Hence,  the  mean  torque 
over  a  whole  period  will  not  be  zero  but  will  act  in  the  direction 
against  the  hands  of  a  watch.  The  machine,  therefore,  will  act  as 
a  motor  when  the  speed  is  double  that  of  synchronism.  The 
objections  to  this  type  of  motor  are  the  high  speed  requisite  and 
its  low  efficiency.  It  has  the  great  advantage,  however,  of  not 
requiring  separate  excitation.     It  could  be  started  by  means  of  an 
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ordinary  small  synchronous  motor,  excited  by  direct  current,  and 
having  half  the  number  of  poles  of  the  large  motor  which  is  excited 
by  the  alternating  current. 

An  instructive  method  of  discussing  the  action  of  this  motor  is 
by  means  of  the  theory  of  rotary  fields,  explained  in  Vol.  I,  Chap.  xiv. 
The  alternating  field  due  to  the  field  magnets  can  be  replaced  by 
two  fields  of  half  the  maximum  strength  rotating  in  space  with 
angular  velocities  (ojp  and  —od/p  respectively.  The  oscillatory 
field  due  to  the  armature  current  rotates  with  angular  velocity 
2co/p,  and  hence  it  may  be  considered  as  made  up  of  two  rotary 
fields  rotating  with  angular  velocities  Soo/p  and  oy/p  respectively. 
The  mean  value  of  the  torque  produced  by  the  action  of  the 
field  which  rotates  with  the  angular  velocity  Say/p  on  the  fields 
rotating  with  angular  velocities  ay/p  and  —ay/p  will  be  zero. 
Similarly,  the  mean  value  of  the  torque  due  to  the  fields 
rotating  with  angular  velocities  w/p  and  —ay/p  will  be  zero. 
The  fields,  however,  which  both  rotate  with  an  angular  velocity 
ay/p  will  produce  a  steady  torque  and  so  the  armature  will 
rotate. 

Synchronous  motors  are  not  self-starting,  and  hence  some 
device  has  to  be  employed  for  this  purpose.  When 
of  slngT^hlse  ^^^  power  Station  is  not  very  far  from  the  generating 
motora?°°"*  station,  direct  current  from  the  exciter  of  the  generator 
may  be  transmitted  by  special  mains  to  the  exciter 
of  the  motor,  and  the  latter  may  be  driven  by  its  own  exciter, 
acting  as  a  motor,  until  it  attain  synchronous  speed.  As  about 
ten  per  cent,  of  the  total  power  of  the  synchronous  motor  may  be 
required  and  as  the  direct  current  is  transmitted  at  a  low 
pressure,  this  method  can  only  be  applied  economically  in  very 
special  cases. 

When  a  small  auxiliary  direct  current  motor  or  a  small 
asynchronous  induction  motor  (Chap.  XII)  is  available  the  machine 
may  be  started  on  a  loose  pulley.  In  order  that  the  small  motor 
may  not  get  overheated  before  the  large  machine  gets  up  speed, 
we  have  to  use  some  device  that  permits  the  small  motor  to  run 
at  approximately  constant  speed  during  the  whole  process.  One 
method  of  doing  this  is  to  mount  the  small  motor  on  slide  rails, 
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and  to  put  a  small  conical  friction  wheel  at  one  end  of  its  shaft. 
This  wheel  presses  on  a  large  friction  disc  keyed  to  the  shaft 
of  the  synchronous  motor.  At  first,  the  conical  wheel  rotates 
near  the  circumference  of  the  disc,  and  thus  makes  many  turns 
for  one  turn  of  the  machine  armature.  As  the  machine  speeds 
up,  the  small  motor  is  moved  on  its  slide  rails  by  means  of  a  hand- 
screw  until  the  conical  pulley  reaches  the  centre  of  the  disc  when 
synchronism  is  attained. 

When  no  direct  current  or  alternating  current  motor  is 
available  to  start  the  machine,  its  armature  must  be  provided 
with  a  special  winding  which  starts  the  motor  by  producing,  in 
COD  junction  with  the  other  windings,  a  rotary  field.  When  the 
machine  gets  up  to  synchronous  speed  the  starting  winding  is  cut 
out  and  the  load  is  put  on  the  pulley,  the  machine  now  running  as 
a  synchronous  motor.  We  have  seen  in  Vol.  I,  Chap,  xiv,  how 
a  rotary  field  can  be  produced  by  two  currents  which  are  not 
in  phase  with  one  another.  In  order  to  obtain  a  powerful  rotary 
field  we  need  to  have  the  phase  difference  between  the  currents 
approximately  equal  to  ninety  degrees.  One  way  of  doing  this  is 
to  put  an  electrolytic  condenser  in  series  with  one  of  the  circuits, 
so  that  the  current  in  it  may  be  in  advance  in  phase  of  the 
applied  potential  difference,  while  the  current  in  the  other  winding 
lags  behind  the  phase  of  the  applied  P.D.  An  electrolytic  con- 
denser generally  consists  of  iron  plates  placed  in  a  solution  of 
soda  contained  in  an  iron  vessel.  It  will  be  seen  that,  during  the 
start,  the  motor  is  provided  with  currents  in  different  phases  just 
like  a  two  phase  motor. 

The  theory  of  pol3rphase  synchronous  motors  is  practically 
identical  with  that  of  single  phase  machines.  We 
synchronous  cau  regard  the  armature  of  the  generator  as  con- 
motors,  sisting  of  three  single  phase  armatures  all  keyed 
together;  the  phase  difference  between  any  two  of  the  three 
applied  potential  diff'erences  being  120°.  We  can  make  a  similar 
supposition  with  regard  to  the  motor.  Since  the  components  of 
the  torque  due  to  the  currents  in  the  three  windings  generally 
vanish  at  different  instants,  the  torque  on  the  armature  of  the 
motor  will  be  much  steadier  than  in  the  case  of  single  phase 
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machines.    In  the  case  of  sine  waves  and  a  balanced  load,  we  have 

seen  (p.  136)  that 

ga>^(Sl2)EIcoBa 
=  SVAcosa, 
where  g  is  the  instantaneous  value  of  the  torque  and  q>  is  the 
instantaneous  value  of  the  angular  velocity  of  the  armature.  On 
the  given  assumptions,  therefore,  the  power  given  to  the  armature 
is  the  same  at  every  instant  and  so  the  torque  is  absolutely 
constant.  Although  owing  to  armature  reactions,  hysteresis,  eddy 
currents,  etc.,  it  is  exceedingly  unlikely  that  the  given  assumptions 
could  ever  strictly  be  justified,  yet,  as  the  frequency  of  the 
variations  of  the  torque  must  be  at  least  three  times  as  rapid 
as  the  frequency  of  the  alternating  current,  we  see  that  its 
variations  will  have  little  eflfect  on  the  angular  velocity  of  the 
rotor. 

The  action  that  takes  place  between  the  currents  in  the 
armature  and  the  magnetic  field  in  single  phase  machines  is 
different  from  the  corresponding  action  in  polyphase  machines. 
Let  us  suppose,  for  instance,  that  the  field  magnets  form  the 
rotor.  In  single  phase  machines  the  magnetic  field  produced 
by  the  armature  currents  is  an  oscillatory  one  and  pulsates  with 
a  frequency  <o/2'n:  If  there  are  2jp  poles  the  angular  velocity 
of  the  rotor  is  m/p.  Now  the  fixed  oscillatory  field  due  to  the 
armature  currents  may  be  replaced  by  two  magnetic  fields  gliding 
in  opposite  directions  with  angular  velocities  m/p  and  —ao/p 
respectively,  the  intensity  of  each  of  the  gliding  magnetic  fields 
being  each  equal  to  half  that  of  the  fixed  pulsating  field.  The 
action  of  the  field  gliding  in  the  opposite  sense  to  the  rotation 
of  the  rotor  adds  nothing  to  the  total  torque,  and  thus,  the  torque, 
produced  on  the  rotor  by  a  fixed  pulsating  field,  will  only  be 
equal  to  half  that  produced  by  a  gliding  magnetic  field  of  equal 
intensity. 

In  polyphase  machines  the  armature  produces  a  rotating 
magnetic  field,  and  hence  there  will  be  a  torque  on  the  rotor, 
even  when  the  latter  is  at  rest,  tending  to  turn  it  in  the  direction 
of  the  rotation  of  the  field.  We  have  seen,  in  Vol.  I,  Chap,  xiv, 
that  if  H  be  the  amplitude  of  the  magnetic  field  produced  in  one 
pole  of  the  armature  by  a  current  in  a  phase  winding,  then  SH/2 
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is  the  strength  of  the  rotating  magnetic  field  produced  by  the 
poles  of  the  three  phases.  Hence,  when  the  machine  is  running 
at  sjmchronous  speed,  the  torque  produced  is  three  times  as  great 
as  the  mean  torque  produced  when  it  runs  as  a  single  phase 
machine  with  only  one  of  the  phase  windings  in  circuit.  The 
fluctuations  of  the  torque,  however,  when  run  as  a  siugle  phase 
machine  would  be  violent.  The  torque  would  vanish  in  this  case 
at  least  2p  times,  and  in  general  4jt>  times,  every  revolution  of  the 
rotor. 

To  start  a  polyphase  motor  we  open  the  field  magnet  circuit 
and  connect  the  armature  with  the  polyphase  mains 
polyphase  through  Starting  resistances.  When  the  rotor  attains 
synchronous  speed  the  field  circuit  is  closed.  At  the 
moment  of  switching  in  the  armature  windings  and  until  the 
motor  gets  up  speed,  the  rapidly  reversing  flux  in  the  field  magnet 
windings  sets  up  very  high  electromotive  forces  which  may  give 
rise  to  a  spark  and  so  break  down  the  insulation.  Hence  the  field 
magnet  coils  are  generally  wound  in  sections  which  are  on  open 
circuit  during  the  start.  When  a  direct  current  motor  is  available 
it  is  generally  best  to  use  it  to  start  the  synchronous  motors  and 
so  avoid  all  the  risks  of  a  breakdown  in  the  insulation. 

The  moment  of  inertia  of  a  rotor  may  be  determined  by 
noting  the  time  that  it  takes  to  slow  down  after 
S*thrmomeSt  ^oth  the  alternating  current  supply  for  the  armature 
^eroto?°^  and  the  direct  current  supply  for  the  field  magnet 
coils  have  been  switched  off.  Let  us  suppose  that 
the  rotor  slows  down  from  an  angular  velocity  Wi  to  an  angular 
velocity  Wg  in  ^i  seconds  and  that  the  retarding  torque  in  dyne- 
centimetres  is  g.  It  is  found  by  experiment  that  g  is  very  nearly 
constant.  Let  Mk^  be  the  moment  of  inertia  of  the  rotor  about 
its  axis,  and  let  0  be  the  angle  which  a  radius  of  the  rotor  makes 
with  the  horizontal,  t  seconds  after  the  era  of  reckoning.  The 
equation  of  motion  is 

d^0 
Mh^  -^  =  the  moment  of  the  applied  forces 


170  ALTERNATING  CURRENT  THEORY  [CH. 

and  thus,  by  integrating, 

Mk'§  =  A-gt, 

where  ^  is  a  constant. 

If  dd/dt  is  (Oi  when  t  is  zero  and  is  a>a  after  ^  seconds,  we  have 

and  Mk^eo2  =  Mk^coi  —  gti , 

and  thus  gt^  =  Mk^  (oii  —  ©2). 

If  we  now  apply  a  constant  torque  gi  to  the  rotor  by  means 
of  a  mechanical  or  an  electrical  brake,  we  get,  in  a  similar 
manner, 

where  ^  is  the  number  of  seconds  the  rotor  takes  to  slow  down 
from  the  angular  velocity  cdi  to  the  angular  velocity  ©j  when  the 
brake  is  applied.     We  have,  therefore, 

and  g  =  9iUl{ti-k\ 

Hence  finally         Mlc^  =  g^  ti  t^/  {{ti  - 1^)  (©1  -  ©2)} 

=^9itiUl  {27r  (^1  -  ^2)  (wi  -  n^)}, 
and  Wi  and  n^ — the  revolutions  per  second  of  the  rotor  at  the  two 
given  speeds — can  be  measured  by  a  tachometer. 

The  losses  in  a  synchronous  motor  are  due  to  heating  of  the 
armature  coils,  bearing  and  brush  friction,  hysteresis, 
detemininjr  eddy  currcuts,  wind  friction  and  excitation  losses. 
S^a^moVo"^^  It  is  found  in  practice  that  the  retarding  torque  due 
to  the  bearing  and  brush  friction  is  nearly  inde- 
pendent of  the  speed,  and  so  also  is  the  retarding  torque  due  to 
hysteresis.  Now  experiment  shows  that  the  torque  due  to  wind 
friction  is  approximately  proportional  to  the  angular  velocity  of 
the  rotor,  and  it  is  generally  assumed  that  the  torque  due  to  eddy 
currents  is  also  proportional  to  it.  This  latter  assumption  is, 
however,  often  inadmissible.  When  the  frequency  of  the  alter- 
nating current  is  high,  when  the  eddy  current  losses  in  the  pole 
faces  caused  by  the  fluctuations  in  the  value  of  the  flux  density 
due  to  the  slots  in  the  armature  are  appreciable,  or  when  eddy 
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currents  are  induced  in  the  copper  conductors  or  unlaminated 
masses  of  metal,  this  assumption  must  not  be  made. 

On  the  given  assumptions  the  torque  due  to  hysteresis,  bearing 
and  brush  friction  can  be  denoted  by  a  constant,  B,  Tlie  sum  of 
the  two  torques  due  to  wind  friction  and  eddy  currents  may  be 
denoted  by  Day  where  Z)  is  a  constant  and  o)  is  the  angular  velocity 
of  the  rotor.  Let  R  be  the  resistance  of  the  armature  of  the 
motor  and  suppose  that  we  run  it  at  two  different  speeds  Wi  and  ©a, 
on  open  circuit,  with  the  field  excited.  If  Wi  and  TTa  be  the  watts, 
measured  by  a  wattmeter,  supplied  to  the  motor  at  these  speeds, 
we  have 

W^-RA^^  =  (B-\'Dco,)a}^  =  Ba)i  +  I)a)^'  (1), 

-and  W2-RA^^  =  (B  +  Da)^)o}^  =  Ba)^+Da>j'  (2), 

where  Ai  and  A2  are  the  readings  of  the  ammeter,  in  series  with 
the  armature,  in  the  two  cases.  From  equations  (1)  and  (2) 
B  and  D  can  be  determined  readily.  Knowing  the  values  of  B  and 
D,  the  eflBciency  rj  of  the  motor  can  be  found  approximately  by  the 
formula, 

r}  =  {W-RA^-BQ)-l)co^)/(W-^X), 

where  W  is  the  power  taken  by  the  motor  from  the  alternating 
current  mains  and  X  is  the  power  expended  in  exciting  the  field 
magnets.  This  method  is  due  to  Swinburne.  In  practice  as  the 
load  is  increased  so  also  is  the  excitation,  and  thus  X  in  the  above 
equation  is  not  a  constant.  When  we  can  neglect  the  alternating 
current  component,  due  to  armature  reaction  or  to  fluctuations  of 
the  reluctance  of  the  magnetic  circuit,  in  the  field  magnet  wind- 
ings, the  value  of  X,  in  watts,  is  the  product  of  the  reading  of  the 
ammeter  in  the  circuit  of  the  field  magnet  coils  by  the  reading 
of  the  voltmeter  placed  across  the  terminals  of  the  exciting 
circuit. 

The  above  method  is  purely  electrical.  When  a  transmission 
dynamometer,  that  is,  a  transmission  coupling  which  indicates  the 
torque  which  it  transmits,  is  available,  the  test  is  best  made  as 
follows.  Couple  the  motor  directly  with  the  shaft  of  the  generator, 
by  means  of  the  dynamometer,  in  such  a  way  that  the  motor  helps 
to  drive  the  generator.  The  torque  g  on  the  shaft  can  be  measured 
by  the  dynamometer,  and  multiplying  this  by  the  angular  velocity 
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G)  we  get  the  load  on  the  motor.  This  also  represents  the  power 
returned  to  the  generator.  If  now  we  measure  the  power  TT,  in 
watts,  supplied  to  the  motor  and  also  the  power  X  required  for 
excitation,  we  have 

In  this  formula,  gto  must  be  measured  in  watts,  so  that  the  unit  in 
which  g  is  measured  must  equal  10'  dyne  centimetres.  It  is  to 
be  noticed  that  this  is  an  economical  method  of  testing,  as  the 
power  taken  from  the  generator  W—g(o  represents  merely  the 
losses  in  the  motor. 

The  efficiency  of  small  synchronous  motors  can  be  determined 
to  an  accuracy  of  about  one  per  cent,  by  means  of  an 

Brake  tests.  .  -ii  t^i-  t 

absorption  brake.  By  this  apparatus  a  retardmg 
torque,  which  can  be  easily  measured,  is  applied  to  the  circum- 
ference of  the  pulley  of  the  rotor  by  means  of  friction.  As  all  the 
useful  power  of  the  motor  is  expended  in  heating  the  pulley  and 
the  surfaces  in  contact  with  it,  special  water  cooling  an-angements 
have  to  be  devised  when  the  power  expended  at  the  rubbing 
surfaces  cannot  be  radiated  away  quickly  enough.  If  g^  be  the 
torque  in  dyne  centimetres  applied  by  the  brake,  we  have 

7i=gM0-'KW^X\ 

where  w  is  ^irn,  and  n  is  the  number  of  revolutions  of  the  shaft 
per  second.  If  the  torque  g  be  measured  in  kilogramme  metres, 
we  have 

^  =  9-81^G>/(Tf +  Z). 

An  ordinary  direct  current  dynamo  can  be  employed  very 
usefully  as  an  absorption  brake.  The  dynamo  must  have  all  its 
losses  carefully  measured  in  the  first  instance,  so  that  we  know 
approximately  the  power  expended  in  hysteresis,  eddy  currents 
and  friction.  For  a  twenty  kilowatt  dynamo  the  sum  of  these 
losses  generally  lies  in  value  between  ten  and  fifteen  per  cent,  of 
the  maximum  rated  output  of  the  machine.  An  error,  therefore, 
of  ten  per  cent,  in  determining,  for  example,  the  eddy  current 
losses  will  only  introduce  an  error  of  about  one  per  cent,  in  the 
calculated  value  of  the  total  power  absorbed  by  the  d3naamo  at 
full  load.     The  electrical  output  of  the  dynamo  can  be  measured 
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to  an  accuracy  of  about  the  half  of  one  per  cent,  by  means  of 
a  carefully  calibrated  ammeter  and  voltmeter.  The  electrical 
power  generated  is  usually  expended  in  a  water  resistance.  Lead 
plates  connected  with  the  terminals  of  the  dynamo  are  placed 
in  a  vertical  position  and  at  some  distance  apart  from  one  another 
in  a  tank  containing  salt  water.  The  adjustment  of  the  load  is 
made  by  varying  the  distance  apart  of  the  plates,  by  raising  or 
lowering  the  plates  so  as  to  vary  the  area  of  the  immersed  portion 
of  the  plate  or  by  both  these  methods. 

The  results  of  tests  on  a  three  phase  synchronous  motor  made 

by  the  Oerlikon  Company  are  given  in  figures  94 

resSits™*"**^      and  95.     The  machine  is  designed  for  a  frequency 

of  50  and  for  an  output  of  525  horse  power  when 
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Fig.  94.     Characteristics  and  V  curves  of  a  525  h.p.  Oerlikon  Motor.     The 
curves  are  for  no  load,  half  load,  and  full  load. 
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the  potential  difference  applied  to  each  pair  of  slip  rings  is  3500. 
The  number  of  poles  is  16  so  that  the  armature  makes  60  x  50/8, 
that  is,  375  revolutions  per  minute. 

In  Fig.  94,  o.c.c.  is  the  open  circuit  characteristic  and  s.C.c. 
is  the  short  circuit  characteristic.  Vm  is  the  V  curve  at  full  load, 
Fi/2  is  the  V  curve  at  half  load  and  Fq  is  the  V  curve  at  no  load. 
It  will  be  seen  that  these  curves  closely  resemble  the  theoretical 
curves  shown  in  Fig.  86,  p.  151. 

In  Fig.  95,  cos  ylr^fi  is  the  power  factor  curve  at  full  load  when 
the  excitation  is  varied,  and  cos  ylrm  is  the  power  factor  curve  at 
half  load.  The  curve  rj  gives  the  efficiency  at  various  loads, 
the  power  factor  being  unity  in  every  case.     The  curve  Pex.  gives 
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Fig.  95.  The  efiSoiencj  curve  and  the  curves  showing  the  losses  in  a  525  horse 
power  three  phase  synchronous  motor,  3500  volts,  60  frequency,  375  revs,  per 
minute. 

cos  ^i/i  =  Power  factor  at  full  load. 

cos  ^1/2= Power  factor  at  half  load. 

the  excitation  losses,  the  curve  P^  gives  the  combined  losses  due 
to  hysteresis  and  eddy  currents,  the  armature  losses  RA^  are 
given  by  the  curve  Pjg  and  the  curve  Pj»  gives  the  losses  due 
to  solid  and  air  friction.  The  solid  friction  is  the  friction  of 
the  bearings  and  the  friction  of  the  brushes  pressing  on  the 
collector  rings. 
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The  high  power  factor  obtained  shows  that  the  counter  electro- 
motive force  wave  of  the  motor  and  the  electromotive  force  wave 
of  the  generator  are  approximately  sine  shaped. 

The  advantages  of  synchronous  motors  are  that  they  are  simple 
to  construct  mechanically,  they  can  easily  be  wound 
vantages  of  ^^^  ^^g^  prcssurcs  and,  as  a  rule,  their  power  factor 
motore°"°"*  is  high.  Their  distinguishing  peculiarity  is  that 
they  run  at  exactly  the  same  speed  at  all  loads. 
The  moment  the  armature  gets  out  of  step  with  the  field  large 
alternating  currents  flow  in  it  which  cause  the  fuses  to  melt 
or  the  magnetic  cut-outs  to  open  the  circuit.  The  only  way  of 
altering  the  speed  is  by  altering  the  frequency  of  the  supply 
current.  This  constancy  of  speed  is  invaluable  for  some  purposes 
in  connection  with  oscillographs,  ondographs,  rectifiers,  etc.  It  is 
also  useful  sometimes  when  we  wish  to  drive  a  dynamo  at  a 
constant  speed. 

If  the  power  factor  of  a  synchronous  motor  be  high  and  the 
resistance  of  the  armature  windings  be  small,  the  efficiency  is  also 
high.  In  order  to  get  a  high  power  factor  the  wave  of  the 
resultant  electromotive  force  in  the  armature  circuit  must  be 
approximately  sine  shaped,  and  thus  both  the  applied  potential 
difference  and  the  back  e.m.f.  of  the  armature  must  be  approxi- 
mately sine  shaped.  Particular  attention  is  paid  to  this  point 
by  designers  of  synchronous  motors.  Motors  which  work  well 
when  supplied  with  alternating  current  from  the  supply  mains  at 
certain  times  of  the  day  are  sometimes  found  to  take  an  excessive 
current  even  on  a  light  load  at  other  times  of  the  day.  This  is 
due  to  variations  in  the  wave  shape  of  the  supply.  When  the 
power  station  is  some  distance  from  the  supply  station  and  the 
mains  connecting  them  have  considerable  electrostatic  capacity, 
the  distortion  of  the  wave  shape  of  the  pressure  of  the  supply  is 
often  excessive  at  light  loads. 

Synchronous  motors  are  only  of  limited  use  for  ordinary  power 
work  from  supply  mains.  The  speed  cannot  be  regulated  and  a 
supply  of  direct  current  is  wanted  for  excitation.  Special  starting 
devices  have  also  to  be  used.  They  sometimes  set  up  phase 
swinging  (Chap.  VI)  which  causes  serious  oscillations  of  the  pressure 
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between  the  mains  of  the  supply  circuit  and  a  consequent  blinking 
of  the  lamps  supplied  from  these  mains. 

A  synchronous  motor  is  often  coupled  directly  to  a  direct 
current  generator,  both  the  machines  being  mounted  on  the  same 
bedplate.  The  combination  is  called  a  synchronous  motor  generator. 
There  are  several  of  these  motor  generators  in  the  substations 
connected  with  the  Charing  Cross  Company's  City  of  London 
Works.  The  synchronous  motors  are  supplied  with  current  at 
10,000  volts  by  means  of  three  core  mains  connected  with  the 
three  phase  generators  at  the  power  station.  Each  motor  drives 
either  one  dynamo  or  two  balancing  dynamos,  the  distribution 
being  on  the  three  wire  direct  current  system.  To  diminish  the 
risk  of  a  breakdown,  the  motor  generator  sets  are  of  very  solid 
construction  and  the  high  tension  windings  are  heavily  insulated. 


REFERENCES. 

Andr^  Blondel,  '  Moteurs  Synchrones  a  Courants  Alternatifs.' 

A.  Hay,  The  Electrical  Review^  Vol.  47,  p.  287,  *  Determining  the  Moments 
of  Inertia  of  the  Rotors  of  Dynamos.*     1900. 

W.  E.  SuMPNER,  Jcmmal  of  the  Inst  of  El.  Eng,,  Vol.  31,  p.  632,  *  Testing 
Motor  Losses.'     1902. 

W.  H.  Patchell,  Journal  of  the  Inst,  of  El.  Eng.,  Vol.  36,  *The  Charing 
Cross  Company's  City  of  London  Works.'    Dec.  1905. 

For  a  description  of  many  forms  of  absorption  brake,  see  J.  Buchetti,  Guide 
pour  Vessai  des  Moteurs^  Chapter  viii.  The  English  translation  is  en- 
titled, *  Engine  Tests  and  Boiler  Efficiencies.' 


CHAPTER  VI. 

Phase  swinging.  B.  Hopkinson's  method.  The  stability  of  the  motion  in 
special  cases.  General  case.  Products  of  the  pairs  of  the  roots  of  a 
biquadratic.  The  criterion  for  stability.  The  period  of  the  phase  swing. 
Eflfects  produced  by  the  distortion  of  the  field.  Amortisseurs.  The 
theory  of  damping  coils.     References. 

When  a  synchronous  motor  is  running  on  a  load,  small  periodic 
Phase  pulsations  of  the  supply  current  can  nearly  always  be 

swinging.  noticed  whenever  there  is  any  change  in  the  resisting 
torque  due  to  the  load.  In  some  cases  these  pulsations  are 
damped  out  rapidly.  In  others  they  are  very  persistent  and 
lead  to  instability  of  the  motion,  so  that  the  machine  falls  readily 
out  of  step.  As  the  periodic  time  of  these  oscillations  may  be  as 
long  as  two  or  three  seconds  it  can  sometimes  be  measured  easily. 
The  pulsations  are  due  to  variations  of  the  angular  velocity  of  the 
rotor.  If  we  consider  a  fixed  radius  of  the  rotor  we  can  imagine 
that  the  motion  of  this  radius  consists  of  isochronous  vibrations 
about  a  mean  position  which  rotates  with  constant  angular 
velocity.  The  phase  diflference  between  the  applied  potential 
difference  and  the  back  E.M.F.  of  the  motor  will  therefore  be  a 
periodic  function  of  the  time.  It  is  customary  to  refer  to  the 
period  of  the  pulsations  of  the  current  as  the  period  of  the  phase 
swing,  and  the  phenomenon  is  called  phase  swinging.  It  is  to  be 
noticed  that  the  period  of  the  phase  swing  is  large  compared  with 
the  period  of  the  current,  and  so,  in  finding  an  approximate 
formula  for  it,  we  can  neglect  the  forces  due  to  the  relative 
velocity  of  the  rotor  and  the  field.  We  shall  take  this  into  account 
later  on,  but  the  following  elementary  discussion  leads  to  a 
formula  for  the  period  of  the  phase  swing  which  is  of  practical 
value. 

R.  II.  12 
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We  suppose  that  the  generator  is  directly  coupled  to  its 
engine  and  that  it  runs  at  a  speed  which  is  uninfluenced  by 
slight  variations  in  the  load.  Let  TTj  be  the  power  given  to  the 
motor,  then,  by  formula  (3)  on  p.  143,  we  have 

}¥,  =  -- (rj^/Z)cosy-(r,r,IZ)cos(0  +  y) 

=  9(0+ Wo  (1), 

where  g  is  the  retarding  couple  due  to  the  load,  (o  the  angular 
velocity  of  the  rotor,  and  Wo  the  power  expended  in  heating  the 
armature  of  the  motor,  overcoming  friction,  etc.  We  shall  suppose 
that  the  generator  is  large  compared  with  the  motor,  so  that  its 
speed  is  unaffected  by  the  small  fluctuations  in  the  power  taken 
by  the  motor.  We  shall  also  suppose  that  the  motor  has  only 
two  poles,  and  that  the  electromotive  forces  follow  the  harmonic 
law,  so  that  if  ^  +  ^r  be  the  disturbed  value  of  0,  x  is  the  angle 
between  the  actual  position  of  a  radius  of  the  rotor  in  space  and 
the  position  it  would  have  if  the  motor  were  running  steadily. 

Let  W2  be  the  new  value  of  TTg,  then,  neglecting  for  the 
present  the  forces  due  to  the  relative  angular  velocity  of  the  rotor 
and  the  field,  we  have 

Tr/=-(F2V^)cos7-(FaF2/^)cos(^  +  7  +  ^)  (2) 

and  therefore,  by  (1), 

g'co'  +  TFo'  =  5^0)  +  Tfo  +  2  (  Fi  V,IZ)  sin  (^  +  7  +  ^/2)  sin  (^/2). 

In  practice  m  and  ©  are  practically  equal.  We  may  also  assume 
that  Wo  is  equal  to  Wo,  and  thus,  since  ^r  is  a  small  angle,  we 
have 

(9' "  ff)^~i  ^1^2/ Z)  sin  (^  +  7)  .  X,  approximately. 

Now,  for  steady  running,  ^  +  7  is  greater  than  tt  (p.  144).  Let 
us  assume  that  ^  is  tt  -  -^Ir,  so  that  yjr  must  be  less  than  7.  Let 
Mk^  be  the  moment  of  inertia  of  the  rotor,  then 

<Px 
Mlc^  -T7^  =  the  moment  of  the  effective  forces  about  the  axis 

of  rotation  ^^  —  g 
=  -(V,r^/Za>)  sin  (7  -  -f ) .  CO. 
Since,   in   practice,   00    is    nearly   constant,    it   follows   that   the 
acceleration  of  x  is   approximately  proportional   to  x.      Hence 
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the  motion  is  simple  harmonic,  and  if  T  be  the  period  of  an 
oscillation, 

T  =  27r  (displacement/acceleration)* 

=  27r  [{M](?Z(o)l[Vjr^  sin  (7  -  -i^)}]*. 

When  the  machine  has  two  poles,  the  electromotive  force 
vectors  rotate  at  the  same  rate  as  the  rotor,  but,  when  it  has 
2p  poles,  they  rotate  p  times  faster.     In  the  latter  case, 

and  therefore 

T  =  27r  [{Mk^Zto)l[pV,V,  sin (7  -  f  )}]*. 

If  the  rotor  make  n  revolutions  per  second,  cd  equals  27m,  and  the 
frequency  /  equals  pn.     Hence,  we  can  also  write, 

T  =  (2,r/p)  {{2-,rM¥Zf)j{  F.  F,  sin  (7  -  i/r)}]*. 

If  Fi  and  Fj  are  expressed  in  volts  and  Z  in  ohms,  then  V1V2/Z 
is  given  in  watts.  Now  one  watt  is  10'  ergs  per  second,  and  if 
M  be  measured  in  kilogrammes  and  k  in  metres,  Mk^.  10'  will  be 
numerically  equal  to  Mlc^,  when  M  is  measured  in  grammes  and  k 
in  centimetres.  If  M,  therefore,  be  measured  in  kilogrammes  and 
Jc  in  metres,  the  formula  given  above  will  give  T  in  seconds. 

For  a  two  phase  machine  with  two  separate  windings  the 
formula  is 

T  =  (27r/p)  {{iTM¥Zf)l[  F,  F,  sin  (7  - 1)}]*, 

and  for  a  three  phase  machine  we  have 

r=(27r/p)[(27rJfA-^/)/{3F,F,sin(7-t)}?, 
where  Fi  is  the  voltage  in  one  phase  of  the  generator  winding, 
and  Fa  is   the  counter-electromotive  force  in  one  phase  of  the 
motor  winding. 

If  M  be  measured  in  pounds  and  k  in  feet,  then,  for  machines 
with  q  phases  the  formula  is 

T  =  (0-32/p)  [(Mk^Zf)/{qV,V,  sin  (7  - 1)}]*- 

We  see  that,  when  Vi  and  Fj  are  equal,  the  periodic  time  of  the 
swings  varies  inversely  as  Fg,  and  therefore  inversely  as  the 
excitation.  We  also  see  that  the  frequency  varies  inversely  as 
the  square  root  of  the  moment  of  inertia  of  the  rotor. 

12—2 
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In  finding  the  above  formulae  we  have  made  the  assumption 
that  the  torque  depends  only  on  the  relative  positions  of  the 
rotors  of  the  generator  and  the  motor,  and,  therefore,  that  it  is 
independent  of  their  relative  angular  velocities.  Hence  the  motion 
would  be  similar  to  that  of  an  undamped  pendulum,  and  the  oscil- 
lations once  started  would  continue  until  the  external  forces  were 
altered.  The  solution,  therefore,  although  it  gives  us  a  formula 
of  practical  importance,  is  only  an  approximation,  and  leaves  un- 
explained many  of  the  troublesome  phenomena  noticed  in  every- 
day work.  To  obtain  a  deeper  insight  into  the  practical  problem 
we  must  take  into  account  the  damping  forces,  and  thus  introduce 
into  our  equation  of  motion  a  term  which  is  proportional  to  the 
angular  velocity  of  the  rotor.  We  shall  make  the  assumption 
that  the  potential  diflPerence  between  the  terminals  of  the  supply 
mains  always  obeys  the  sine  law. 

The  equation  of  motion  will  be  of  the  form 

•hn^d^O        J  d0  /I        ^ 

approximately ;  and  when  b/Mlc^  is  small,  an  approximate  solution 
of  this  equation  is 

0  =  0,€-^^/^^  sin  {(c/iWf  t  +  a}, 
where  0q  and  a  are  constants  depending  on  the  initial  conditions. 
Hence,  if  b  is  positive,  the  amplitude  of  the  oscillations  con- 
tinually diminishes  and  the  motion  is  stable.  When,  however,. 
b  is  negative  the  motion  is  unstable.  In  this  case,  when  once 
the  oscillations  are  started  they  will  get  greater  and  greater^ 
until  finally  the  machine  falls  out  of  step,  and  the  cut-outs  act» 
In  order,  therefore,  to  discuss  the  stability  of  the  motion,  we  must 
find  an  expression  for  the  damping  term.  For  a  full  account  of 
the  nature  of  the  motion  represented  by  linear  equations  and  the 
conditions  of  stability,  the  student  is  referred  to  Chapter  vi  of 
E.  J.  Routh's  Advanced  Rigid  Dynamics,  The  discussion  of  the 
motor  problem  given  below  is  founded  on  B.  Hopkinson's  solution. 

Let  the  flux  of  induction  linked  with  the  armature  and 
B.  Hopkin-  ^^^  ^^1^  ^oils  of  a  two  polc  S3mchronous  motor  be 
.on'8  method,      denoted  by  *^,  and  let 

(f)  =  JV<I>^  sin  G)^  =  ^  sin  tat, 
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where  N  is  the  number  of  turns  in  series  on  the  armature  and 
<ot  is  the  angle  which  defines  the  position  of  a  radius  of  the  rotor 
at  the  tiihe  t  We  neglect,  for  the  present,  the  armature  reaction, 
and  we  assume  that  the  reluctance  of  the  paths  of  the  field  flux 
is  the  same  in  all  positions  of  the  armature.  We  assume, 
therefore,  that  <I>  is  constant.  Now  the  instantaneous  value  of 
the  electromotive  force  generated  in  the  motor  armature  is 
ft)*  cos  a)t,  and  thus,  with  our  usual  notation,  we  shall  have  &)<!> 
equal  to  V2F2. 

Let  R  be  the  resistance  of  the  motor  circuit,  and  Li,  where  i  is 
the  instantaneous  value  of  the  current  in  the  armature,  the  flux 
of  induction,  round  the  armature  wires  and  the  connecting  wires, 
which  is  not  linked  with  the  field  coils.  We  assume  that  R  is 
constant,  and,  in  getting  an  approximate  result,  we  can  assume 
that  L  is  constant  also.  It  is  to  be  noted  that  R  includes  the 
resistance  of  the  connecting  mains  and  L  includes  their  induc- 
tance. The  equation  which  determines  the  steady  motion  of 
the  motor  is 

T,.      r-  di     d  ,,    .       .V 

where  ei  is  the  instantaneous  value  of  the  applied  potential 
diflFerence.  If  V^  and  V^  be  the  eflFective  values  of  the  applied 
potential  difference  and  of  the  motor  E.M.F.  respectively,  and  if 
^  — -^  is  the  phase  difference  between  them,  we  may  write  the 
equation  in  the  form 

di 
Ri  +  L^  =  ^2  Fi  cos  (a)t  +  >|r)  -  V2  Fg  cos  tot, 

if  we  choose  the  origin  of  time  at  the  instant  when  the  field  flux 
linked  with  the  armature  is  zero.  We  have  seen  that  for  steady 
running  yjr  must  be  less  than  7  where  tan  7  equals  La>/R, 
Solving  the  equation  we  get 

i  =  ii  sin  ft)^ -h  *2  cos  G)^, 
where        i,  =  ( V2  VJZ)  sin  (7  -  >/r)  -  (V2  V,/Z)  sin  7  1 

and  i,  =  (V2  Fi/Z)cos(7->/r)-  (V2  V^/Z)  COS7  J ^"^^^ 

and  Z  =  (iJ«  +  iW)*. 

The  component  ii  sin  a>t  is  wattless  with  respect  to  the  motor 

E.M.F.  and  its  amplitude  ii  may  have  a  positive  or  negative  value. 
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For  a  motor  the  amplitude  ia  of  the  watt  component  is  always 
positive. 

Let  us  now  suppose  that  the  steady  running  of  the  motor  is 
slightly  disturbed.  Let  ii,  ia  and  <l>sina>^  become  ii-\-x,  ia  +  y, 
and  *  sin  (a)t  4-  f )  respectively.  We  suppose  that  a?,  y  and  f  are 
small  quantities,  so  that  we  can  neglect  their  squares  or  products* 
The  equation  for  the  disturbed  motion  is 

V2Fi  cos  (g)«  +  >|r)  =  22i  +  i  ^  +  ^  {*  sin  (a)t  +  f )} 

=  R  {(ii  +  x)  sin  a>t  +  (4  +  y)  cos  cot} 
+  X®  (ii  +  oe)  cos  ft)^  —  ift)  (ia  4-  y)  sin  o)^ 

+  2/  sm  ft)^  -T7  4-  X  cos  ft)^  -^ 


+  a>cos(a)^  +  f)(a)  +  gj 


For  steady  motion  a?,  y  and  f  are  all  zero,  and  thus,  equating 
the  coefficients  of  cos  wt  on  each  side  of  the  equation,  we  get 

\/2  Fi  cos -^  = -Kia  +  Zft)ii  4- CD*.    ] 
Similarly  —  V2  Fi  sin -^/r  =  iii\  —  iw^ .  J ^  ''* 

Solving  these  equations  for  ij  and  ia,  and  noting  that  «»*  equals 
\/2Fa,  we  get  the  equations  (a)  given  above.  Equating  the 
coefficients  of  cos  tot  on  each  side  of  the  equation  for  the  disturbed 
motion,  we  get 

i  ^  4-  L(ox  4-  %  4-  *  ^  cos  f  =  0. 

Similarly,  ^  17  ^  ^^^  +  Itx  —  ^(a)-\-  -^j  sin  f  =  0. 

Since  f  is  a  small  angle,  we  may  write  1  and  f  for  cosf  and 
sin  f  respectively.  In  practice  also,  d^/dt  is  small  compared  with 
G),  and  thus  we  may  write  a>  for  co  +  d^/dt  Hence  the  above 
equations  become 

L^  +  L^x  +  Ry  +  <P^  =  0  (1), 


dx 
dt 


uJXj 

and  i-^-ift)y4-ifcz?-a>®f  =  0 (2). 
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Let  g  be  the  instantaneous  value  of  the  accelerating  torque. 
Then,  writing  0  for  tot  +  f ,  we  geiy  by  equating  the  two  expressions 
for  the  power  given  to  the  rotor, 

Thus  g^i-^i^sind) 

=  {{ij  +  x)  sin  (ot  4-  (I'a  +  y)  cos  (ot)  *  cos  (cot  +  f ) 
=     i^  (t'l  +  a?)  {sin  {2a)t  +  f)  -  sin  f } 
+  i^  (^  +  y)  {cos  (2ft)«  +  f )  4-  cos  f }, 
and  since  f  is  small,  we  may  write 

g  =  h^2  +  h^(y-^h) 

4-  periodic  terms  of  frequency  od/tt 
+  small  quantities. 

Now,  when  the  motion  is  steady,  y  and  f  are  zero,  and  thus  ^V2 
is  a  measure  of  the  constant  resisting  torque,  and  (^/2)  (y  —  f ii)  is 
the  torque  which  accelerates  the  rotor.  If  MI(^  be  the  moment  of 
inertia  of  the  rotor,  we  have,  therefore, 

2Jf^g  +  4>i,f-*y  =  0    (3). 

The  solution  of  the  equations  (1),  (2)  and  (3)  will  approximately 
determine  the  motion  when  disturbed.  To  solve  these  equations, 
let  us  suppose  that 

a?  =  46"'*,     y^Be^,     and     f  =  (7e'~«, 

where  A,  B  and  G  are  constants.  Substituting  these  values 
of  Xy  y  and  f  in  (1),  (2),  and  (3),  and  dividing  out  the  exponential 
term,  we  have 

L(oA  +  {Lm  +  iJ)54-  ^m(7  =  0, 
(Zm  4-jR)  A  -  Z®5-  ^®(7=  0, 
-  ^5  4-  (4>ii  4-  2Jl/X^m«)  (7  =  0. 
Eliminating  -4,  5  and  (7  from  these  equations,  we  have 

=  0. 


LtOy 

Lm^-R, 

<^m 

Lm-hR, 

—  i®, 

_^a> 

0, 

-^, 

4>i,  +  2Jlf)fc»m» 
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Expanding  and  simplifying,  this  reduces  to 
(4H;+23fA:«m»){(i7W+jR)'+iW}+Z<I)«(G)Hm>)+jR<^ 

or  am*+6m»+cm'4-d7n  +  e  =  0  (5), 

where  a  =  2Mk'L\ 

b  =  ^Mk'LR, 

c  =  2Mk^Z^  +  L^{^  +  Li,), 
d  =  ii<I)(4)  +  2ZO, 
and  e  =  L^^oj^  +  <Ih'i  Z\ 

where  Z«  =  i?  +  ZW; 

and  thus,  by  equations  (a)  given  above, 

c  =  2J^fAr'Z2  +  (2 V,L/Z'a)')  [V,R^4-  V,ZLa>  sin (7 -  >|r)}, 
d  =  (2i2F2/ZW)  {Fa  (22«-  iW)  +  2FiZL6)  sin(7-  >|r)}, 
and       e  =  (2/ft))  F^  V^Z  sin  (7  -  >|r). 

An  inspection  of  the  constants  will  show  that  a,  6,  c  and  e  are 
always  positive,  since  in  the  cases  we  are  considering  yjr  is  less 
than  7.  We  also  see  that  d  must  necessarily  be  positive  if  22  be 
greater  than  Leo, 

Before  finding  the  general  criterion  for  the  stability  of  the 
motion,  it  will  be  instructive  to  consider  the  special 
of  uie  motion       cascs  in  which  the  equation  (5)  can  be  solved  easily. 
cawS!"**  We  shall  first   consider  the   special   case  when  jR 

is  negligible.     Putting  jR   equal   to  zero  in  equa- 
tion (4),  so  that  Z=Lci)  and  7  =  7r/2,  we  have 

L  (<I>ia  +  2  MkW)  (g)>  +  m>)  +  <!>»  (©'  +  m«)  =  0. 

The  roots  of  this  equation  are 

±  0)  V—  1     and     +  m^  V—  1, 

where    rw^^  =  <I)  (<>  +  Li,)/(2Mk'L)  =  (V,V^  cos  ylr)/(M¥a>^L). 
The  values  of  x  and  y  in  this  case  are 

x  =  Ai  cos  {a)t  +  Oi)  +  A2  cos  (m^t  +  Og) 
and  y  —  Bi  cos  {oat  +  /81)  -h  B^  cos  {rn^t  +  /Sg), 

where  A,,  a,,  ...  are  constants.     We  see,  therefore,  since 
i  ss  (ij  +  a?)  sin  ©^  -h  (*2  +  y)  cos  g)^. 
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that  the  components  of  the  current  when  the  motion  is  disturbed 
have  frequencies  ft)/27r,  ©/tt,  (g)  +  m^j^ir  and  (©  —  m^j^ir  respec- 
tively. Now,  in  practice,  m^  is  much  smaller  than  o,  so  that  in 
the  time  that  sin  tot  takes  to  go  through  all  its  values,  sin  m^t  and 
cos  m^t  will  have  altered  by  a  very  small  amount  only.  Assuming 
that  siuTJigf  and  oo^m^t  are  constant  during  the  time  27r/a),we 
find  that  the  eifective  value  A  of  the  current  is  given  by 

A^  =  G^  +  iiAz  cos  (rn^t  +  02)  +  hB^  cos  (m^t  4-  /Sa) 
+  i  ^2^  cos^  (rn^t  +  Oa)  +  ^Bj"  cos«  {rn^t  +  /3a), 

where  C^  is  a  constant. 

Thus  A^y  and  therefore  also  -4,  goes  through  all  its  values  in 
the  time  ^Trjrn^.  Hence  when  the  resistances  of  the  armature 
and  connecting  mains  of  a  synchronous  motor  are  negligible,  we 
see  that  the  variations  of  the  reading  of  the  ammeter  have  a 
period  given  by 

27r  [{Mk^L(a^)l{  V,  V,  cos  ^)}*. 

In  practice,  when  the  steady  running  of  a  synchronous  motor 
is  disturbed  by  a  sudden  variation  in  the  resisting  or  the  driving 
torque,  the  ammeter  pointer  sometimes  gives  a  periodic  series 
of  readings  the  period  of  which  may  be  a  few  seconds.  It  is 
found  that,  when  R  is  negligible,  the  square  of  this  periodic  time 
is  approximately  directly  proportional  to  the  moment  of  inertia 
of  the  rotor  and  inversely  proportional  to  its  excitation,  and  this 
is  in  agreement  with  the  formula  given  above.  It  is  to  be  noticed, 
however,  that,  in  addition  to  the  components  of  the  current  of 
slow  period  which  are  set  up  by  the  disturbance,  there  may  be 
also  components  having  a  period  approximately  equal  to  the  period 
of  the  applied  potential  difference.  The  pointer  of  the  motor 
ammeter  cannot  follow  these  rapid  variations  of  the  current,  and 
so  their  effect  is  merely  to  increase  the  ammeter  reading. 

When  we  neglect  the  resistance  R  of  the  motor  armature  and 
the  leads,  the  solution  obtained  shows  that,  once  oscillations  are 
set  up  about  the  position  of  steady  running,  the  amplitude  of 
these  oscillations  remains  constant,  and  there  is  no  cause  tending 
either  to  increase  or  diminish  them.  In  order  to  show  how  oscil- 
lations are  damped  out,  let  us  consider  the  case  when  there  is  no 
magnetic  leakage,  that  is,  when  L  is  zero. 
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Putting  L  equal  to  zero  in  equation  (4),  we  find  that 

R  {<>ii  +  2ifAr»m«}  +  ^m  =  0. 
Therefore 

m  =  -  i^l^Mh^R)  ±  {Ij^Mk^R)  {SMk'R^^i,  -  4>*}*  V^. 

Thus,  if  SMk^RHi  is  greater  than  ^,  oscillations  of  the  ammeter 
pointer  will  ensue  when  the  steady  running  is  disturbed,  the 
successive  amplitudes  of  the  swings,  however,  will  diminish  in 
geometrical  progression.  The  greater  the  value  of  ^j^Mlc^R,  the 
more  effective  will  be  the  damping.  Hence  the  damping  eflFect 
increases  with  ^,  but  diminishes  if  the  moment  of  inertia  of  the 
rotor  or  the  resistance  of  the  armature  be  increased.  If  SMi^RH^ 
is  less  than  ^',  there  will  be  no  oscillations.  We  see,  therefore^ 
that  when  L  is  negligible  the  running  is  stable. 

We  shall  now  consider  the  general  case.     The  four  roots  of 
equation  (5)  may  be  real,  or  two  may  be  real  and  two 

General  case.         ,  .  i  i     i      /»  i       •  •  t 

imaginary,  or  the  whole  four  may  be  imaginary.  It 
has  to  be  remembered  that  imaginary  roots  occur  in  pairs.  If 
p-hn  sT^  1  is  a  root  of  the  equation,  p  —  n  V—  1  is  also  a  root.  The 
term  in  the  solutions  of  the  diiferential  equations  corresponding 
to  this  pair  of  imaginary  roots  is  Ae^^  cos(n^  +  a),  where  A  and  a 
are  constants.  If  p  is  positive  we  see  that  the  amplitude  of  the 
swings  is  increasing,  and  this  corresponds  to  an  unstable  oscilla- 
tion. If  p  is  negative  the  oscillation  is  diminishing  and  the 
oscillation  represented  by  this  term  is  stable.  Similarly  we  can 
show  that,  for  stable  motion,  equation  (5)  must  have  no  real 
positive  root,  as  this  would  introduce  a  term  in  our  solutions 
which  would  increase  with  the  time.  We  conclude,  therefore, 
that  in  order  that  the  running  of  the  synchronous  motor  be  stable 
the  real  roots  and  the  real  parts  of  the  complex  roots  of  equa- 
tion (5)  must  be  negative. 

In   order   to   find   the   required  criterion  we   shall  first,  by 

Kouth's  method,  find  the  products  of  the  pairs  of 

«i~pai«of the     »11  *^®  ^^^^s  of  equation  (5).     Writing  x±y  ioi  m 

hr°^d^*ti  ^^  *^®  equation,  so  that  a?  +  y  is  one  root,  x  —  y  \& 

another  root  and  x  is  therefore  the  arithmetic  mean 
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between  two  roots,  we  get 

a  {x  ±  yY  +  b(x  ±  yY  +  c (w  ±  yY  +  d  (x  ±  y)  -\-  e  =  0. 
Thus  ay*  +  (6ax^  +  Sbx  +  c)y^  +  ax^  +  baf^+caf^  +  dx  +  e  =  0, 
and  (4aa?  +  6)  y*  +  (^aa^  +  Sbaf"  4-  2ca?  +  d)  y  =  0. 

Rejecting  the  solution,  y  equal  to  zero,  and  eliminating  y  between 
the  two  equations,  we  get 

Now  each  value  of  x  is  the  arithmetic  mean  between  two  values 
of  m,  and  thus  the  product  of  the  roots  of  this  sextic  equation 

=  ^  (rrii  4-  ma)  (mi  4-  rn^)  {m^  +  m^  (ma  4-  m^)  (mg  4-  m^  {m^  4-  m^ 
=  {bed  -ad''''  e6^)/(64a'). 

Thus,  if  we  denote  bed—  ad^  —  eb^  by  A'',  the  product  of  the  pairs 
of  roots  of  (5)  will  be  X/a'. 

Let  us  suppose  first  of  all  that  the  biquadratic  has  two  pairs 
of  imaginary  roots  jpi  +  n^  V—  1  and  ^2  ±  ^  '^—  !•  Then,  by  con- 
sidering the  sum  of  the  roots  of  (5),  we  have 

2  (jt)i  4-  P2)  =  —  b\a  =  a  negative  quantity, 
and 

Z/a»  =  4pip2  {(i?i  +  V^  +  (^1  +  ^)'}  {(i>i  +P2? 4-  (ih  -  n,)«}. 

Since,  for  stability,  jpi  and  jpa  niust  both  be  negative,  and  their  sum 

is  always  negative,  so  that  both  cannot  be  positive,  we  see  that 

^the  criterion  in  this  case  is  that  X  must  be  positive.     This  is 

also  the  criterion  when  pi  equals  jOj. 

Let  us  now  suppose  that  two  of  the  roots  are  real  and  two 
imaginary.  Writing  n^  V—  1  for  n^  in  the  preceding  paragraph, 
we  see  that  the  roots  are  now  'p^^±n^  V^  and  jpa  ±  ^a'*  Thus, 
we  have 

2(^i4-jp2)  =  -6/a, 

Z/a»  =  4pip2  [{(Pi  +  V^r  +  ^1'  -  <'}'  +  ^n,^% 
and,  by  equation  (5),  the  product  of  the  roots  is  given  by 
e\a^{jp^^n^){'p^-n;% 

As  before,  we  see  that  jt)i  and  'p^  are  both  negative  when  X  is  posi- 
tive, and  since  e\a  is  positive,  jt)a  is  numerically  greater  than  713'; 
and  thus  the  two  real  roots  are  both  negative.     The  criterion  for 
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stability  in  this  case  also  is  that  X  must  be  positive.  Finally, 
when  all  the  roots  are  real,  none  of  them  can  be  positive  when 
a,  6,  c,  d  and  e  are  positive.  In  our  equation  a,  6,  c  and  e  are 
necessarily  positive.  If  d  be  zero  or  negative,  X  is  negative,  and 
thus  we  see  that  when  X  is  positive  d  must  be  positive,  and  the 
real  roots  are  all  negative. 

The  criterion  for  the  stability  of  the  running  of  the  syn- 
The  criterion  chrouous  motor  is  therefore  that  had  —  od*  —  eh^  must 
for  stability,  j^^  greater  than  zero.  Substituting  for  the  coefficients 
their  values,  this  criterion  becomes 

<I)  (<I)  +  2Zrii)  4-  {4iMk'/L)  (i2«  -  iW)  >  0. 
This  inequality  may  be  written  in  the  form 

R^  >  Um^  -  2ZFi  Fai'o)  sin  (7  -  '^)\{L  V^  +  2if A*.  Z^®^- 
Hence,  if  jR  is  greater  than  i®,  the   motion   is  stable,   since 
sin  (7  —  '^)  is  positive. 

In  the  particular  case  when  X  is  zero  the  sum  of  one  pair  of 
the  roots  of  equation  (5)  must  be  zero.  Hence  it  easily  follows 
that  these  roots  must  be  ±  ^ld\h  V—  1,  and  the  other  roots,  if 
real,  are  negative,  and,  if  imaginary,  they  have  their  real  parts 
negative.  Thus  the  equilibrium  in  this  case  is  neutral  for  one 
type  of  free  oscillations  and  is  stable  for  other  displacements. 

The  sum  of  the  squares  of  the  roots  of  equation  (5)  is,  by 
Newton's  theorem,  h^\a^  —  2c/a.  If  this  expression  be  negative, 
some  of  the  roots  of  the  equation  must  be  imaginary.  We  see, 
therefore,  that  when  2ac  is  greater  than  h^  we  must  have  at  least 
one  pair  of  imaginary  roots,  and  these  correspond  to  stable  or 
unstable  oscillations.     This  condition  may  be  written 

M¥  (iW  -  i?)  +  (  FgZ/ZW)  \y^B}  +  FiZio)  sin  (7  -  -f )}  >  0. 
Hence,  if  i®  is  greater  than  ii,  which  is  generally  the  case  in 
practice,  there  will  be  at  least  one  type  of  free  oscillations  set  up. 
From  the  criterion  for  stability  we  see  that  these  oscillations  will 
be,  in  general,  unstable  in  the  ideal  case  we  are  considering. 

Since  the  period  of  the  phase  swing  is  very  long  compared 
The  eriodof  "^^  ^bc  period  of  the  applied  potential  diflference, 
the  phase  we  shall  cousidor  the   case   when   w/g)   is   a   small 

ftwing.  ^  ' 

quantity ;  p  ±  n  V  —  1  being  a  pair  of  the  roots  of 
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the  biquadratic  (5).  We  shall  assume  that  p  is  a  very  small 
quaintity,  otherwise  the  swings  would  be  damped  out  or  would 
increase  so  rapidly  that  the  phase  swing  would  not  be  a  notice- 
able phenomenon.  We  shall  also  assume  that  a(jp  +  w\/— 1)*, 
which  equals  2Mk^L^  (p -\- n '/^y,  may  be  put  equal  to  zero  in 
equation  (5). 

Substituting  p  +  n  V—  1  for  m  in  equation  (5),  and  noting  that, 
on  our  assumptions,  we  may  write 

a(p+n  \/^)*=  0,  b  (p+yi  V^)»=  -  6w«  V^, 

c(p+nV— l)2=2cpM^/-l-cn^  and  d(jp+w\/^)  =dp+dwV^, 

we  get,  by  equating  the  real  terms  in  the  resulting  equation 
to  zero, 

cn^  =  dp-i-e 

=  e (6), 

approximately,  since,  in  practice,  dp  is  small  compared  with  e. 

Similarly,  by  equating  the  coefficient  of  V—  1  to  zero,  we  get 

2cp  =  bn^-d (7). 

Neglecting  the  small  terms  in  the  value  of  c  in  (6),  we  can  write 
c  =  2Mk^Z^  and  hence  we  find  that 

2MI(^Z^'  =  (2/g))  V,  r^  sin  (7  -  >|r), 
and  thus         T  =  27r  [(ilfifc«ZG))/{  F^  V^  sin  (7  -  >|r)}]*, 

which  agrees  with  the  result  given  on  p.  179. 
Similarly  from  (7)  we  find  that 

approximately. 

We  see  that,  if  R  is  greater  than  Lo>,  p  is  negative  and  so  the 
motion  is  stable,  but  if  22  is  less  than  Loo,  which  is  the  usual  case 
in  practice,  the  motion  is  unstable.  In  the  latter  case,  the  ampli^ 
tude  of  the  phase  swing  begins  to  increase  according  to  the  law  e^*. 
On  the  given  assumptions,  therefore,  JB  must  be  greater  than  La> 
if  the  running  is  to  be  steady.  In  other  words,  7  must  be  less  than 
45°  for  steady  running.  In  this  case,  the  smaller  the  moment 
of  inertia  of  the  rotor,  and  the  greater  the  excitation  of  the  field, 
the  more  effective  will  be  the  damping. 
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If  we  keep  the  excitation  of  the  field  constant,  then  VJooy 
which  equals  ^/V2,  will  also  be  constant,  and  thus,  for  all  values 
of  the  frequency,  we  have 

and  hence 

^  =  (RL^r,yMkf^a>)  {(32?  -  LW)/{R^  +  LWf}. 

If,  therefore,  Lcd  is  greater  than  R  but  less  than  R/^S,  we  see 
that  jp,  which  in  this  case  we  may  call  the  coefficient  of  instability, 
increases  as  the  frequency  increases.  If,  however,  Z®  is  greater 
than  R  \/3,  the  coefficient  of  instability  diminishes  as  the  frequency 
is  increased.  Let  us  now  suppose  that  R  is  greater  than  Leo,  so 
that  p  is  negative.  Then,  the  greater  the  numerical  value  of  p  the 
smaller  will  be  the  value  of  e"**  for  a  given  value  of  t,  and  the  more 
rapidly  will  the  free  oscillations  of  long  period  be  damped  out. 
Since,  when  R  is  greater  than  Leo,  dp/do)  is  always  positive,  and  p 
is  negative,  it  follows  that,  in  this  case,  increasing  the  frequency 
diminishes  the  numerical  value  of  p,  and  therefore  the  damping. 

It  must  be  noted  that  we  have  neglected  the  damping  effect 
produced  by  the  resistance  of  the  air.  In  addition,  since  we  have 
made  the  assumption  that  the  field  of  the  motor  is  unaffected  by 
the  oscillations  of  the  armature  current,  we  have  neglected  the 
damping  effects  caused  by  the  eddy  currents  induced  in  the  iron 
and  the  copper. 

When  the  pulsations  of  the  current  are  small,  the  modification 
of  the  above  formulae  introduced  by  the  distortion 
duced*  by™he  of  the  field  duc  to  these  pulsations  can  be  taken  into 
S?fi^d.°''^  account  without  much  difficulty.  B.  Hopkinson  has 
considered  this  case  (Proc,  Roy.  Soc,  Vol.  72,  p.  235). 
He  proves  that  the  distortion  of  the  field  slightly  increases  the 
instability. 

On  our  assumption  we  see  that,  when  La)  is  greater  than  R, 
slow  oscillations  are  always  set  up  when  the  motion  is  disturbed. 
They  gradually  increase  in  amplitude  until  finally  the  machine 
falls  out  of  step.  Phenomena  similar  to  this  are  often  noticed  in 
practical  working.     They  may,  however,  be  primarily  due  to  other 
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•causes.  For  instance,  periodic  fluctuations  in  the  driving  torque 
of  the  engine  of  the  generator  or  in  the  retarding  torque  due 
to  the  load  may  synchronise  with  the  electrical  forces  tending  to 
maintain  the  free  oscillations,  and  thus  cause  the  machines  to  set 
up  phase  swinging.  The  above  theory  shows  that,  when  the 
Tunning  is  disturbed,  there  are  electrical  forces  called  into  play 
which  tend  to  make  the  machine  fall  out  of  step. 

In   order   to   prevent   phase    swinging,    Hutin    and    Leblanc 
provided    the    field    magnets    with    '  amortisseurs,' 

Amortisseurs.        *  >        i  •    i  i  i      • 

or  *  dampers,  which  tend  to  prevent  any  relative 
change  between  the  positions  of  the  magnetic  field  due  to  the 
a,rmature  and  the  field  due  to  the  field  magnets.  These  dampers 
43ometimes  consist  of  heavy  copper  circuits  surrounding  the  poles, 
or  of  copper  rods  embedded  in  the  poles  and  having  their  ends 
joined  by  copper  rings.  Since,  in  polyphase  machines,  under 
normal  conditions,  both  magnetic  fields  are  fixed  relatively  to 
these  circuits,  no  currents  will  be  induced  in  them.  When, 
however,  phase  swinging  is  set  up,  the  alteration  of  the  mag- 
netic flux  in  these  circuits  produces  a  torque  which  generally 
tends  to  prevent  any  departure  from  the  normal  running. 

For  polyphase  machines  running  synchronously  (see  the  next 
chapter)  these  dampers  are  useful,  as  the  magnetic  reactions  pro- 
duced tend  to  prevent}  the  machines  from  falling  out  of  step. 
Another  effect  of  the  dampers  is  to  reduce  the  potential  drop 
at  the  terminals  on  heavy  inductive  loads,  as  they  prevent 
the  armature  reaction  from  appreciably  demagnetising  the  field 
magnets. 

For  single  phase  machines  dampers  are  not  so  useful.  The 
magnetomotive  force  due  to  the  currents  in  the  armature  of  a 
single  phase  machine  sets  up  a  pulsating  magnetic  field.  This 
may  be  resolved  into  two  magnetic  fields  gliding  in  opposite 
directions.  One  of  these  has  no  effect  on  the  dampers,  when 
the  running  is  steady,  as  it  is  fixed  relatively  to  them,  but,  when 
the  running  is  disturbed,  the  currents  induced  in  them  by  this 
component  help  to  damp  out  the  oscillations.  The  other  produces 
in  the  damping  coils  an  alternating  current  of  double  the  frequency 
of  the  supply  current.     Owing  to  the  high  inductance  of  the 
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damper  circuits,  the  currents  induced  in  them  by  this  field  are 
rarely  large,  and  the  retarding  torque  due  to  it,  is  generally  small. 
It  has  been  observed  in  practical  work  that  the  humming 
noise  often  made  by  single  phase  machines  when  running  is 
reduced  considerably  when  damping  circuits  are  used.  This  is 
due  to  a  diminution  in  the  amplitude  of  the  flux  variations. 

B.  Hopkinson,  in  the  paper  quoted  above,  has  found  an  ap- 
proximate  solution   for   the   disturbed   motion    of  a 

The  theory  ^  •  i     i         •   i        i  • 

of  damping  syuchronous  motor  provided  with  damping  coils, 
coia.  rjy^^  effect  of  these  coils  is  generally  to  increase  the 

stability  of  the  motion.  It  is  proved  that  if  the  period  of  the  phase 
swing  be  decreased,  the  damping  will  be  increased.  For  instance, 
if  the  moment  of  inertia  of  the  flywheel  be  increased,  the  regulation 
will  be  improved.  The  interesting  result  is  also  proved  that  it  is 
possible  to  use  too  much  copper  in  constnicting  the  damping  coils. 

The  ordinary  field  magnet  coils  must  act  to  a  certain  extent 
like  damping  coils.  The  alternating  currents  induced  in  them 
tend  to  prevent  sudden  variations  in  the  value  of  the  field  flux. 
If  we  neglect  the  cross  flux  and  the  leakage,  the  damping  effect  is 
the  same,  whether  we  utilise  the  extra  copper  required  for  the 
damping  coils  in  making  these  coils,  or  whether  we  utilise  it  in 
reducing  the  resistance  of  the  exciting  circuit.  The  latter  method 
has  the  incidental  advantage  of  reducing  appreciably  the  excita- 
tion losses. 

If  the  exciting  circuit  had  no  resistance,  there  could  be  no 
variation  of  the  induction  linked  with  it,  and  consequently  no 
damping  effects  would  ensue.  Similarly,  if  it  had  infinite  re- 
sistance, there  would  be  no  damping.  Hence  there  must  be  a 
particular  value  of  the  time  constant  of  the  exciting  circuit  for 
which  the  damping  effects  are  a  maximum. 

B.  Hopkinson  also  proves  that,  in  order  that  the  damping 
coils  may  increase  the  stability  of  the  running,  the  watt  com- 
ponent ig  of  the  current,  with  reference  to  the  back  E.M.F.  of  the 
motor,  must  be  greater  than  a  current  which  is  approximately 
equal  to  a}R^/Z\  Hence,  increasing  the  load  on  the  motor 
may  make  the  running  stable;  a  result  which  he  has  verified 
experimentally. 
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All  the  above  conclusions  have  been  obtained  on  the  sup- 
position that  the  applied  potential  difference  is  sine  shaped  and 
that  i  is  a  constant.  In  practice,  L  may  vary  by  50  per  cent, 
for  different  positions  of  the  rotor.  It  is  sufficient,  however,  when 
making  rough  calculations  in  connection  with  synchronous  motors, 
to  take  its  mean  value.  Accurate  quantitative  results  would  be 
exceedingly  difficult  to  obtain,  and  would  be  too  complicated  for 
practical  use. 

It  is  to  be  noticed  that  ij  is  positive  for  a  motor  and  negative 
for  a  generator.  B.  Hopkinson's  method,  therefore,  can  also  be 
applied  to  the  case  of  a  generator  running  in  parallel  with  other 
generators. 
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The  efficiency  of  a  steam  engine  or  a  steam  turbine  is  much 
higher  when  it  is  runninsf  on  a  heavy  load  than  when 

The  parallel  .    °  .,.,,,,,        ^      • 

running  of  it  IS  Hiuumg  lightly  loaded.     It  IS  necessary,  there- 

fore, for  the  engineer  of  a  central  station  to  arrange 
that  his  engines  never  run  for  long  periods  on  light  loads.  To 
illustrate  the  importance  of  this  point,  let  us  consider  how  the 
efficiency  of  a  high  speed  steam  engine,  for  example,  varies  with 
the  load.  Let  W  be  the  number  of  pounds  of  steam  consumed 
by  the  engine  per  hour,  and  let  P  be  the  brake  horse  power 
developed.     A  linear  equation  of  the  form 

Tr=a-h6P 
will  express  very  approximately  the  relation  between  W  and  P; 
the  constants  a  and  h  in  this  equation  being  different  for  different 
engines.  This  equation  is  known  as  Willans's  law,  and  is  true 
whether  the  engine  is  used  with  or  without\^  steam  condenser. 
The  constant  h  is  the  same  in  both  cases ;  the  effect  of  the  con- 
denser is  merely  to  diminish  the  value  of  a.  In  a^.  Willans  and 
Robinson  high   speed   engine,   when    working   without  a    steam 
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condenser,  the  steam  consumed  per  hour  at  no  load  is  about  a 
quarter  of  that  consumed  per  hour  at  full  load.  If  w  denote  the 
number  of  pounds  of  steam  consumed  per  hour,  per  brake  horse 
power  developed,  we  have 

t(;=F/P  =  6  +  a/P. 

In  a  Willans  and  Robinson  engine,  therefore,  if  a  be  the  number 
of  pounds  consumed  per  hour  at  no  load  and  P^  be  the  full  load 
brake  horse  power,  we  have,  since  3a  =  6Pm, 

t^  =  a(l/P+3/P„,), 

approximately.  Thus,  at  one-fifth  full  load,  for  example,  the  value 
of  w  would  be  twice  as  great  as  at  full  load.  As  the  coal  consumed 
is  roughly  proportional  to  the  number  of  pounds  of  steam  that  leave 
the  boiler,  we  see  that  the  coal  bill  for  the  units  generated  at  one- 
fifth  load  will  be  about  twice  as  great  as  the  coal  bill  for  an  equal 
number  of  units  generated  at  full  load.  In  addition  the  efficiency 
of  the  alternators  is  less  at  a  fifth  load  than  at  full  load.  For 
economical  working,  therefore,  it  is  essential  never  to  have  the 
machines  running  for  long  periods  on  light  loads. 

In  central  stations,  each  engine  is  generally  coupled  to  its  own 
alternator  so  as  to  avoid  the  losses  consequent  on  the  use  of 
gearing.  It  would  not  conduce  to  economical  working  to  have 
each  generator  supplying  a  set  of  mains  connected  with  no 
other  generator,  as  the  pressure  between  every  pair  of  supply 
mains  has  always  to  be  maintained,  whatever  may  be  the  load, 
and  thus  we  should  often  have  several  engines  and  alternators 
running  on  light  loads.  All  the  alternators,  therefore,  are  con- 
nected in  parallel  to  two  mains  called  '  bus  bars '  with  which  the 
mains  supplying  the  transformers  are  also  connected,  and  care  is 
taken  to  ensure  that  the  number  of  machines  running  at  any  time 
is  only  sufficient  to  carry  the  load. 

We  saw  in  Chapter  iv  that,  if  two  alternators  have  the  same 
frequency,  and  if  they  are  connected  in  series,  the  running  is 
stable  when  the  phase  difference  between  the  armature  electro- 
motive forces  is  nearly  180°.  In  this  case,  the  terminals  which 
are  connected  with  the  same  bus  bar  are  practically  at  the  same 
potential,  and  so  the  machines  are  working  in  parallel  so  far  as 
a  circuit  joining  the  two  bus  bars  is  concerned.      Hence,  when 

13—2 
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two  alternators  are  connected  in  this  manner,  the  stable  position 
of  running  on  no  load  occurs  when  their  armature  e.m.f/s  are  nearly 
in  opposition  round  the  circuit  formed  by  the  armatures,  and 
consequently  when  both  the  e.m.f/s  are  acting  nearly  in  phase 
with  one  another,  and  tending  to  produce  a  potential  difiference 
between  the  bus  bars.  To  a  first  approximation,  therefore,  the 
electric  forces  tend  to  make  two  alternators  run  in  parallel  when 
they  are  connected  with  the  bus  bars,  provided  that  the  efifective 
values  of  their  electromotive  forces  lie  between  certain  limits. 

When  fuses  or  magnetic  circuit  breakers  are  placed  in  the 
leads  connecting  the  terminals  of  an  alternator  with 
brSkera  in         ^^^  ^^s  ^^^s,  then,  if  the  dcvicc  in  one  only  of  the 
?unn/ng  Connecting  leads  acts,  the  insulation  of  the  machine 

may  be  subjected  to  excessive  stresses.  The  electrical 
forces  no  longer  constrain  the  alternator  to  run  in  parallel  with 
the  others,  and  so  it  will  sometimes  be  running  in  series  with 
them.  In  this  case,  the  eflFective  value  of  the  P.D.  between  the 
terminals  of  the  circuit-breaking  device  will  have  double  its 
normal  value.  The  p.d.,  also,  between  the  armature  of  the 
machine  and  the  field  poles  may  have  nearly  double  its  working 
value,  and  this  may  start  an  arc  between  the  armature  windings 
and  the  poles  which  may  ruin  the  machine.  For  this  reason, 
therefore,  in  practical  work,  fuses  and  'excess  current  circuit 
breakers '  are  now  rarely  placed  in  the  circuits  of  the  connecting 
leads.  Instead  of  these,  'discriminating'  magnetic  devices,  or 
as  they  are  frequently  called,  'reverse  current'  circuit  breakers 
are  employed.  A  device  of  this  nature  acts  whenever  the  phase 
difierence  a  between  the  alternating  current  through  it  and 
the  P.D.  betweeii  the  bus  bars  exceeds  a  certain  value.  These 
devices  must  act  not  only  with  *  reverse  currents '  but  also  when 
the  circuit  for  the  exciting  current  for  the  field  of  the  generator  is 
accidentally  broken.  In  this  case  a  large  leading  current  will 
flow  in  the  armature  of  the  machine  in  order  to  produce  the 
necessary  excitation  of  the  field,  and,  if  this  occur  at  a  period  of 
heavy  load,  the  armature  may  be  burnt  out.  In  practice,  there- 
fore, the  value  of  the  phase  difierence  a  must  be  chosen  so  that 
the  device  acts  in  both  these  cases. 
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In  order  to  simplify  the  theory  of  parallel  running  we  shall 
_  assume   that   the   electromotive   force   and   current 

The  theory 

of  parallel  wavcs  are  sine  shaped,  so  that  the  current  vector 

runni  g.  .^   .^   ^j^^   samo   plane   as  the   electromotive   force 

vectors,  and  we  shall  also  assume  that  the  eflfective  values  of  the 
electromotive  force  of  each  machine  are  the  same.  We  shall  sup- 
pose that  the  two  machines  are  similar  and  equal,  and  that  the 
load  is  constant. 

If  t'l  and  ii  be  the  instantaneous  values  of  the  currents  in  the 
armatures,  we  can  always  write 

and  ^2  =  i(ii  +  ia)  -  i(ii  -  ia). 

Hence,  we  may  consider  that  each  machine  is  8uppl)dng  a  current 
(ij  +  ij)/2  to  an  external  circuit,  and  that  there  is  a  synchronising 
current  (ij  —  ia)/2  in  the  armatures.     Suppose  that  the  load  is 


Fig.  96.    Vector  diagram  for  two  alternators  in  parallel. 


inductive  and  that  /S  is  the  phase  difference  between  the  external 
current  and  the  external  potential  difference.  Let  (Fig.  96)  00 
and  OA  represent  the  two  armature  electromotive  forces,  each  of 
which  has  an  effective  value  V.    Let  B  be  the  middle  point  of  AO^ 
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then,  as  in  Fig.  81,  p.  138,  BA  or  BG  will  represent  the  voltage  V 
in  the  external  circuit.  Let  OK  represent  the  synchronising 
current,  and  let  OD  and  OE  be  each  equal  to  half  the  current  G 
in  the  external  circuit.  If  we  draw  OA'  parallel  to  BA,  the  angle 
A'OD  will  be  equal  to  13.  Let  the  angles  BOG  and  BOA  be  each 
equal  to  0/2,  and  let  Wi  and  TFg  be  the  loads  on  the  machines, 
the  vector  electromotive  forces  of  which  are  OG  and  OA  respec- 
tively. Then,  since  the  electric  power  generated  is  the  product  of 
the  apparent  watts  multiplied  by  the  cosine  of  the  phase  dififer- 
ence,  we  get  from  Fig.  96 

W,=  V,iG,cosEOG  +  V.A,cosKOG, 
where  A  is  the  effective  value  of  the  synchronising  current.     Now 
-4  is  2 .  OB/Z,  where  Z  is  the  impedance  of  the  circuit  of  the 
armatures.     The  angle  BOK  is  the  angle  of  lag  of  the  synchro- 
nising current  behind  the  electromotive  force  driving  it.     We 
shall  denote  this   angle  by  7.     Hence,  noticing   that  2 .  OB  is 
2Fcos(^/2),  we  get 
Fa  =  (l/2)F(7cos(/3  +  7r/2-^/2)  +  2(FV^cos(^/2)cos(^/2-7) 
=  (1/2)  VG  sin  (0/2  ^  )8)  +  (  V'/Z)  (cos  7  +  cos  (0  -  7)}. 
Similarly 

Tr2  =  (l/2)7(78in(^/2  +  )8)4-(FV^{cos7  +  cos(^  +  7)}, 
where  TTg  is  the  power  generated  by  the  second  machine.     It  is 
easy  to  see  that  when  G  is  zero  these  formulae  agree  with  the 
formulae  for  a  generator  coupled  to  a  synchronous  motor  given 
in  Chapter  iv,  p.  143. 

The  diflference  between  the  loads  on  the  two  machines  is 
given  by  the  equation, 

TTi  -  TTa  =  -  FCcos  (0/2)  sin  /3  +  (2  V^Z)  sin  0  sin  7. 

If  0  equal  tt,  that  is,  if  the  machines  are  in  phase  with  regard 
to  the  external  circuit,  the  right-hand  side  of  this  equation  equals 
zero,  and  the  load  on  one  machine  equals  that  on  the  other  for  all 
values  of  the  external  load. 

In  practice,  0  is  generally  less  than  tt.  Let  us  suppose  that 
0  is  TT-x,  where  a?  is  a  small  angle.  Substituting  in  the  above 
equation,  we  find  that 

Tri-Tr2  =  -F(7cos{(7r-^)/2}8in/34-2(FV^)sin(7r-^)sin7 
=  F  {(2  F  sin  y)/Z  -  (G  sin  /3)/2}  ^, 
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since  we  may  write  x  for  sin  a?,  and  w/2  for  sin(a7/2),  when  x  is 
small.  If  the  external  circuit  were  non-inductive,  fi  would  be 
zero,  and  Wi  —  W3  would  be  independent  of  the  load,  since  in  this 
case 

It  follows  that,  when  tt  —  a?  diminishes,  that  is,  when  x  increases, 
the  difference  between  the  load  on  the  leading  and  lagging 
machine  increases  and  this  tends  to  good  regulation. 

From  the  above  formula  for  W^  —  TTg  it  follows  that  increasing 
the  value  of  the  electromotive  force  V  ereatly  in- 

Improving  ^  ,  n     i 

the  electric  creases  the  accelerating  and  braking  effects  called 
into  play  by  the  mutual  electric  forces  generated 
round  the  circuit  of  the  armatures.  Hence,  on  the  assumptions 
we  are  now  making,  and  neglecting  the  question  of  the  stability 
of  the  free  oscillations,  we  see  that  the  greater  the  excitation 
the  better  is  the  electric  regulation  of  the  parallel  running  of 
the  machines. 


When  the  shapes  of  the  electromotive  force  waves  of  the  two 
Effects  of  machines  are  different  they  can  never  be  in  exact 

wave  shape.  opposition  in  phasc,  and  so,  as  we  have  seen  on 
p.  139,  the  bus  bar  voltage  is  less  than  the  voltage  of  either  machine, 
and  the  electromotive  force  F'  round  the  circuit  of  the  armatures 
will  be  large.  If  the  -wave  shapes  are  very  unlike  one  another, 
the  S3nichronising  current  may  be  so  large  that  parallel  running 
is  impossible. 

Since,  on  our  assumptions,  we  have 
inductive  W,-W,=  V{(2Vainy)IZ-(Cain^)/2}x, 

we  see  that  if  (Csin^)/2  equals  (2Fsin7)/-Z'  there  is 
no  electric  regulating  effect,  and  if  {C  sin  ^)/2  is  greater  than  this 
value,  the  machines  tend  to  run  in  series.  When  the  machines, 
therefore,  are  working  on  a  heavy  inductive  load,  that  is,  when  G 
and  fi  are  large,  the  machines  will  have  a  tendency  to  fall  out  of 
step. 
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If,  on  the  other  hand,  the  external  load  acts  like  a  condenser, 
Condenser  ^  ^^^^  ^  negative,  and  hence  the  regulating  efifect 

loads.  will  be  better  than  for  a  non-inductive  circuit.     In 

this  case  also,  as  the  current  increases,  the  retarding  and  accele- 
rating effects  will  increase,  provided  that  G  sin  ^  increases. 

In  the  above  investigation  we  have  not  considered  the  effects 
Armature  ^^  armature  reaction  on  the  parallel  running  of  the 

reaction.  machines.      The   magnetomotive  force  of  the  cur- 

rents in  the  armature  when  they  lag  behind  the  armature  electro- 
motive force  tends  to  demagnetise  the  field  magnets.  Hence  the 
electromotive  forces  generated  are  reduced,  and  this  tends  to  bad 
regulation.  Similarly,  with  leading  currents  the  armature  reaction 
tends  to  increase  the  electromotive  forces  generated,  and  thus 
improves  the  running  of  the  machines. 

We  should  expect,  therefore,  when  alternators  are  working  in 
parallel  on  a  heavy  inductive  load,  that  the  running  would  be  un- 
steady and  that  breakdowns  would  be  frequent.  The  stability  could 
be  improved  by  the  use  of  an  over-excited  synchronous  motor  (a 
rotary  condenser)  connected  between  the  bus  bars  so  as  to  raise 
the  power  factor  of  the  circuit.  A  battery  of  static  condensers 
would  have  a  similar  effect  when  each  is  connected  in  parallel 
across  the  circuit.  If  the  potential  difference  be  too  high  for 
the  condensers  they  could  be  connected  in  parallel  groups  across 
the  mains  or  a  transformer  might  be  used  to  reduce  the  pressure, 
the  condensers  being  connected  across  the  low  pressure  terminals. 

We  shall  now  find  a  formula  for  the  free  oscillation  of  long 
period  or  'phase  swing'  which  practically  always 
tion  of  long  occurs  if  an  alternator  is  '  paralleled '  slightly  out  of 
step,  that  is,  if  it  is  switched  on  to  the  bus  bars  at 
an  instant  when  its  electromotive  force  is  not  exactly  in  phase 
with  the  potential  difference  between  the  bars.  In  order  to 
simplify  the  problem  we  shall  assume  that,  initially,  there  is  only 
one  machine  connected  with  the  bars.  We  shall  also  assume 
that  the  oscillation  is  so  slow  that  we  may  use  vector  diagrams. 
We  assume,  therefore,  that  the  periodic  time  of  the  fi-ee  oscillation 
is  great  compared  with  that  of  the  alternating  current.     In  ap- 
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proximate  working  this  assumption  may  safely  be  made.  We 
shall  also  neglect  all  the  damping  forces. 

Let  g(  and  g^  be  the  instantaneous  values  of  the  torques 
applied  to  the  first  and  second  machines  respectively,  and  let 
gi'  and  g^'  be  the  torques  required  to  overcome  the  mechanical 
retarding  forces.  Then,  the  torques  employed  in  developing 
electrical  energy  will  be  g\  —  gC  and  gi—gi'  respectively.  We 
shall  make  the  assumption  that  these  applied  torques  are  constant. 
We  shall  suppose  that  each  machine  has  the  same  number,  2p,  of 
poles,  so  that  the  mean  angular  velocities  of  the  rotors  are  the 
same. 

By  the  fundamental  equations  we  have,  when  the  running  is 
steady, 

g^to  =  JFC sin  (^o/2  -  i8)  +  (FV^)  (cos  7  +  cos  (^o  -  7)}. 
and     5f,a>  =  ^FCsin  (^o/2  +  &)  +  (V^/Z)  {cos  y  +  cos (^0  +'y)l 

where  gi  and  g^  are  equal  to  g^  —  (7/'  and  gfa'  —  ^rg"  respectively, 
and  6q  is  the  phase  difference  between  the  vectors  representing 
the  electromotive  forces. 

Let  us  now  suppose  that,  owing  to  a  momentary  variation  of 
the  driving  torque  or  the  load,  0q  becomes  Oo-k-x  at  a  particular 
instant,  then  since  eo  remains  practically  constant,  we  get  the 
following  equations  for  the  dififerences  Agr,  and  Ag^  between  the 
new  and  the  old  values  of  the  torque 

(oAg^  =  VC  cos  (^0/2  -h  ^/4  -  fi)  sin  (a;/4) 

-  2  (  V^/Z)  sin  (^0  -  7  +  x/2)  sin  {x/2\ 
and           o) A^Ta  =  VC  cos  (do/2  +  a?/4  4-  )8)  sin  (x/4f) 

-  2  (  r^/Z)  sin  (do  +  7  +  ^/2)  sin  (x/2).    . 

Now,  when  0  is  Oq-^x,  let  us  suppose  that  a  given  radius  of 
the  rotor  of  the  first  machine  makes  an  angle  dj  with  the  hori- 
zontal, and  let  also  a  radius  of  the  rotor  of  the  second  machine 
make  an  angle  0^  with  it.  Then,  the  radius  of  the  second  machine 
may  be  chosen,  so  that  0i  —  02  is  equakto  0/p,  where  0  or  0q-\-x  is 
the  angle  between  the  vectors  of  the  electrojflotive  forces.  Let 
Mikj^  be  the  moment  of  inertia  of  the  first  machine  together  with 
the  moment  of  inertia  of  the  shaft  and  the  flywheel  of  the  engine  to 
which  it  is  coupled.     Let  M^k^^  be  the  corresponding  moment  of 
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inertia  for  the  second  machine.  Then,  since  the  moment  of  inertia 
of  a  rotating  body  multiplied  by  its  angular  acceleration  equals 
the  moment  of  the  forces  about  the  axis  of  the  rotor,  we  have 

and  ilf a^a"  -^  =  A^Ta. 

Noting  that  p  (6i  —  6^  equals  6^  +  x,  we  get 

If  X  be  small  we  can  write  x  for  sin  x,  and  hence  we  find  that 

d'x 

d^=^^^ 
where 

fi  =  (pV/^o))  [{(4F/^)  sin  (^0  -  7)  -  C'cos (^o/2  -  ^)}/M,k,^ 
-  {(^V/Z)  sin  (^0  +  y)-C  cos  (0,12  +  /3)}/if,*a^]. 
If  fji  be  positive,  the  motion  is  therefore  simple  harmonic,  and  the 
period  is  2'7r/*/Ji, 

If  we  suppose  that  M^ki^  is  very  large  compared  with  Jlfgia* 
and  that  G  is  zero,  we  have 

r=  27r  [(M,h'Za>)/{-pr'  sin  (^o  +  7)}]*, 
and  putting  tt  —  '^  for  ^o>  we  get 

r=  27r  [(M,k,^Zo>)l{pV'  sin  (7  -  yJr)}]K 

This  agrees  with  the  formula  for  the  time  of  the  slow  free  oscilla- 
tion of  a  synchronous  motor  given  on  p.  179.  It  has  been  proved 
by  several  experimenters  that  the  period  of  the  phase  swing 
varies  directly  as  the  square  root  of  the  moment  of  inertia  Jl/a^g* 
and  inversely  as  the  excitation.  Now  the  excitation  is  propor- 
tional to  F,  and  thus  the  formula  has  been  partially  verified 
experimentally. 

Let  us  suppose  that  Miki^  equals  ilfa^a^.     The  formula  for  the 
period  of  the  phase  swing  is  now  given  by 

r  =  27r  [{(2M,kMlpy}/{^  (  V/^)  cos  ^  sin  7  -  (7  sin  /3  cos  (^/2)}]*. 
On  a  non-inductive  load,  /3  is  zero,  and  thus 

T=  27r  [{M,ki'Zco)/(2pr'  cos  ^  sin  7)]*. 
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Hence  the  time  of  swing  is  a  minimum  when  yjr  is  zero,  and  in- 
creases as  yjr  increases,  that  is,  as  the  phase  difference  between  the 
electromotive  force  vectors  of  the  two  machines  diminishes. 

The  time  of  swing  is  practically  independent  of  fi  in  most 
cases,  for  4(F/Z)cos'^sin7  is  generally  much  greater  than 
(7  sin  )8  cos  ('^/2).  It  makes,  therefore,  little  difference  to  the 
period  of  the  phase  swing  whether  the  load  acts  like  a  condenser 
or  a  choking  coil,  provided  that  the  armature  reaction  of  the 
alternators  is  negligible. 

When  phase  swinging  is  set  up  between  two  machines,  we  have 
seen  that  to  a  first  approximation  the  motion  is  simple  harmonic. 
It  follows,  therefore,  that,  when  the  phase  difference  between  the 
electromotive  force  vectors  of  the  two  machines  is  a  maximum  or 
a  minimum,  their  rotors  are  moving  with  the  same  angular 
velocity,  and  when  they  pass  through  the  positions  which  they 
have  when  the  running  is  stable,  the  difference  between  their 
angular  velocities  is  a  maximum. 

In  practice,  the  problems  connected  with  parallel  running  are 
Practical  much  moro  complicated  than  those  considered  above, 
running.  j^q^  Q^iy  h^g  armature  reaction  to  be  taken  into  ac- 
count, but  we  have  also  to  consider  the  stability  of  the  motion. 
We  saw,  in  Chapter  vi,  that  when  the  steady  motion  of  a  syn- 
chronous motor  is  disturbed,  then,  in  some  cases,  the  ensuing 
motion  is  unstable.  Similarly  when  an  alternator  is  running  in 
parallel  with  other  alternators  the  steady  motion  may  be  unstable. 

Let  us  suppose  that  we  have  several  alternators  connected 
with  the  bus  bars  and  working  in  parallel.  If  we  assume  that  the 
potential  difference  between  the  bars  is  sine  shaped  and  is  practi- 
cally undisturbed  by  oscillations  of  the  current  in  the  circuit  of  one 
of  the  machines,  then  the  analytical  work  given  in  the  preceding 
chapter  applies,  the  only  difference  being  that  the  watt  component 
fj  of  the  current  is  negative.  We  see,  therefore,  that  it  is  possible 
for  two  types  of  free  oscillations  of  different  periods  to  be  set  up 
in  the  circuit  of  each  alternator.  Thus,  if  there  are  n  alternators, 
we  may  have  2n  principal  free  oscillations,  and  these  oscillations 
may  all  be  taking  place  at  the  same  time.  As  Leo  is  generally 
greater  than  R  for  each  alternator  circuit,  we  see  that,  on  the 
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usual  assumptions,  there  must  be  at  least  n  types  of  free  oscilla- 
tions. If  the  damping  forces  due  to  armature  reaction  and  eddy 
currents  were  negligible  the  running  would  be  inherently  unstable. 

We  saw  in  the  last  chapter  that,  so  far  as  the  free  oscillations 
are  concerned,  they  can  be  damped  effectively  by  means  of  suitably 
chosen  damping  coils.  We  saw  also  that,  in  some  cases,  the  same 
effect  could  be  produced  by  diminishing  the  resistance  of  the 
exciting  coils  of  the  field  magnets.  In  general  the  effect  of  the 
eddy  currents  generated  when  the  steady  motion  is  disturbed  is 
to  damp  out  the  ensuing  disturbances. 

We  can  see,  also,  that  machines  which  produce  electromotive 
force  waves  differing  widely  in  shape  are  not  well  adapted  for 
running  in  parallel  as  the  synchronising  currents  are  large.  Even 
when  machines  giving  a  sine  shaped  wave  of  E.M.F.  on  open 
circuit  are  used,  the  synchronising  currents  are  large  when  the 
machines  are  very  unequally  loaded,  as  the  shapes  of  their  E.M.F. 
waves  are  then  different.  The  damping  effect  of  the  inductances 
of  the  armatures  of  the  alternators  on  the  high  harmonics  in  the 
current  disturbances  will  however  be  considerable,  and  thus  the 
effect  of  the  fundamental  harmonic  will  be  the  most  important. 

In  what  precedes  we  have  merely  considered  the  free  oscillations 
Forced  ^^^^  ^^^  ^^^  ^P  wheu  the  steady  running  is  disturbed, 

oscillations.  When  the  disturbing  force  is  periodic  we  get  forced 
oscillations  as  well.  For  example,  when  an  alternator  is  driven 
by  a  single  crank  reciprocating  engine,  the  fluctuations  in  the 
driving  torque  are  large,  and  this  torque  vanishes  at  least  twice 
in  every  revolution.  Even  in  an  engine  with  three  cranks,  the 
torque  is  not  absolutely  steady,  and  forced  oscillations  will  be 
set  up  in  the  running  of  the  alternator.  These  oscillations,  in 
practice,  are  often  sufficiently  large  to  produce  current  oscillations 
which  can  be  observed  by  noting  the  continual  oscillations  of  the 
pointer  of  the  machine  ammeter.  As  the  variations  of  the  torque 
give  rise  to  free  oscillations  also,  we  should  expect  that  the 
ammeter  pointer  would  vibrate  in  an  irregular  manner,  but  that 
in  general  it  would  go  through  all  its  values  during  the  time  the 
rotor  takes  to  make  a  complete  revolution,  and  when  the  forced 
oscillations  are  appreciable,  this  is  found  to  be  the  case. 
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The  magnitudes  of  the  forced  oscillations  set  up,  when  the 
alternators  are  acted  on  by  periodic  disturbing  forces, 
mechanical  depend  uot  ouly  ou  the  magnitude  of  the  amplitudes 
resonance.  ^^  ^^^  disturbing  forces  but  also,  in  a  very  special 

manner,  on  the  periodic  times  of  these  forces.  If  the  period  of 
the  disturbing  force  is  nearly  the  same  as  that  of  one  of  the  free 
oscillations,  the  resulting  forced  oscillation  will  be  very  large.  In 
particular,  when  the  period  of  the  disturbing  force  equals  the 
period  of  a  free  oscillation,  electro-mechanical  resonance  ensues, 
and,  unless  the  damping  be  very  powerful,  the  oscillations 
will  increase  until  the  large  currents  cause  the  circuit  breakers 
to  act  or  the  machines  have  to  be  switched  out  of  circuit 
owing  to  the  large  periodic  rushes  of  current  through  their 
armatures. 

Many  dynamical  illustrations  can  be  given  of  this  kind  of 
resonance.  A  heavy  pendulum,  for  instance,  can  be  set  into 
violent  oscillation  by  a  series  of  little  pushes,  provided  that  they 
are  properly  timed.  Similarly  the  *  rolling*  of  ships  at  sea  is 
explained.  When  the  period  of  the  waves  synchronises  with  the 
period  of  the  free  oscillation  of  the  ship,  it  may  roll  very  heavily 
even  although  the  height  of  the  waves  be  small. 

When  the  period  of  the  disturbing  force  is  not  approximately 
equal  to  any  of  the  periods  of  the  free  oscillations  the  effect 
produced  is  practically  always  small.  If  the  period  of  the  dis- 
turbing force  be  much  smaller  than  the  period  of  the  quickest  of 
the  free  oscillations,  the  resulting  disturbance  will,  in  general,  be 
quite  negligible.  This  is  illustrated  by  noting  the  apparently 
absolutely  steady  deflections  of  the  pointers  attached  to  the 
moveable  coils  of  several  types  of  electric  measuring  instruments 
when  traversed  by  alternating  currents,  even  when  the  frequency 
of  these  currents  is  very  low. 

In  practice,  therefore,  we  have  to  arrange  that  none  of  the 
periods  of  the  free  oscillations  is  approximately  equal  to  the 
period  of  any  of  the  disturbing  forces.  In  modern  stations  each 
alternator  is  directly  coupled  to  a  steam-engine.  The  disturbing 
forces  are  generally  due  to  the  variations  in  the  driving  torque, 
but  in  some  cases  they  are  due  to  the  oscillations  of  the  governors 
of  the  steam-engines.     It  is  well  known  (see  Routh's  Advanced 


206  ALTERNATING  CURRENT  THEORY  [CH. 

Rigid  Dynamics,  p.  73)  that  the  oscillations  of  the  balls  in  a 
Watt's  governor  are  unstable.  For  this  reason  various  damping 
devices  are  sometimes  employed  in  connection  with  steam-engine 
governors.  If  these  devices  are  ineflBcient,  periodic  fluctuations 
will  be  set  up.  When  the  balls  are  at  their  greatest  distance 
apart  the  lever  acting  on  the  throttle  valve  will  diminish  or  cut 
ofif  the  supply  of  steam,  and  when  they  are  at  their  minimum 
distance  the  valve  may  be  fully  opened.  These  pulsations  will 
therefore  produce  a  periodic  fluctuation  of  the  pushing  force  on 
the  piston,  and  therefore  also  a  fluctuation  in  the  driving  torque. 
This  will  give  rise  to  a  forced  oscillation  of  the  current  in  the 
armature.  If  the  period  and  real  exponential  of  the  disturbing 
force  in  this  case  are  nearly  the  same  as  the  period  and  real 
exponential  of  a  free  vibration  of  the  current,  a  very  large  forced 
oscillation  may  be  set  up.  The  remedy  for  the  resonance  due  to 
this  cause  is  to  use  eflScient  dampers  for  the  governors.  They 
may  be  fitted,  for  example,  with  a  dash  pot,  that  is,  a  loosely 
fitting  piston  working  in  a  small  closed  cylinder  containing 
air.  The  piston,  whilst  offering  practically  no  resistance  to 
slow  changes  of  its  position,  offers  a  great  resistance  to  sudden 
changes. 

If  the  periodic  times  of  the  disturbing  forces  are  known,  care 
must  be  taken  that  none  of  them  equals  the  period  of  any  of  the 
free  oscillations.  Now  the  period  of  the  free  oscillations  of  an 
alternator  can  be  varied  by  increasing  or  diminishing  the  moment 
of  inertia  of  the  flywheel,  and  this  would  be  the  best  remedy  to 
apply  in  practice.  The  periods  of  the  free  oscillations  can  also 
be  increased  or  diminished  by  varying  the  excitation  of  the 
alternator. 

In  designing  the  shaft  necessary  to  couple  an  electric  generator 
The  stresses  *^  ^^^  prime  mover,  the  stresses  which  it  will  have 
on  the  shafts      ^q  withstand  in   actual    working:   must   be   studied 

couphng  ^         o 

dynamos  carefuUv.     Heavv  shafts,  quite  free  from  flaws,  have 

with  engines.         ^  *'_      ,  .  ,  ,        ,   ,  , 

fractured  when  rotating  at  moderate  speeds  although 
they  were  only  transmitting  a  small  fraction  of  the  working  torque 
for  which  they  were  designed.  When  the  shaft  has  been  replaced 
by  a  new  one  of  the  same  dimensions,  it  has  been  noticed,  on 
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several  occasions,  that  it  fractures  at  the  same  critical  speed  as 
the  shaft  which  it  replaced.  As  the  forces  applied  to  the  shaft 
are  small  compared  with  the  static  forces  which  it  can  safely 
withstand,  the  fracture  may  possibly  be  due  to  mechanical  reson- 
ance. One  of  the  applied  periodic  forces,  due,  for  instance,  to 
the  pulsations  of  the  driving  torque  of  the  engine  or  to  the 
pulsations  of  the  resisting  torque  of  the  load,  may  have  the  same 
period  as  one  of  the  free  torsional  oscillations  of  the  rotating 
shaft.  It  is  of  importance,  therefore,  to  be  able  to  calculate  the 
frequency  of  these  free  torsional  oscillations. 

If  we  have  a  thin  rod  of  circular  cross  section  clamped  at  one 
end  and  if  the  length  of  the  free  part  of  the  rod  be  I  centimetres, 
the  frequencies  of  the  free  torsional  oscillations  are  given  by 
j(2m  + l)/4Z}\//i/p,  where  m  is  zero  or  a  positive  integer,  fi  the 
rigidity,  and  p  the  density  of  the  metal  forming  the  shaft.  For 
steel  V/a/p  is  about  330,000,  and  for  wrought  iron  it  is  not  much 
smaller.  It  will  be  seen,  therefore,  that  the  frequency  of  these 
oscillations  is  very  high.  In  practice,  however,  when  calculatiug 
the  free  torsional  oscillations,  we  must  consider  the  shaft,  rotor, 
crank  arms  and  flywheel  as  forming  a  simple  body,  and  this  makes 
the  exact  calculation  of  the  periods  of  these  oscillations  very 
difficult.  There  are  apparently,  in  this  case,  only  a  limited 
number  of  possible  periods,  and  the  frequency  need  not  be  high. 
The  curve  showing  the  driving  torque  of  the  engine  is  generally 
very  different  from  a  sine  curve,  and  so  the  periodic  torque  may 
be  supposed  to  be  the  resultant  of  a  series  of  periodic  torques 
some  of  which  have  appreciable  amplitudes.  The  frequencies  of 
these  harmonic  torques  are  multiples  of  n  where  n  is  the  number 
of  the  revolutions  of  the  crank  per  second.  If  the  field  of  the 
alternator  be  excited  as  the  rotor  is  driven  up  to  the  normal 
speed,  then,  if  the  machine  be  an  inductor  machine  or  if  the 
number  of  slots  in  the  armature  be  few,  an  appreciable  pulsating 
torque  due  to  the  eddy  current  and  hysteresis  losses  caused  by 
the  variations  of  the  reluctance  in  the  path  of  the  field  flux  will 
be  produced.  It  will  be  seen,  therefore,  that  there  are  many 
forces  of  different  frequencies  applied  to  the  shaft,  and  it  is  highly 
probable  that,  when  the  rotor  is  being  run  up  to  speed,  a  com- 
ponent of  the  applied  forces  of  appreciable  amplitude  will  pass 
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through  synchronism  with  a  free  torsional  vibration,  and  so  there 
will  be  a  risk  of  the  shaft  being  fractured.  If  the  amplitude  of 
the  applied  resonating  forces  be  sufficiently  great  to  overcome  the 
damping  due  to  the  friction  of  the  bearings,  etc.,  the  risk  will  be 
serious.  In  this  connection,  we  must  remember  that  alternating 
stresses  of  high  frequency  produce  metallic  fatigue  in  the  shaft, 
and  so,  for  this  reason  alone,  they  are  more  likely  to  cause  it  to 
fracture  than  alternating  stresses  of  the  same  amplitude  but  of 
a  lower  frequency. 

Torsional  vibrations  are  not  the  only  type  of  vibrations  which 
can  be  set  up  in  a  shaft  with  a  straight  axis  fixed  in  direction. 
When  torsional  vibrations  are  started  in  a  shaft  at  rest,  we  have 
one  or  more  sections  of  the  shaft  absolutely  at  rest,  whilst  the 
other  sections  are  in  motion.  When  the  shaft  is  rotating  one  or 
more  sections  of  the  shaft  are  moving  with  uniform  angular 
velocity  whilst  the  other  sections  move  relatively  to  them.  In  a 
second  type  of  vibrations  (ortho-radial)  the  angular  velocities  of 
all  points  equidistant  from  the  axis  are  the  same.  Any  line  in 
the  shaft  parallel  to  the  axis  always  remains  a  straight  line,  but 
its  angular  velocity  varies  in  a  periodic  manner.  If  the  axis  of  a 
circular  cylinder  were  fixed  we  could  start  a  vibration  of  this  type 
by  applying  equal  tangential  forces  to  every  point  on  the  circum- 
ference of  the  cylinder,  and  then  removing  them  simultaneously. 
In  some  cases  vibrations  of  this  type  are  more  likely  to  be  set 
up  than  torsional  vibrations.  They  have  been  studied  by  Chree,  . 
who  finds  that,  in  the  case  of  a  solid  circular  cylinder,  the  fre- 
quencies are  given  by  the  equation  Jj  {27r/a  (p/fi)^]  =  0,  where  /  is 
the  frequency,  a  the  radius  of  the  cross  section  and  Jj  denotes  the 
BesseFs  function  of  the  second  order.  The  three  smallest  values 
of  2'nfa(plfi)^  which  satisfy  this  equation  are  approximately 
equal  to  614,  8*42,  and  11  6  respectively.  Comparing  the  lowest 
frequency /j  of  this  type  of  vibration  with  the  lowest  frequency  y, 
of  the  torsional  vibrations,  we  see  that  /^/i  =  3'27Z/a.  In  general 
3*27Z  is  greater  than  a,  and  thus  the  frequency  of  the  second  type 
of  vibration  is  usually  greater  than  that  of  the  first  type.  In  the 
case,  however,  of  a  flywheel  considered  apart  from  the  shaft  the 
vibrations  of  the  second  type  would  be  less  rapid  than  the  tor- 
sional vibrationa 


VIl]  THE  WHIRLING   OF  SHAFTS  209 

Another  possible  explanation  of  the  fracture  of  shafts  is  that 
The  whirling  ^^  ^®  ^^^  ^^  *  whirling/  When  the  length  of  the 
of  shafts.  shaft  is  considerable,  this  explanation  seems  the  more 

probable.  The  phenomenon  of  whirling  has  been  investigated 
theoretically  by  Greenhill  and  Chree,  and  both  theoretically  and 
experimentally  by  Dunkerley.  The  following  simple  explanation 
of  the  cause  of  whirling  was  first  given  by  Chree.  Let  us  con- 
sider the  case  of  a  thin  rod  of  circular  section,  firmly  clamped  at 
one  end  to  a  shaft  which  is  capable  of  rotation  about  its  axis. 
If  we  pull  the  free  end  slightly  to  one  side  and  let  it  go,  the  rod 
will  execute  a  number  n  of  complete  vibrations  per  second;  the 
time  taken  by  the  extremity  of  the  axis  of  the  rod  to  pass  from 
one  position  of  maximum  amplitude  to  the  next  being  l/(2n).  If 
we  now  make  the  rod  rotate  about  its  axis  as  well  as  vibrate, 
it  will  be  found  that  the  time  taken  by  the  extremity  of  the 
axis  of  the  rod  to  pass  from  one  position  of  maximum  amplitude 
to  the  next  is  greater  than  l/(2n).  We  shall  call  this  time  half 
the  period  of  the  transverse  vibration  of  the  rod  when  rotating. 
If  the  velocity  of  rotation  of  the  rod  be  increased,  the  period 
of  the  transverse  vibration  gets  slower  and  slower  until,  finally, 
when  it  makes  n  revolutions  per  second,  whirling  ensues.  The 
transverse  vibrations  get  slower,  as  the  angular  velocity  increases, 
owing  to  the  centrifugal  forces  acting  in  the  opposite  direction 
to  the  elastic  stresses  tending  to  restore  the  rod  to  its  initial 
position,  and  thus  the  resultant  stress  is  diminished. 

Experiments  made  by  the  author  show  that,  when  the  critical 
angular  velocity  is  reached,  the  free  end  of  the  rod  describes 
rapidly  widening  loops  round  the  axis  of  rotation  of  the  revolving 
clamp,  and  the  rod  either  fractures  near  the  clamped  end  or  bends 
round  until  it  rotates  with  its  free  end  practically  perpendicular 
to  its  initial  direction.  When  a  rod  whirls,  it  acts  apparently  in 
much  the  same  way  as  a  piece  of  fairly  stiff  rope  would  act  when 
rotated  under  similar  conditions.  The  rope,  however,  whirls  at 
a  much  lower  speed. 

From  the  equations  for  the  vibration  of  thin  rotating  rods 
given  by  the  theory  of  elasticity,  it  follows,  at  once,  that 

where  o  is  the  actual  angular  velocity,  F  the  number  of  vibrations 

R.  XL  14 
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per  second  where  there  is  no  rotation,  and  /  the  number  of  vibra- 
tions per  second  when  the  angular  velocity  is  c».  The  condition 
for  instability  is  that  /  is  zero,  and  hence  the  corresponding  value 
ft  of  the  angular  velocity  is  given  by 

ft«  =  (27ri^)«. 

Instability  arises  when  the  frequency  of  the  tranversal  vibra- 
tions is  nil,  as  there  is  then  no  righting  force. 

The  same  reasoning  applies  when  the  rod,  which  we  suppose 
to  be  unloaded,  is  supported  by  two  bearings.  If  the  frequency 
of  the  transverse  vibrations  when  the  rod  is  not  rotating  be  F, 
the  rod  will  whirl  when  the  angular  velocity  is  27r.P'.  Chree  has 
shown  that  when  a  loaded  shaft  is  rotating,  the  frequency  equation, 
in  many  of  the  cases  considered  by  Dunkerley  and  himself,  is  of 
the  form 

(27rfy  +  aco'  =  {27rFy (a), 

where  a  is  approximately  constant,  and  F  is  the  frequency  of  the 
transverse  vibrations  of  the  loaded  shaft  in  the  absence  of  rotation. 
The  whirling  velocity  ft  is  now  given  by  the  equation 

ft*  =  (27rFy/a, 
If /i  and  o)i  be  simultaneous  values  off  and  o),  we  have 

(27r)HJ^^-/iO  =  aa>A 
and  thus,  we  find  that 

•     ft*  =  <i?^V(^'-/i')- 
Hence,  by  determining  F,fi  and  ©i,  we  can  find  ft.     In  order  to 
check    our  result  it  would   be  advisable  to  find  ft  from  other 
simultaneous  values  of  o)  and  /. 

It  must  be  remembered  that  whirling  is  a  phenomenon  of 
instability  and  not  of  resonance.  It  is  not  a  case  of  synchronism 
between  a  free  vibration  of  a  system  and  one  of  the  applied 
periodic  disturbing  forces.  When  whirling  begins  the  centrifugal 
forces  overpower  the  righting  forces  and  the  shaft  tends  to  fly 
outwards.  It  is  possible,  however,  that  for  speeds  less  than  that 
at  which  whirling  eusues,  we  may  have  equality  of  period  between 
the  variations  in  the  thrust  and  pull  of  the  connecting  rod  of 
the  reciprocating  engine,  on  the  crank  pin,  and  the  transverse 
vibrations  of  the  rotating  shaft.    Owing  to  the  rotation,  the  period 
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of  these  vibrations  is  diminished,  and  care  must  be  taken  that 
the  period  of  none  of  the  component  disturbing  forces,  which 
set  up  transverse  vibrations,  coincides  with  this  diminished  period. 
This  kind  of  resonance  might  produce  breaking  stresses  in  the 
shaft. 

When  several  alternators  connected  with  the  bus  bars  of  a 
central  station  are  running  in  parallel  and  it  is 
a  machlJJef  dcsirod  to  put  a  ucw  machine  in  circuit,  the  pro- 
vath  the  bus  ccduro  is  as  foUows.  The  first  operation  is  to  run 
the  machine  up  to  the  proper  speed  and  excite  the 
field  magnets  until  the  electromotive  force  is  equal  to,  or  preferably 
a  little  greater  than,  the  voltage  between  the  bus  bars.  We 
then  connect  some  form  of  synchroniser,  several  of  which  are 
described  below,  between  the  machine  and  the  bus  bars  so  that 
we  can  find  when  they  are  in  step.  When  the  synchroniser 
indicates  the  proper  moment  we  close  the  main  switch  and 
gradually  increase  the  driving  power  of  the  engine,  by  adjusting 
the  governor  or  otherwise,  so  as  to  open  wider  the  throttle  or  ex- 
pansion valve  until  the  engine  takes  its  due  share  of  the  load  on 
the  station.  Altering  the  excitation  of  the  field  increases  or 
diminishes  the  current,  and  hence  we  adjust  the  excitation  until 
the  current  is  a  minimum.  The  excitation  is  adjusted  by  means 
of  a  rheostat  in  the  circuit  of  the  field  magnet  windings  of  the 
exciter.  Altering  the  excitation  makes  very  little  difierence  in 
the  load  taken  by  the  machine. 

In  order  to  tell  when  the  electromotive  force  of  the  incoming 
machine  is  exactly  in  step  with  the  potential  difier- 

Methods  of  /       ,  ,  .  ,       . 

«ynchroni8-  enco  between  the  bus  bars,  various  devices  are 
*"^'  employed.     One  of  them  consists  of  an  iron  core 

transformer  with  three  windings.  One  of  these  windings  is 
connected  across  the  terminals  of  the  machine  and  another  is 
connected  across  the  bus  bars.  When  the  two  applied  potential 
diflFerences  are  in  phase  with  respect  to  the  load  the  magneto- 
motive forces  acting  on  the  core  of  the  transformer  balance  one 
another.  At  this  instant,  there  is  no  electromotive  force  in  the 
third  coil,  and  a  lamp  connected  across  its  terminals   is   dark. 

U— 2 
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When  the  potential  diflFerence  at  the  terminals  of  the  machine  is 
in  opposition  with  the  potential  difference  between  the  mains,  the 
magnetomotive  forces  acting  on  the  core  of  the  transformer  are  in 
phase,  and  hence,  the  alternating  magnetic  flux  generated  produces 
an  electromotive  force  in  the  third  coil,  and  the  lamp  glows.  The 
proper  moment  for  switching  on  is  when  the  lamp  is  dark.  When 
the  speed  of  the  incoming  machine  is  near  its  proper  value,  the 
pulsations  of  the  light  given  out  by  the  lamp  can  easily  be  noticed. 
When  the  period  of  the  pulsation  is  five  or  six  seconds  the  switch 
is  closed  in  the  middle  of  a  period  of  darkness.  It  is  advisable 
not  to  have  the  lamp  bright,  when  the  voltage  is  a  maximum, 
as  otherwise  the  eyes  get  dazzled.  It  will  be  found  that  a  dull 
red  is  generally  quite  sufficient. 


In  Fig.  97  the  connections  are  given  for  the  two  transformer 
method  of  synchronising.     In  this  method  the  two 
transformers    have    their   secondaries   connected   in 
series  through  a  voltmeter.     They  may  be  connected 
so  that  the  voltmeter  has  either  its  maximum  or  its  minimum 


Two  trans 
former 
method.    ■ 


Fig.  97.    Method  of  synohronising  with  two  transfoimers. 
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reading  at  the  proper  moment  for  closing  the  switch.  In  practice, 
however,  it  is  better  to  arrange  so  that  the  voltmeter  has  its 
maximum  reading  when  the  voltages  of  the  two  machines  are 
in  phase,  as  this  instant  is  more  definitely  indicated  by  the 
instrument. 


A  special  transformer  is  sometimes  used  to  indicate  the  mo- 
ment when  the  voltage  of  the  incoming  machine  is 
in  phase  with  the  voltage  across  the  bus  bars.     Its 
action  will  be  understood  from  Fig.  98.     When  the 
voltage  of  the  machine  is  not  in  phase  with  the  voltage  between 


Phase  indi- 
cating trans- 
former. 


Fig.  98.  Method  of  syDohronising  by  means  of  a  phase  indicating  transformer. 
The  switch  S  of  the  incoming  machine  is  closed  when  the  lamp  has  its  maximum 
brightness. 
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the  bus  bars,  the  magnetising  currents  in  the  coils  round  the 
outer  cores  of  the  transformer  will  flow  for  a  fraction  of  a  period 
in  opposite  directions.  The  resultant  flux  in  the  middle  core  is 
a  maximum  when  the  magnetising  forces  due  to  the  currents  in 
the  outer  coils  are  in  phase  with  one  another.  The  electromotive 
force  induced  in  the  coil  round  the  middle  core  will  therefore  be 
a  maximum,  and  the  lamp  in  series  with  it  will  be  brightest 
when  the  potential  difl^erences  between  the  bus  bars  and  the 
terminals  of  the  machine  are  in  phase  with  one  another.  The 
switch  8  is  closed  at  this  instant.  A  voltmeter  may  be  used 
instead  of  a  lamp. 


The  connections  for  synchronising  by  means  of  a  high  potential 
High  potential     voltmeter  are  shown  in  Fig.  99.     The  voltmeter  is 
connected  to  a  terminal  of  each  machine  and  the 
circuit  is  completed  by  means  of  a  high  resistance  R. 


voltmeter 
method 
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Fig.  99.    Method  of  synchronising  by  means  of  a  high  potential  voltmeter. 


If  the  voltmeter  be  an  electrostatic  one,  the  resistance  R  may  be 
very  large.  A  thick  pencil  line  drawn  on  a  piece  of  ground  glass 
will  answer  the  purpose  of  completing  the  circuit.  When  the 
voltmeter  has  its  maximum  reading  the  switch  is  closed. 
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If  a  number  of  white  spots  be  painted  round  the  rotor  of  an 
Optical  alternator  and  be  illuminated  by  light  from  an  arc 

methods.  lamp  supplied  with  alternating  current  of  frequency 

/,  then,  in  certain  cases,  the  white  spots  appear  to  be  stationary. 
Suppose,  for  example,  that  there  are  m  white  spots  painted  at 
equal  angular  distances  apart  round  the  circumference  of  the 
rotor.  Since  the  light  from  the  arc  is  pulsating  with  a  frequency 
2/,  it  follows  that  if  a  spot  make  the  mth  part  of  a  complete 
revolution  in  the  time  1/2/,  the  spots  will  appear  to  be  stationary 
as  they  will  have  their  maximum  illuminations  always  in  the 
same  m  places  and  their  minimum  illuminations  at  points  mid- 
way between  these  places.  Now,  if  there  are  2p  poles  on  the 
rotor  and  it  makes  n  revolutions  per  second,  each  pole  will  make 
the  2/>th  part  of  a  complete  revolution  in  the  time  l/2pn.  Thus, 
if  m  equals  2p,  the  frequency  of  the  alternating  current  supplied 
by  the  machine  when  the  spots  appear  stationary  will  equal  / 
provided  that  n  equals  f/p. 

If  the  lamp  be  supplied  with  alternating  current  taken  from 
the  bus  bars,  then,  as  the  alternator  speeds  up,  the  spots  present 
the  appearance  of  a  ring  of  a  uniform  gray  colour,  owing  to  the 
persistence  of  luminous  impressions  on  the  retina.  At  a  certain 
speed  they  appear  to  be  rotating  rapidly,  but  this  apparent  velocity 
diminishes  as  the  speed  is  increased,  and  finally  when  synchronism 
is  attained  they  appear  to  be  stationary.  For  higher  speeds  they 
appear  to  rotate  in  the  opposite  direction.  If  the  alternator  be 
a  flywheel  alternator  with  a  ring  of  field  poles  round  its  cir- 
cumference, the  spokes  of  the  alternator  sometimes  answer  the 
purpose  of  the  white  spots  and  appear  to  be  stationary  when  the 
alternator  is  running  in  synchronism  with  the  others. 

It  has  to  be  noticed,  however,  that  this  method  only  tells  us 
when  the  speed  is  right.  It  gives  no  indication  of  the  phase. 
When  the  windings  of  the  armature  of  the  alternators  are  em- 
bedded in  slots,  then,  if  the  incoming  machine  have  the  proper 
speed,  the  switch  may  be  safely  closed,  since  the  high  inductance 
of  the  armature  prevents  any  excessive  rush  of  current  and  the 
machine  is  pulled  into  step  by  the  magnetic  attractions  and 
repulsions  of  the  armature  and  field  poles.  In  machines  with 
small  armature  inductance  this  cannot  be  done,  and  so   trans- 
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formers,  with  pilot  lamps  or  voltmeters,  must  be  used  in  addition 
to  the  optical  device. 

In  Fig.  100  the  connections  are  shown  for  the  Siemens  and 
Halske  synchronising  device  for  three  phase  plant. 
de^ce7o"r"*°*^  1,  2,  and  3  are  three  lamps,  which  can  be  connected 
*unt  ^^*'*  across  the  terminals  of  the  incoming  machine  and 
the  three  bus  bars  by  means  of  the  switches  A  and 
J5.  The  contact  studs  marked  01,02,  and  a,  in  each  switch  are 
connected    with   the   terminals  Oi,  Og,  and  a^  of  the  machines. 


a   a 


0 


Fig.  100.     Synohronising  device  for  three  phase  alternators. 

Suppose  now  that  we  turn  the  handle  of  the  switch  A  until 
the  studs  Oi,  61,  and  Ci  make  connection  with  the  segmental  contact 
pieces  by  means  of  the  radial  conductors.  Let  us  also  turn  B  round 
in  the  same  manner  until  the  studs  Oj,  62,  and  c^  make  contact  with 
the  segmental  pieces.  Now,  following  out  the  connections  in 
Fig.  100,  we  see  that  Oj  and  a^  are  connected  through  the  lamp  1 ; 
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fii  and  Ca  are  connected  through  the  lamp  2;  and  Ci  and  b^  are 
connected  through  the  lamp  3.  Notice  the  want  of  symmetry  of 
these  connections.  If  the  machines  are  in  phase  with  one  an- 
other 1  will  be  out  and  2  and  3  will  be  bright.  If  the  frequency 
of  the  machines  be  not  quite  the  same,  the  lamps  will  be  bright 
in  turn,  the  direction  of  the  apparent  rotation  of  the  light 
depending  on  whether  the  incoming  machine  is  faster  or  slower 
than  the  other.  Hence  we  can  tell  whether  the  speed  of  the 
incoming  machine  is  too  high  or  too  low.  When  the  apparent 
rotation  is  very  slow  we  close  the  main  switch  when  the  lamp  1  is 
dark  and  the  lamps  2  and  3  are  bright. 

The  number  of  studs  round  the  segmental  contact  pieces  of 
the  switches  depends  on  the  number  of  machines  in  the  station. 
For  more  accurate  adjustment,  voltmeters  like  V  (Fig.  100)  can 
be  placed  across  the  lamps.  In  practice,  the  three  phase  machines 
are  wound  for  high  voltages,  and  hence,  step-down  transformers 
must  be  used,  the  lamps  being  placed  in  their  secondary  circuits. 
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.   CHAPTER  VIII. 

The  alternating  current  transformer.  Raising  or  lowering  the  pressure. 
Transformer  ratio.  Magnetising  current.  Magnetising  power.  Power 
factor  at  no  load.  Closed  and  open  iron  circuit  transformers.  Core  and 
shell  transformers.  Constant  potential  and  constant  current  trans- 
formers. Floating  coil  transformers.  '  Formulae  for  transformers.  Air 
core  transformer.  Maximum  power  factor.  Formulae  for  the  air  core 
transformer.  The  theory  of  the  floating  coil  transformer.  Inductive 
load  on  the  secondary.  Condenser  load  on  the  secondary.  No  magnetic 
leakage.    General  solution. 

From   the   mechanical   point   of   view   the   construction   of   the 
alternatincr  current  transformer  is  very  simple.      If 

The  altemat-  „  «  .  .  .  i        i» 

ing  current         a  Dundle  of  iron  Wires  be  bent  mto  the  form  of  a 

rans  ormer.  ^.^^   ^j,.^    ^^^^  ^^^    ^^^   ^^.j^^  pp   ^^^   ^^^  ^^  'm&xx. 

lated  copper  wire  be  wound  round  it,  we  may  use  this  piece  of 
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Fig.  101.    Alternating  current  transformer  having  a  closed  iron  oircnit. 

apparatus  as  an  alternating  current  transformer.     It  will  be  seen 
that  it  has  three  fundamental  parts,  two  coils  of  insulated  copper 
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wire  and  an  iron  core  linking  them  together  magnetically.  We 
may  apply  the  alternating  potential  diflFerence  to  either  of  the 
coils  and  take  power  from  the  other.  The  coil  to  which  the  P.D. 
is  applied  is  called  the  primary  coil,  and  the  other  the  secondary 
coil. 

Let  there  be  rii  turns  of  wire  in  the  primary  coil  PP  and  n^ 
turns  in  the  secondary  coil  SS.  Then,  if  the  relative  proportions 
of  copper  and  iron  have  been  properly  chosen,  we  have 

VJ  Fa  =  Wi/rij  very  approximately, 

where  Vi  is  the  eflFective  value  of  the  voltage  applied  at  the 
terminals  of  the  primary  coil,  and  Fg  is  the  voltage  between  the 
secondary  terminals.  For  instance,  if  Wi  be  100  and  Wg  be  10, 
and  if  the  applied  potential  difference  be  200  volts,  Fj  will  be 
20  volts.  When  the  transfoimer  has  been  properly  designed  it 
is  found  that  an  appreciable  amount  of  current  and,  therefore, 
of  electric  power,  can  be  taken  from  the  secondary  without  the 
voltage  Fg  being  lowered  by  more  than  one  or  two  per  cent,  of  its 
initial  value  and  without  excessive  heating  of  the  primary  or 
secondary  coils. 

From  the  formula  given  above  it  is  obvious  that  a  transformer 
can  be  used  for  either  raising  or  lowering  the  pressure 

Raising  or  -,  -rn  i  ii 

lowering  the  of  the  Supply.  If  we  apply  20  volts  to  the  secondary 
pressure.  terminals  of  the  transformer  described  above  we  get 

200  volts  across  the  primary  terminals.  When  it  is  used  for 
reducing  the  pressure  it  is  called  a  step-down  transformer,  and 
when  it  is  used  for  raising  the  pressure  it  is  called  a  step-up 
transformer.  A  transformer  does  for  electric  pressures  what  a 
lever  does  for  mechanical  forces.  In  the  one  case,  the  ratio  of 
the  electric  pressures  remains  constant;  in  the  other  case,  the 
ratio  of  the  mechanical  forces  remains  constant.  If  the  electric 
pressures  are  too  great  the  transformer  bums  out,  and  if  the 
mechanical  forces  are  too  great  the  lever  breaks.  If  copper  had 
infinite  conductivity  and  iron  infinite  resistivity,  and  if  there 
were  no  hysteresis  loss  in  it,  a  transformer  would  be  a  perfect 
machine,  absorbing  power,  at  one  pressure,  at  the  primary  terminals, 
and  giving  out  the  same  amount,  at  another  pressure,  at  the 
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secondary  terminals.  In  an  analogous  manner  a  lever  would  be 
mechanically  perfect  if  it  were  absolutely  rigid. 

The  ratio  of  the  effective  value  of  the  applied  potential 
Transformer  difference  to  the  eflFective  value  of  the  potential 
^***°*  difference  at  the  secondary  terminals,  on  open  circuit, 

is  called  the  transformer  ratio.  We  can  prove,  as  follows,  that 
this  ratio  is  approximately  equal  to  the  ratio  of  the  number  of 
primary  to  the  number  of  secondary  turns  of  the  transformer  when 
the  magnetic  leakage  is  negligible,  that  is,  when  practically  all 
the  magnetic  flux  generated  in  the  primary  is  linked  with  the 
secondary,  and  when,  also,  the  resistance  of  the  primary  coil  is 
negligible.  If  <J>  be  the  total  flux  in  the  core  at  any  instant, 
the  value  of  the  potential  difference  e^  across  the  secondary 
terminals  at  this  instant  is  given  by 

'^--"^li (">' 

where  ria  is  the  number  of  turns  in  the  secondary  winding. 

Since  the  flux  <l>  embraced  by  the  r?i  turns  of  the  primary  wind- 
ing is  continually  altering,  the  electromotive  force  induced  in  the 
primary  windings  by  this  varying  flux  in  the  core  is  —  n^  d^jdt. 
It  follows  that,  if  R^  be  the  resistance  of  the  primary  coil,  we  have 
by  Ohm's  law 

*i  =  («i  -  nid^/dt)/Riy 

and  therefore  ei  =  Riii  +  n^d^jdt 

In  practice,  the  resistance  of  the  primary  circuit  is  very  small. 
In  addition,  the  reluctance  of  the  magnetic  circuit  is  very  small, 
and  hence  a  small  change  in  the  value  of  ii  when  the  secondary  is 
on  open  circuit  produces  a  large  change  in  the  value  of  the  flux. 
With  transformers  at  ordinary  frequencies,  therefore,  the  maximum 
value  of  Ri^  is  very  small  compared  with  the  maximum  value  of 
n^d^jdt.     We   can   write,   therefore,   during  practically   all   the 

period 

e,==n^d^/dt (/S), 

and  thus,  on  the  above  assumptions,  we  get  from  (a)  and  (/8) 
and  hence  VJ  V^  =  Wi/na . 
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When  the  secondary  terminals  are  connected  through  a  resist- 
ance, a  current  will  flow  in  the  secondary  coil,  and  the  equations 
become  more  complicated.  We  shall  find  and  discuss  these 
equations  later  on.  For  the  present  it  is  sufficient  to  notice  that 
by  Lenz's  law  the  secondary  current  will  flow  in  the  direction 
which  tends  to  prevent  any  change  taking  place  in  the  value 
of  the  magnetic  flux  in  the  core.  The  magnetomotive  force  due 
to  it  therefore  will  oppose  the  magnetomotive  force  due  to  the 
primary  current. 

The  effective  value  Aq  of  the  current  in  the  primary  coil  of 
Magnetising  ^  transformer,  when  the  secondary  is  on  open  circuit, 
current.  g^jj^  ^  potential  difference  Fj  of  given  value  and  at 

a  given  frequency  is  maintained  between  the  primary  terminals, 
is  called  the  magnetising  current  of  the  transformer.  Now  the 
primary  of  a  transformer  when  the  secondary  is  open  circuited 
acts  like  an  inductive  coil,  and  we  saw  in  Vol.  I,  Chap,  ill,  that 
the  current  taken  by  such  a  coil  varies  considerably  with  the 
shape  of  the  wave  of  the  applied  potential  difference.  We  would 
therefore  expect,  for  this  reason  alone,  that  the  magnetising 
current  of  a  transformer  would  vary  with  the  shape  of  the  wave 
of  the  applied  potential  difference,  and  this  is  found  to  be  the 
case  in  practice.  Potential  difference  waves  which  are  approxi- 
mately sine-shaped  generally  produce  the  maximum  magnetising 
currents.  In  order  to  give  a  definite  meaning  to  the  magnetising 
current  of  a  transformer  it  is  customary  to  specify  that  the  applied 
wave  of  potential  difference  must  be  sine-shaped. 

The  power  Wo,  in  watts,  taken  by  the  primary  coil  when  the 
Magnetising  socoudary  is  on  open  circuit,  and  a  potential  differ- 
power.  gjj^g  -pr  Qf  specified  frequency  is  maintained  between 

the  primary  terminals,  is  called  the  magnetising  power  taken  by 
the  transformer.  The  power  taken  varies  with  th^  shape  of  the 
applied  potential  difference  wave.  Hence,  when  ordering  trans- 
formers, it  is  necessary  to  specify  the  shape  of  the  wave  of  the 
applied  potential  difference  that  is  to  be  used  in  making  the  test. 
It  is  customary  to  specify  that  the  wave  of  the  applied  P.D.  must 
be  approximately  sine-shaped. 
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Power  factor 
at  no  load. 


The  power  factor  cos  -^o  at  no  load  is  the  power  fector  of  the 
primary  circuit  when  the  secondary  is  on  open  circuit. 
The  following  relation  is  always  true, 

cos'^;ro  =  Fo/Fi-4o; 

but  it  is  found  by  experiment  that,  like  Wq  and  Aq,  cos-^^o  varies 
with  the  shape  of  the  applied  potential  difiference  wave,  although  Vi 
and  the  frequency  are  kept  constant. 

A  transformer  which  consists  merely  of  an  iron  core  wound 
with  primary  and  secondary  coils,  like  the  one  shown 
opcn*?r^n  ^^^  Fig- 101,  is  Called  a  closed  iron  circuit  transformer, 

transformers.  "^^^  P^*^  ^^  *^®  magnetic  flux  in  this  type  of  trans- 
former is  practically  confined  to  the  iron,  and  hence 
its  reluctance  is  small.  It  follows  that  very  small  changes  in  the 
value  of  the  current  produce  very  large  back  electromotive  forces, 
and  therefore  the  magnetising  current  in  a  closed  iron  circuit 
transformer  is  small. 


Fig.  102.    Open  iron  circuit  transformer. 


If  the  iron  core  of  a  closed  iron  circuit  transformer  be  sawn 
across  and  the  ends  pulled  apart,  we  get  an  open  iron  circuit 
transformer.  The  reluctance  of  the  path  of  the  magnetic  flux  is 
considerably  increased  (Fig.  102),  and  so  it  will  take  a  larger 
magnetising  current,  and  therefore  the  losses  due  to  the  heating 
jBi-4o*  of  the  primary  coil  will  be  increased.     In  practice,  however, 
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RiAo^  is  only  a  small  fraction  of  the  no  load  losses,  that  is,  of  the 
losses  when  the  primary  is  connected  with  the  live  mains  and 
the  secondary  is  on  open  circuit.  By  using  more  copper  in  the 
primary  coil  and  less  iron  in  the  core  it  is  easy  to  make  the  no 
load  losses  for  an  open  iron  circuit  transformer  less  than  for  a 
closed  iron  circuit  transformer,  but  the  magnetising  current  is 
much  greater,  cosyiro  being  consequently  much  smaller.  The  large 
magnetising  current  taken  by  open  iron  circuit  transformers  is 
a  serious  objection  to  their  use  in  practice,  and  hence  nearly  all 
modem  transformers  have  a  closed  iron  circuit. 

The  transformers  we  have  considered  hitherto  are  core  trans- 
core  and  shell  formcrs.  In  a  shell  transformer  the  primary  and 
transformers.  secondary  coils  are  placed  one  over  the  other  and 
are  encased  in  a  sheath  formed  of  iron  plates  insulated  from  one 
another.     In  Fig.  103  the  cross-section  of  a  transformer  of  this 
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Fig.  103.  Section  of  a  sheU  transformer.  The  arrowheads  indicate  the 
directions  of  the  flux  in  the  iron  plates.  The  circles  represent  the  sections  of  the 
primary  and  secondary  wires. 


type  is  shown.  The  inner  core  contains  the  primary  and  secondary 
copper  coils,  which  are  sandwiched  together  in  such  a  way  that 
the  number  of  lines  of  force  common  to  both  coils  is  a  maximum. 
The  sheath  is  built  up  of  centre-hole  iron  stampings,  each  of  which 
has  a  slit  from  the  centre  hole  to  the  boundary,  so  that  the  iron 
strip  can  be  bent  and  easily  slipped  round  the  copper  coils.  The 
strip  is  then  straightened  so  that  the  two  edges  of  the  slit  touch 
one  another.  These  stampings  form  paths  of  small  reluctance  for 
the  flux  of  induction  which  embraces  both  coils.  They  are  gene- 
rally pressed  tightly  together  by  the  ends  of  the  frame  in  which 


VIIl]  CONSTANT   CURRENT  TRANSFORMER  225 

they  are  held  and,  as  they  heat  considerably  during  the  working 
of  the  transformer,  air  spaces  are  left  for  ventilating  purposes. 
Shell  transformers  are  all  practically  of  the  closed  iron  circuit 
type  and  have  very  small  magnetising  currents. 

Constant  potential  transformers  are  those  which  are  intended 
Constant  ^^  ^^  ^^^^  ^^*^  ^  constaut  potential  difference  applied 

potential  and      across  their  primary  terminals.      If  they  are  to  be 

constant  ,.,..         ...  -ii 

current  uscd  ou  a  lighting  circuit,  it  IS  essential  that  the 

ransormers.  pQ^^j^^iai  difference  drop  on  the  secondary  between 
no  load  and  full  load,  that  is,  the  difference  between  the  secondary 
potential  differences  at  no  load  and  full  load  should  not  be  more 
than  about  two  per  cent.  If  a  transformer  has  been  economically 
constructed,  then,  when  there  is  the  maximum  potential  difference 
drop  at  the  secondary  terminals,  there  ought  to  be  the  maximum 
permissible  heating  of  the  transformer  itself. 

Transformers  which  are  constructed  so  that,  whatever  the 
resistance  in  the  secondary  circuit  may  be,  the  current  in  the 
primary  will  only  alter  by  a  fraction  of  its  open  circuit  value,  that 
is,  of  its  value  when  the  secondary  is  on  open  circuit,  are  called 
constant  current  transformers.  The  leakage  of  magnetic  lines 
from  the  iron  circuit  linking  the  primary  to  the  secondary  coil  in 
this  case  must  be  made  large.  When  the  secondary  coil  is  short 
circuited  the  primary  current  is  always  larger  than  when  the 
secondary  is  open  circuited,  but  the  power  expended  is  approxi- 
mately the  same  in  the  two  cases.  For  a  particular  value  of  the 
resistance  of  the  secondary  the  power  given  to  it  is  a  maximum. 

It  is  desirable  sometimes,  as  for  example  in  arc  lamp  series 
Floating  coil  lighting,  to  maintain  the  current  in  the  secondary 
transformers.  constant  whatever  the  load  on  it  may  be,  although 
the  potential  difference  applied  to  the  primary  terminals  is  always 
kept  constant.  This  can  be  managed  by  suspending  the  primary 
coil  over  the  secondary  and  counterbalancing  its  weight.  The 
principle  on  which  this  transformer  is  constructed  is  illustrated  in 
Fig.  104.  PP  and  88  are  sections  of  the  primary  and  secondary 
coils  of  a  closed  iron  circuit  transformer.  W  almost  counter- 
balances the  weight  of  88  so  that  on  no  load  it  rests  lightly  on 
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the  fixed  primary.  When  the  secondary  circuit  is  closed  the 
induced  secondary  current,  by  Lenz*s  law,  repels  the  current  in 
the  primary.  The  force  of  repulsion  separates  the  two  coils,  and 
thus  the  magnetic  leakage  between  them  is  increased  and  the 
mutual  inductance  diminished.     The  induced  electromotive  force 


Fig.  104.    Floating  coil  transformer. 

and  the  current  in  the  secondary,  therefore,  are  diminished,  and 
the  position  of  equilibrium  is  determined  by  the  relative  values  of 
the  weights  of  W  and  the  coil  SS,  A  properly  designed  trans- 
former of  this  type  will  maintain  the  secondary  current  very 
approximately  constant  at  all  loads. 


Formulae  for 
transformers. 


Although  the  fundamental  principle  of  the  ordinary  alternating 
current  constant  potential  transformer  is  so  simple, 
yet  the  best  way  of  utilising  the  iron  and  copper 
required  for  its  construction  is  a  problem  of  considerable  com- 
plexity. If  there  is  too  much  magnetic  leakage  between  the  coils 
in  any  given  design,  then  this  will  very  considerably  increase  the 
expense  of  making  the  transformer.  It  is  therefore  essential  to 
know  the  effects  produced  by  varying  the  relative  amounts  of  the 
copper  and  iron,  and  also  the  eflfects  produced  by  varying  the 
magnetic  leakage  on  the  potential  difference  drop  at  the  terminals 
of  the  secondary.  We  will  first  consider  the  case  of  the  air  core 
transformer,  for  although  we  are  not  always  justified  in  deducing 
the  formulae  for  the  iron  core  transformer  from  the  formulae  for 
the  air  core  transformer,  yet  the  converse  process  is  always  per- 
missible and  serves  as  a  valuable  check  on  the  accuracy  of  our 
results. 
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We  saw  in  Vol.  I,  Chap,  x,  that  the  equations  to  the  air  core 
transformer  are 

Air  core  ^y  J' 

transformer.  ^^  =  R^i^  +  L,'^  +  M'^!] 

at  at 

and  o  =  lt^  +  M^  +  L,^, 

where  iJj,  Li  and  iJg,  L2  are  the  resistance  and  inductance  of 
the  primary  and  secondary  coils  respectively,  and  M  is  the  mutual 
inductance  between  them.  These  equations  can  be  written  in  the 
form 

where  o-  =  1  —  M^jL^L^ 

=  the  leakage  factor. 
When  the  resistance  of  the  primary  coil  is  negligible,  the 
problem  is  greatly  simplified.     In  this  case  the  secondary  current 
is  determined  by  the  equation 

-  J- e^-=^  R^%i-¥  U(T -^    (2). 

Hence  the  secondary  current  is  equal  to  that  produced  in  a  coil 
(jRa,  L^a)  by  a  potential  diflference  —{M/Li)ei  applied  to  its 
terminals. 

Again,  since  Ri  is  zero,  we  get  from  (1) 

If  io  be  the  instantaneous  value  of  the  primary  current  at  no  load, 
that  is,  when  ig  is  zero,  we  have 

Hence  ^^1^1  +  Mi^  =  Li%  +  constant. 

Since  the  mean  value  of  the  left-hand  side  of  this  equation  over  a 
whole  period  must  be  zero  and  the  mean  value  of  %  is  also  zero, 
the  constant  must  be  zero,  and  thus  we  have 

Ziii  +  J/ia  =  Ziio (3). 

15—2 
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It  follows  that  the  vectors  of  Ai,  {MjL-^A^  and  A^,  the  effective 
values  of  I'l,  {MjL^  ig  and  i©,  can  be  represented  by  lines  drawn  in 
aii  plane. 

If  we  multiply  equation  (2)  by  i^  and  integrate  over  a  whole 

period,  we  get 

-  (if/ A) Fiascos  ff  =  B^A^\ 

and  therefore  cosd'  =  -{L,lM)  (R^  A  ^/V^)    (4), 

where  0'  is  the  phase  difference  between  ei  and  ig.  If  6  equals 
ir—ffyQ  will  be  the  phase  difference  between  e-^  and  —ta,  and  this 
is  an  acute  angle. 

When  the  secondary  coil  is  short  circuited,  that  is  when  R^  is 
zero,  we  have 

We  have,  also,  ei  =  Li-jj, 

and  therefore,  in  this  case, 

—  Mio  =  {L^L^ajM)  io  —  (LiL^/M)  ii 
and  ij  =  {1  +  M^KLiL^a)]  %  =  %/a: 

It  follows  that  the  shape  of  the  wave  of  the  current  in  the  primary 
when  the  secondary  is  short  circuited  is  the  same  as  the  shape  of 
the  wave  of  the  primary  current  when  the  secondary  is  an  open 
circuit.  Also  if  Ag  denote  the  vector  of  the  primary  current  when 
the  secondary  coil  is  short  circuited,  then  J « will  be  at  right  angles 
to  Vi  the  vector  of  the  applied  potential  difference,  and  it  will  be 
in  phase  with  Aq.     We  also  have 

a  =  Ao/Ag* 
Again  from  (3)  we  have 

(if/ii)i2  =  2o-ii, 
and  if  i^  be  the  short  circuit  current  in  the  secondary, 

-  (M/Li)  4  =  ii  -  io  =  io(l  -  <r)/<T  =  ^ (1  -  <r). 
Hence  the  phase  difference  between  the  primary  and  secondary 
currents  when  the  secojidary  is  short  circuited  is  180  degrees. 
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It  is  to  be  noted,  however,  that  it  is  impossible  in  practice  to 
make  the  resistance  of  the  secondary  circuit  absolutely  zero,  as 
the  resistance  of  the  secondary  coil  itself  is  always  appreciable. 
By  properly  designing  the  transformer,  opposition  of  phase  of  the 
currents  on  short  circuit  can  very  nearly  be  obtained. 

If  Ag'  denote  the  eflfective  value  of  the  short  circuit  current 
in  the  secondary,  we  have 

{MIL,)  a:' =  A,- A,. 

In  Fig.  105,  if  OY  represents  the  vector  of  the  applied  potential 
difference  Fi,  and  if  OA  and  OB  are  the  vectors  of  the  open  circuit 
current  -4o  and  the  current  A^  in  the  primary  when  the  secondary 


Fig.  105.  Diagram  of  the  primary  and  secondary  oarrents  in  the  ideal  air  core 
transformer.  OY  gives  the  phase  of  the  applied  potential  difference,  OP  is  the 
primary  current  vector  and  PA  is  MjL^  times  the  secondary  current  vector.  For 
sine  waves  the  locus  of  P  is  a  circle. 


is  short  circuited,  OAB  will  be  a  straight  line  at  right  angles  to  OY, 
Also  BA  will  be  equal  to  {MjL^Ag'  and  will  give  the  phase  of 
the  short  circuit  current  in  the  secondary. 

Again  let  OP  (Fig.  105)  represent  J.i,  then,  since  OA  represents 
Aq  we  see  by  equation  (3)  that  PA  represents  {MjL^A^.  If  we 
suppose  that  the  applied  potential  difference  wave  is  not  sine 
shaped  and  that  its  shape  is  invariable,  then,  from  (2)  we  see  that 
the  shape  of  the  current  wave  4  depends  on  the  relative  values  of 
iJa  and  Za<r  and  is  continually  altering  as  iJj  varies.     Since 

Liii  =  JBidt  —  J/ij, 

we  see  that  ij  also  varies  in  shape  as  B^  varies.  It  follows  that  a 
linear  relation  cannot  connect  the  variables  %,  Ci  and  ii,  since  i^ 
varies  with  R^  but  ei  and  %  are  invariable.  Therefore  OP  cannot 
lie  in  the  same  plane  as  OF  and  OA.    Hence  the  point  P  does  not 
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necessarily  lie  in  the  plane  YOB,  except  in  the  special  case  when 
the  applied  potential  difference  wave  is  sine  shaped.  Since  P 
coincides  with  the  points  A  and  B  when  the  secondary  is  open 
circuited  and  short  circuited  respectively,  we  see  that  as  the 
current  in  the  secondary  increases  from  zero  to  its  maximum  value 
P  describes  a  curve  in  space  starting  from  the  point  A  and  finishing 
at  the  point  B, 

Let  us  now  suppose  that  e^  =  V2  F^  sin  wt,  then  from  (2)  we  have 
ia  =  -  {(JIf/ii)  V2  Fi  sin  {(ot  -  e)]l{R^  +  L^a^w")^, 
where  tan  O^^L^a-GylB^,     The  angle  0  is  thus  the  phase  difference 
between  e^  and  —  tg.     The  inclination  of  PA  to  OF  (Fig.  105)  is 
therefore  6,  and  the  angle  PAB  is  7r/2  —  6.     We  also  have 

A,  =  {MlL,)VJ{It^^  +  L^^a^ari  =iM/L,)V,  sin  0/{L,a(o). 

If  we  draw  PB  at  right  angles  to  J.P,  then  since 

AB  =  API  sin  e  =  (il/L,)AJ  sin  0  =  (M/L,yV,/(L^aa>l 

we  see  that  -45  is  independent  of  the  value  of  6,  Thus,  since  the 
angle  APB  is  a  right  angle,  we  see  that  when  the  applied  P.D.  and 
the  frequency  are  constant,  the  locus  of  P  is  a  circle  described  on 
AB  SiS  diameter. 

Again  when  A^  is  zero,  Fj  is  LioyAo,  Thus  substituting  this 
value  for  Vi  in  the  above  formula  we  find  that 

AB  =  M^Ao/(L,L,a)  =  {(1  -  cr)/cr}  Ao. 

It  is  easy  to  see  from  Fig.  105  how  the  currents  in  the  ideal 
Maximum  *^^  ^^^^  transformer  vary  as  the  load  on  the  secondary 

power  factor.  increases.  When  the  resistance  of  the  secondary  is 
infinite,  the  magnetising  current  is  OA,  and  the  power  factor 
is  zero.  As  the  load  increases,  the  primary  current  OP  continually 
increases.  The  angle  -i^r  which  OP  makes  with  OF  is  the  phase 
difiference  between  the  primary  current  and  the  applied  potential 
difference.  When  yfr  has  its  smallest  value,  cos  ^fr  the  power  factor 
of  the  primary  circuit  has  its  maximum  value.  Hence  the  power 
factor  of  the  primary  is  a  maximum  when  OP  is  a  tangent  to  the 
circle  APB. 

In  this  case,  we  know,  by  geometry,  that 

OP'^OA.OB. 
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Now,  we  have  already  shown  that 

OA=Ao,     OB^As,     A,  =  (rAs 
and  AB  =  A,-Ao==  (l/<r  -  1)  Ao. 

Hence,  if  Am  be  the  value  of  the  primary  current  when  the  power 
factor  is  a  maximum  and  cos-i/r^  denote  this  maximum  value, 
we  have 

Am'^Ao'/a^aAs^ 

and  therefore  Am  =  Ao/'s/a  =  *JaAg. 

Since  OP  is  a  tangent  to  the  circle  in  this  case,  the  angle  OPG 
is  a  right  angle,  and  therefore 

cos yfrm  =  cos  OOP  =  GPI(OA  +A0)  =  AB/{2  ,OA+AB) 

=  {(1/a-  -  1)  Ao}/{2Ao  +  (l/o-  -  1)  A,}  =  (1  -  cr)/(l  +  a). 
Similarly,  sin  yjrm  =  2\/<r/(l  +  <r) 

and  tan  yjrm  =  2\/<r/(l  —  cr). 

We  also  have  tan  {-^ml^)  =  'Jcr, 

The  maximum  power  factor  cos-i/r^  of  the  primary  may  also  be 
expressed  by  a  series,  for 

cos ^^  =  1  -  2<r  +  2cr2 -  2o^  +  .... 
In  many  practical  applications  a  is  small  and  we  can  write 

cos  y^m  =  1  —  2<r. 
We  see  from  the  diagram  that  after  OP  attains  the  value  A^jsja- 
the  power  factor  cos-^/r  continually  diminishes  and  is  zero  when 
the  secondary  is  short  circuited. 

We  shall  now  give  a  list  of  the  formulae  for  the  ideal  air  core 
transformer,  that   is,    the   air   core   transformer   the 

Formulae  for  .  .  •!       /»       i  •   i      • 

the  air  core  rcsistauce  of  the  primary  coil  of  which  is  zero.  As 
rans  ormer.  ^j^^g^  formulae  are  frequently  used  by  practical  men 
as  a  foundation  on  which  to  base  rules  for  designing  both  trans- 
formers and  induction  motors,  the  student  is  recommended  to 
make  himself  thoroughly  familiar  with  them.  Most  of  the 
formulae  follow  at  once  from  the  simple  diagram  shown  in  Fig.  105. 
Let  Fi,  J-i  and  cos'*^  be  the  applied  potential  difference,  the 
primary  current,  and  the  primary  power  factor  respectively.  Let 
Aq  be  the  magnetising  current,  a-  the  leakage  factor  1  -  M^jL^L^, 
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and  jB,  the  resistance  of  the  secondary  coil.     Let  also  Fg  and  A^ 
be  the  secondary  potential  diflference  and  current  respectively. 

In  Fig.  105,  OP  is  A,,  OA  is  Ao,  OB  is  As,  AP  is  (MIL,)A^ 
and  the  angle  POY  is  yjr.  If  we  denote  the  phase  diflference 
between  the  applied  potential  difference  Vi  and  the  secondary 
current  A2  by  tt  — ^,  then,  if  all  the  vectors  are  in  one  plane,  we 
see,  since  PB  and  AB  are  perpendicular  to  AP  and  OF  respectively, 
that  the  angle  PBA  equals  0.  As  the  secondary  current,  which  is 
proportional  to  AP  increases  from  zero  to  its  maximum  value, 
0  increases  from  0  to  7r/2. 

We  have  already  shown  that  Aq  equals  a-Ag,  it  therefore 
follows  that 

AB  =  As-Ao^(ll(r-l)Ao-=2.GP, 

If  we  draw  PN  at  right  angles  to  AB,  we  have 

B]Sr=  BP  cos  0=-AB  cos»  0 

and  AN^AP  sin  0  =  AB  sin«  0, 

Also  since  PN^  equals  AN.NB,  we  have 

PN=ABBin0cos0 

=  (l/o-  —  1)  Aq  sin  0  cos  0. 
Now 

OP'  =  O&  +  PB''-'2.OB.PBcos0 

=  {Ao/a-y  +  AB"  cos*  0-2  {A^ja)  AB  cos»  0 

=  (^oM*  +  (1/^  -  1)  ^0'  cos*  0  {(l/cr  -  1)  -  21a] 

= (^o/<^)'  sin*  ^  +  u4o'  cos*  ^, 

and  therefore 

^,  =  (u4o/o-){sin*^  +  c7*cos*^}*     (5). 

Hence 

sin^  =  (crMo){(^,*-AW-^)}*    (6), 

and   cos^  =  (l/^){(A^-cr*il,*)/(l-(r*)}^     (7). 

Again,  we  have         cos  -^^r  =  PNjOP, 
and  therefore 

cosi|r  =  {(l-c7)sin^cos^{/{sin*^  +  c7*cos*^}*    (8). 

If  cos  ^|rm  denote  the  maximum  value  of  the  primary  power  factor, 
we  have 

cosVrm  =  (l-o-)/(l  +  cr)    (9). 
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If  W^  be  the  power  given  to  the  primary,  we  have 

W,^V,A,cosy}r  (10) 

=  Fi^o{(l-(r)/(r}8in^cos^     (11). 

If  0  vary,  then  TTj  has  its  maximum  value  when  6  is  45  degrees, 
and  we  then  have 

Fl  =  F,^(l-(r)/2^ (12). 

Since  the  power  expended  in  the  secondary  when  the  primary 
resistance  is  zero  equals  the  power  given  to  the  primary,  we  get 

W,=^R,A,' (13), 

and  from  (2)  W^=^{M/L,)V,A,coa0  (14). 

From  (11),  (14)  and  (6)  we  also  get 

•     A,  =  (LJM)  {(1  -  cr)/(l  +  cr)}*  (A,^  -  A,^f    (15). 

Hence  the  ditference  of  the  squares  of  Ai  and  Aq  is  always  directly 
proportional  to  A^^  This  result  could  also  be  proved  directly 
from  the  geometry  of  the  figure. 

If  ra  and  x  be  the  resistances  of  the  secondary  coil  and  of  the 
external  non-inductive  load  respectively,  x  +  r2  will  equal  R^  the 
resistance  of  the  secondary  circuit,  and  Fa  equals  ooA^-  Hence, 
from  (13)  and  (14),  we  have 

Fa  =  {x/ix  +  ra)}  JR,A,  =  {x/(x  +  ra)}  (Af/ZO^iCos  ^...(16). 
Let  Fa'    denote    the    secondary   voltage   on   open   circuit,   then, 
Fa'  equals  (M/Li)Vi  and  thus 

Fa  =  Fa'cOS^-ra^a (17). 

We  may  also  write  this  equation  in  the  form 

Fa  =  F,'-raA-2Fa'sin«(^/2)     (18). 

If  the  phase  difference  between  the  currents  i^  and  ig  be  tt  —  a, 
we  see  from  Fig.  108  that  a  is  the  angle  OP  A,  and  therefore 

a  =  ylr-0     .(19) 

and  cos  a  =  (0P»  +  PA^  -  A  0»)/(2  ,OP,PA) 

=  {Z,«  (A,'  -  ^0^)  +  M'A,']I(2ML,A,A,) . .  .(20). 
Again,  we  have 

L,A,  sin  yjt  -  L,Ao  =  A  (ON  -  OA) 
^L,,AN 
=  L,{M/L,)A^8m0 
=  MA,sixi0  (21). 
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Similarly  LiAiCOS  yjr  =  MA^  cofi  0  (22). 

Formulae  (21)  and  (22)  may  also  be  deduced  from  the  equation 

We  also  have 

LiA  1  cos  a  =  MA^  +  L^A o  sin  ^ (23). 

Now  from  (11)  and  (14)  we  get 

Asin^=W(l-cr)}(ilf/iO^   (24), 

and  hence  A^co&a=  {Ijil  -  a)]{MIL;)  A^   (25). 

If  ri  be  the  efficiency  of  this  ideal  transformer, 

_  useful  power  __       V^^      _     x 
""  total  power       Fi-4i cos -^     r^  +  x' 

The  greater,  therefore,  the  value  of  x,  that  is,  the  smaller  the  load, 
the  higher  will  be  the  efficiency. 

In  the  floating  coil  transformer  (see  Fig.  104)  the  secondary 
coil  has  its  plane  parallel  to  the  plane  of  the  primary 
thcttoat^e^^     ^^d  the  axes  of  the  coils  are  coincident.     We  shall 
former"*  uow   investigate   the   law   according   to   which    the 

magnetic  leakage  must  vary  with  the  relative  posi- 
tions of  the  coils,  so  that  the  mean  value  of  the  repulsive  force 
between  them  and  the  efifective  value  of  the  current  in  the 
secondary  may  be  constant  at  all  distances.  Let  ii  and  i^  be  the 
instantaneous  values  of  the  currents  in  the  coils  and  let  M  be  their 
mutual  inductance.  The  instantaneous  value  /  of  the  repulsion 
between  them  is  given  by  the  equation 

f=iii2dM/dx, 

where  x  is  measured  along  the  axis  of  the  coils.     Hence,  if  the 
mean  value  of  this  force  be  F,  we  have 

F  =  '-  A1A2  cos  a  dMjdxy 
and  therefore  by  (25) 

P L_^^«^. 

1  —  <r  Zi     ^  dx  ' 
Now  since  a  equals  l  —  M^jL^L^,  we  have 

dajdx  =  -  {2M/L^L,)  dMjdx, 
and  thus  F  =  L^A^^  (d(r/da;)/(l  -  a).  \ 
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But  by  hypothesis  F  and  A^  are  to  be  constant  at  all  distances,  we 
have  therefore 

(da/dx)/(l  -  0-)  =  FjL^A^  =  a  constant  =  k, 

and  thus  <r  =  1  —  (1  —  <ro)  6""**, 

where  o-©  is  the  value  of  a  when  x  is  zero.  Hence  the  leakage 
factor  a  must  increase  with  x  according  to  the  logarithmic  law  if 
the  eifective  value  of  the  secondary  current  is  to  remain  absolutely 
constant. 

If  we  put  an  inductive  load  {Xy  N)  across  the  secondary 
terminals,  the  formulae  become 

Inductive  load 

on  the  dh.   ,     T^jfdi^ 

secondary.  q^^  J,^  j^  M  ^tt  , 

Hence  we  see  that  the  efifect  is  to  increase  L^  in  the  ratio 
of  L^-^-N  to  Za,  and  also  to  increase  the  leakage  foctor  to  a\ 
where 

cr'  =  1  -  if  VIA  (A  +  iV^)}  =  1  -  ia  (1  -  a)l{L,  +  N) 

The  short  circuit  current  in  the  primary  is  now  Ao/a  and  is  less 
than  when  N  is  zero.  The  diameter  of  the  circle  in  Fig.  107  is 
therefore  diminished.     Also,  since  by  (6)  and  (15) 

sin  0  =  (rMA^/{{l  -  a)  L^A^}, 

we  see  that,  for  a  given  value  of  J.2,  0  is  increased  by  increasing  <r. 
Now,  by  (18),  we  have 

V,  =  F/  -  r,A,  -  2  F/  sin«  (6/2), 

The  voltage  drop,  V2  —  V^,  for  a  given  current  is  therefore  greater 
the  more  inductive  the  load. 

When  the  curve  of  potential  diflference  is  sine  shaped,  we  may 
replace  a  condenser  of  capacity  K  by  an  inductive 

load  on  the  coil  {0,  —  l/(Ka)^)},  We  see,  therefore,  from  the 
preceding  section,  that  the  effect  of  a  condenser  in 

the  secondary  circuit  is  to  diminish  the  resultant  self  inductance 
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of  the  secondary  circuit.     It  can  even  make  it  negative.     The 
leakage  factor  <r'  is  given  by 

a'  =  1  -  if  VIA  {L,  -  lIKto^)]  =  1  -  Z,  (1  -  a)l{L^  -  l/iTo)') 

=  (t{K^  llL,aco')l{K  -  1/L^'). 

As  the  capacity  K  is  increased  from  zero  to  l/(/i2G)^),  a  increases 
from  unity  to  infinity.  When  K  increases  from  \l{L^w^)  to  l/{L^a>^), 
a  increases  from  negative  infinity  to  zero,  and  finally,  when  K  is 
greater  than  l/(L^(ra)%  a  is  positive  and  equals  <r  when  K  is 
infinite.  It  is  easy  to  see  that  an  infinite  condenser  would  act 
exactly  like  a  non-inductive  coil  of  zero  resistance. 

Let  us  first  suppose  that  the  value  of  K  lies  between  zero  and 
l/(iaCiD^)  so  that  <r'  is  positive  and  greater  than  unity.  If  we  now 
suppose  that  the  condenser  is  in  series  with  a  non-inductive  load  x, 


O  B  A 

Fig.  106.    Condenser  K  in  series  with  the  secondary,  K  heing  less  than  IjL^. 


then,  since  the  short  circuit  current  AqI<t'  is  less  than  -4o,  B  in 
Fig.  106  will  be  to  the  left  of  -4,  and  the  locus  of  the  extremity 


B  o  A 

Fig.  107.     Air  core  transformer  with  a  condenser  K  in  series  with  the  secondary, 

K  being  greater  than  IjL^  but  less  than  IjL^t^, 

of  the  primary  current  vector  OP  will  be  the  semi-circle  described 
on  AB  as  diameter.     If  ^  is  made  equal  to  \l{L^(o%  then  B 
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coincides  with  0,  and  the  current  in  the  primary  continually 
diminishes  as  the  resistance  of  the  secondary  is  diminished.  When 
the  resistance  of  the  secondary  is  zero,  the  primary  current  is  zero, 
although  the  secondary  current  is  now  a  maximum.  The  primary 
circuit  therefore  acts  like  a  non-conductor  when  resonance  takes 
place  in  the  secondary. 

When  K  is  greater  than  ll{L^o}%  but  less  than  l/{L2a€o%  a  is 
negative  and  B  is  to  the  left  of  0  (Fig.  107).  In  the  particular 
case,  when  cr'  is  —  1  and  K  is  therefore  2/{Li(l+a)(o^\,  we  see 
that  the  primary  current  is  constant  in  magnitude  whatever  may 
be  the  load  on  the  secondary. 

When  K  equals  iKL^aay^),  a'  is  zero,  and  the  transformer  acts 
exactly  as  if  it  had  no  magnetic  leakage  (Fig.  108).   The  locus  of  P 


6  "  A^ 

Fig.  108.    Air  core  transformer  with  no  magnetic  leakage.    M^=LiL^. 


in  this  case  is  a  straight  line,  as  the  centre  of  the  circle  is  at 
infinity,  and  we  have 

The  primary  and  secondary  potential  diflferences  are  also  always  in 
exact  opposition  in  phase. 

When  K  is  greater  than  iKL^aay^)  then  a  is  positive  and  less 
than  unity.  In  this  case  (Fig.  109)  OB  is  AJa\  and  is  very  large 
when  a  is  small.  Finally,  when  K  is  infinite  OB  is  Ao/ay  and  we 
get  the  ordinary  transfoimer  diagram. 
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Fig.  109.     Air  core  transformer  with  a  condenser  K  in  series  with  the 
secondary  when  K  is  greater  than  l/L^uK 

When  there  is  no  magnetic  leakage  a  is  zero,  and  the  problem 
No  magnetic  becomos  much  simpler.  In  this  case  we  will  take 
leakage.  ^^le  resistance  of  the  primary  into  account.     Let  us 

suppose  that  the  load  is  non-inductive.  Replace  the  transformer 
by  its  equivalent  net-work  (see  Vol.  I,  Chap.  x).  The  choking 
coil  Zi  (Fig.  110)  is  shunted  by  the  non-inductive  resistance 
L^R^jM^y  and  is  in  series  with  the  resistance  R^,    The  current  in 


HA/WWV\r 


Fig.  110.    Equivalent  net-work  of  a  transformer  with  no  magnetic  leakage. 

the  secondary  is  in  opposition  in  phase  to  the  current  i'  in  the  non- 
inductive  branch  L^B^jM^y  and  its  magnitude  is  L^jM  times  this 
current.     Our  equations  are 

e,  =  B,H  +  (L,^/M^)R^i'  (a), 

(Lm')m^^L,^^  (6), 

and  ii  =  i-l-i'  (c), 

where  i  is  the  current  in  the  choking  coil  Zi, 
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Now,  we  see  from  (6)  that  whatever  the  shape  of  the  applied 
wave  of  potential  diflFerence,  the  currents  i  and  i'  are  in  quadrature, 
and  thus  we  have 

A,*  =  A^-^{{MIL,)A,]\ 

since  i^  =^  —  {MjL^i^,  where  i^  is  the  secondary  current. 

In  Fig.  Ill  let  or  be  equal  to  V^  and  let  OP  represent  R^A^. 
Describe  a  semi-circle  on  OF  as  diameter,  and  let  YP  produced 


Fig.  111.    Transformer  diagram  when  the  magnetic  leakage  is  zero. 
OP=R^A^,  BP={MILi)RiA^,  OB=:R^A,  OB^=^R^Aq,  and  OY=V^. 


meet  this  circle  in  B.    Join  OB,     Then  since,  by  hypothesis,  OP 
represents  iJi-4i,  therefore  from  equation  (a)  we  see  that  YP  will 
represent  (LJM)  R^A^  in  magnitude  and  phase. 
Now  equation  (c)  is 

and  since  i  and  i  are  in  quadrature  we  get,  on  multiplying  each 
side  of  the  equation  by  i\  and  taking  mean  values, 

AiA^  cos  a  =  A'^y 

but  A'  =  (M/L,)A,, 

and  therefore  cos  a  =  (MAi)/(LiAi), 

where  a  is  the  phase  diflFerence  between  Ai  and  A\  and  tt  —  a  is 
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therefore  the  phase  difference  between  Aj  and  A2,  In  Fig.  Ill 
PB  gives  the  phase  of  A^y  and  the  angle  OPB  equals  a. 

Hence  cos  OPB  =  {MA,)/{L,A,)  =  BP/OP, 

and  thus  BP  =  (if/ A)  RiA^. 

We  have  also 

OB^  =  0P«  -  5P»  =  Ri"  {A,^  -  WA?  ^2'}  =  Bi'A^ 

and  hence  0J5  =  R^A . 

We  shall  now  make  the  assumption  that  the  applied  potential 
difference  wave  is  sine  shaped.  In  this  case  PY  equals  cwii^, 
since  this  line  represents  the  voltage  across  the  choking  coil  in 
Fig.  110. 

Thus       OB/P  Y  =  RiA  jayL^A  =  R^jayL^  =  a  constant. 

Let  JBo  (Fig.  Ill)  be  the  position  of  B  when  the  secondary  is  on 
open  circuit.     Then  we  have 

OB/PY=OBolBoY, 

and  therefore  OB/OBo  =  PYjB.Y, 

Also,  since  the  angle  BOBq  =  the  angle  BqYP,  it  follows  that  the 
triangles  BOBq  and  BqYP  are  therefore  similar,  and  the  angle 
BqPY  equals  the  angle  B^BO  and  is  therefore  constant.  Hence 
the  locus  of  P  is  a  circle  passing  through  ^0  ^^^^  Y, 

The  secondary  electromotive  force  is  jRa-^g,  and  this  equals 
MjL^  times  PY,  The  value  of  the  magnetic  flux  also  is  pro- 
portional to  the  current  in  L^  (Fig.  110),  that  is,  to  A.  Hence 
the  magnetic  flux  is  proportional  to  OB,  We  have  seen  that  the 
secondary  current  is  proportional  to  PB,  The  magnetic  flux 
therefore  continually  diminishes  and  the  secondary  current 
continually  increases  as  the  resistance  of  the  secondary  is 
diminished.  We  can  see  from  the  diagram  that  the  primary 
current  which  is  proportional  to  OP  diminishes  slightly  at  first 
(Vol.  I,  p.  217). 

When  the  secondary  is  short  circuited,  P  coincides  with  Y 
and  Fi  =  i2i^i  =  (if/Zi)Ei^2.  Hence  the  power  RyA^  given  to 
the  transformer  is  entirely  expended  in  heating  the  primary 
coil. 
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We  saw  in  Vol.  I,  p.  217,  that  when  a  potential  diflference 
General  ^i  sin  ©^  is  applied  to  the  primary  terminals  of  a 
solution.  transformer,  the  primary  and  secondary  currents  are 
given  by 

h  =  E,  sin  (a)t  -  aj)l{{Ri  +  mi'R^y  +  (£i  -  m^^L^y  g>«}* 

=  /i  sin  ((ot  —  ai), 

and        22  =  -  {if/jft)  cos  (tot  -  ai  -  (X^]I{R^  +  ia^w')*. 

In  these  equations 

tan  aj  =  (ii  —  mi^Zj)  ©/(iJi  +  m^R^, 

and  tan  aa  =  L^calR^* 

If  the  applied  wave  ei  be  given  by  the  equation 

6i  =  ^1  sin  {(ot  -  /8i)  +  ^8  sin  (3g><  -  /S,)  +  . . . , 

then,  by  writing  down  the  values  of  i^  and  i^  for  each  term 
separately  and  adding  them  up,  we  get  the  complete  solution. 
The  square  of  the  effective  value  of  the  primary  current  would 
be  equal  to 

F,V{(iii  +  m,'R.Y  +  (A  -  rri,'L,Y] 

+  FsVKiJi  +  ms^iZa)^  +  (A  -  m,«ia)'}  +  . . . , 

where         m^^^  =  if « (2n  -  1>»  ©V{i2a'  +  L^^  (2n  -  1)'^  w^}. 

The  complete  analytical  solution  of  the  air  core  transformer  can 
thus  be  written  down  by  Maxwell's  method. 
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When  iron  sheets  are  placed  in  the  path  of  the  flux  of  an  air 
core  transformer,  then,  for  the  same  power  in  the 

The  alter-  ,  .         .        ,  .  .  .  i        ,  , 

Dating  current  secondary  circuit,  the  primary  current  is  considerably 
ans  ormer.  rcduced.  The  magnetising  current,  in  particular,  is 
very  much  smaller.  We  see,  therefore,  that  unless  the  induced 
currents  and  the  hysteresis  losses  in  the  iron  sheets  are  excessive, 
it  is  more  economical  to  use  an  iron  core  transformer,  as  not  only 
the  losses  due  to  the  heating  of  the  copper  in  the  primary  coil,  but 
also  the  losses  in  the  mains  and  in  the  armatures  of  the  generators 
due  to  the  primary  current  are  much  smaller.  The  initial  cost 
also  of  iron  core  transformers  is  much  less,  and  so  they  are 
practically  always  employed. 

In  order  to  reduce  the  losses  due  to  eddy  currents,  the  core  is 
generally  built  up  of  plates  of  thin  sheet  iron  insulated  from  one 
another.  In  Vol.  I,  Chap,  xvi,  we  saw  that  these  eddy  currents 
dissipate  power  directly  by  heating  the  iron  inr  which  they  flow. 
They  cause  losses  by  screening  the  interior  of  the  iron  sheets  from 
the  magnetic  forces,  and  thus  make  the  primary  current  larger 
than  that  required  to  produce  the  same  magnetic  flux  if  it  were 
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uniformly  distributed  throughout  the  core.  We  saw  also  that  the 
irregular  distribution  of  the  magnetic  flux  increases  the  hysteresis 
loss.  We  can,  however,  make  the  eddy  current  losses  very  small 
by  using  very  thin  sheet  iron. 

Since  there  is  no  known  formula  that  gives  the  magnetic  force 
^  as  a  function  of  the  magnetic  induction  B  which  it  produces, 
the  problem  of  finding  the  relations  between  the  currents  and  the 
voltages  in  an  alternating  current  transformer  does  not  admit  of 
an  exact  analytical  solution.  Approximate  solutions,  however,  can 
be  obtained  which  are  of  value  in  practical  work.  We  shall  first 
consider  from  a  general  point  of  view  the  various  losses  that  take 
place  in  the  copper  and  iron  used  in  the  construction  of  the  trans- 
former. 

The  principle  of  the  action  of  the  iron  core  transformer  is  the 
same  as  that  of  the  air  core  transformer.     When  the 

LfOsses  in  a  -.  ,  •         ^^  i  ^     • 

transformer  Secondary  IS  on  open  circuit,  we  have  a  current  m 
secondary  is  ^^^  primary  coil  magnetising  the  core  and  producing 
c^cu?t  °  ^  magnetic  flux  the  bulk  of  which  is  linked  with  the 

secondary  coil.  The  losses  in  this  case  are  mainly 
due  to  the  heating  iJi^lo^  of  the  primary  coil  by  the  primary 
current,  and  to  eddy  current  and  hysteresis  loss  in  the  core.  In 
addition  there  may  be  eddy  current  losses  in  the  copper  of  the 
secondary  winding  or  even  in  the  copper  of  the  primary  winding 
itself  Sometimes  also,  when  the  transformer  is  enclosed  in  a  cast 
iron  case,  leakage  flux  from  the  primary  may  cause  eddy  currents 
in  the  case.  When  the  frequency  is  high  the  current  density 
over  the  cross  section  of  the  primary  winding  is  not  uniform,  and 
this  increases  the  value  of  Ri  and  therefore  the  RiAq^  losses.  In 
practice  RiA^,  where  Ri  is  the  resistance  of  the  primary  coil,  gives 
the  minimum  possible  value  of  the  copper  losses. 

As  a  non-inductive  load  on  the  secondary  circuit  increases,  and 
Losses  under  therefore  as  the  secondary  current  increases,  the 
^°*^*  primary  current  increases  also.     If  47r(R/10  be  the 

reluctance  of  the  path  of  the  magnetic  flux  <^,  common  to  both 
primary  and  secondary  coils,  we  have  at  every  instant,  by  the 
fundamental  magnetic  equation, 

4>  =  (^1*1  +  'Thi^l^y 

16—2 
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where  ii  and  i^  are  the  instantaneous  values  of  the  primary  and 
secondary  currents,  and  Ui  and  n^  are  the  number  of  turns  of  the 
primary  and  secondary  coils  respectively.  Some  of  the  magnetic 
lines  linked  with  the  secondary  current  do  not  pass  through  the 
primary  circuit,  and,  as  in  the  case  of  the  leakage  flux  from  the 
primary,  these  lines  may  give  rise  to  eddy  currents  and  so  increase 
the  losses.  We  may  divide  the  losses  in  the  loaded  transformer 
into  iron  and  copper  losses.  The  iron  losses  are  due  mainly  to 
hysteresis  and  eddy  currents  in  the  core,  but  the  losses  in  the  iron 
case  are  sometimes  appreciable.  The  copper  losses,  jRi^i^  +  R2^2^i 
are  caused  by  the  primary  and  secondary  currents  heating  the 
coils,  and  in  addition  there  are  losses  due  to  eddy  currents  in  the 
coils  themselves.  For  frequencies  higher  than  fifty  it  is  advisable 
to  use  stranded  conductors  for  the  primary  and  secondary  windings 
if  they  have  to  carry  large  currents,  as  otherwise  the  eddy  current 
losses  are  appreciable. 

In  order  to  simplify  the  theory,  we  assume  that  the  applied 

potential  difference  wave  is  sine  shaped.     Even  in 
Difficulty  of         ^,  .  ,  ,  .1,  ,        . 

the  sine  curve  this  casc,  howevcr,  the  current  wave  will  not  be  sme 
assumption.  shaped  owing  to  the  fact  that  the  flux  in  the  iron  is 
not  proportional  to  the  magnetising  force.  To  simplify  the  problem, 
therefore,  we  must  assume  not  only  that  the  P.D.  is  sine  shaped 
but  that  the  current  and  the  magnetic  flux  also  obey  the  harmonic 
law.  We  shall  show  that  this  virtually  amounts  to  assuming  that 
the  shape  of  the  hysteresis  loop  of  the  iron  in  the  core  of  our 
imaginary  transformer  is  an  ellipse. 

If  the  current  in  the  primary  -winding  of  the  transformer  when 
the  secondary  is  on  open  circuit  is  /  sin  (oty  we  may  write 

h  =  Hm  sin  coty 

where  h  denotes  the  instantaneous  value  of  the  magnetising  force 
and  Rm  is  its  maximum  value.  If  the  magnetic  flux  also  obey 
the  harmonic  law  we  can  write 

b=^  — Br  cos  cot -^-B  sin  oyt, 

where  b  is  the  instantaneous  value  of  the  flux  density,  Br  the 
remanence,  and  B  the  flux  density  when  the  magnetising  force 

is  Hrn- 
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If  we  eliminate  the  trigonometrical  functions  from  the  above 
equation  we  get 

Plotting  out  the  curve  represented  by  this  equation  we  get  the 
ellipse  shown  in  Fig.  112.  In  this  figure  a  real  B,  H  curve  for 
iron  sheets  is  superposed  on  the  ellipse.  The  remanence  is  the 
same  in  each  case,  but  the  coercive  force  is  a  little  greater  for  the 


Fig.  112.    Real  hysteresis  loop  PRP'CP  and  hypothetical  eUiptic 
hysteresis  loop. 

ellipse.  In  the  hypothetical  iron  the  induction  density  goes  on 
increasing  for  some  time  after  the  magnetising  force  has  begun  to 
diminish,  whilst  in  the  real  iron  H  and  B  attain  their  maximum 
values  at  the  same  instant.  This  is  the  main  diflference  between 
the  real  and  the  hypothetical  hysteresis  loop. 

It  is  proved  in  treatises  on  Conic  Sections  that  if  we  transform 
an  equation  of  the  form 

ax'  +  2hooy  +  by^  =  1, 
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from  one  set  of  rectangular  axes  to  another,  the  quantity  ab  -  h^ 
remains   unaltered.     It   follows,   by  referring   the   ellipse   to   its 
principal  axes,  that  its  area  is  equal  to  7r/Va6  — M 
Hence  the  area  of  the  ellipse  in  Fig.  112  is 

irHmBr. 

Now  the  work  done  in  taking  a  cubic  centimetre  of  iron  which 
obeys  the  elliptic  law  through  a  cycle  is 

(l/4^)Jhdb  =  irH^Brl^TT  =  HrnBrj^  ergs. 

When  h  is  zero  h  equals  H^  the  coercive  force,  hence 

H,=^H^Brl{Br'^-B^)K 

If  Bm  denote  the  maximum  value  of  the  induction  density,  it  is 
not  diflScult  to  show  that 

Hence  H,B^  =  H^B,,  or  H^jEm  =  ^r/^m- 

We  have  already  in  Chapters  i  and  ii  made  the  assumptions  that 
the  flux  and  the  current  follow  the  harmonic  law;  we  have 
therefore  assumed  that  the  hysteresis  loop  of  the  iron  is  an  ellipse. 
We  can  see  that  the  area  of  the  ellipse  is  greater  than  that  of  the 
real  hysteresis  loop,  and  hence  it  may  be  supposed  to  take  into 
account  some  of  the  eddy  current  losses. 

The  maximum  value  of  the  flux  produced  in  the  core  of  a 
Flux  and  transformer  cannot  be  predetermined  unless  we  know 
applied  the  shape  of  the  applied  potential  difierence  wave. 

potential  _,  /  i-  i  •  -i  i         • 

difference  Iho  voltmctcr  reading  on  the  primary  side  only  gives 

^  ^  '  us  the  elBFective  value  of  the  voltage.     It  gives  no 

indication  of  the  wave  shape.  Let  e^  and  ii  be  the  instantaneous 
values  of  the  primary  voltage  and  current  respectively.  If  Wi  be  the 
number  of  primary  turns,  we  may  write 

where  ^  equals  the  mean  value  per  turn  of  the  instantaneous  flux 
linking  the  primary  with  the  secondary  circuit,  and  <f>a  equals  the 
mean  value  per  turn  of  the  instantaneous  flux  linked  with  the 
primary  alone.     The  path  of  the  flux  ^  we  may  consider  to  be 
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entirely  in  the  iron,  whilst  the  path  of  the  flux  <]>a  is  partly  in  the 
iron  and  partly  in  the  air  and  copper  or  entirely  in  the  air  and 
copper.  The  fluxes  <f>  and  (f)a  are  therefore  not  in  phase  with  one 
another,  and  the  complete  problem  is  very  complex.  In  practice, 
however,  the  maximum  values  of  the  terms  JBiij  and  nid^a/dt  are 
quite  negligible  compared  with  the  maximum  value  of  nid<]>/dt. 
To  a  first  approximation,  therefore,  we  have 

where  <f>  is  the  resultant  flux  in  C.G.s.  units  and  Ci  is  in  volts. 
When  ei  is  zero,  d^/dt  vanishes,  that  is,  the  rate  of  increase  or 
decrease  of  ^  is  zero,  and  therefore  ^  must  have  a  maximum  or 
a  minimum  value.  Owing  to  the  maximum  positive  value  of  the 
alternating  current  obtained  from  an  alternator  being  exactly 
equal  to  its  maximum  negative  value,  the  maximum  and  minimum 
values  of  (f>  are  equal  numerically  but  have  opposite  signs.  Let 
^max.  ^^^  —  ^max.  ^c  thesc  valucs  respectively,  and  let  ei  vanish 
when  ti&ti^  then  we  have 

and  therefore  /  n^dA\>,  10~®  =  the  area  of  the  applied  potential 

J  -  *max. 

difference  wave 

and  thus  ^n^^^^^  «  A' .  lOl 

If  we  write  ^max.  =  S .  -B^ax.  where  S  is  the  mean  cross  sectional 

area  of  the  core,  we  get 

In  calculating  A'  in  this  formula,  the  ordinates  must  be  measured 
in  volts,  and  the  abscissae  in  seconds.  The  maximum  induction 
density  is  therefore  directly  proportional  to  the  area  of  the  wave 
of  the  applied  potential  difference. 

It  is  proved  in  Vol.  I,  Chap,  iii  that,  when  the  effective  value 
of  the  applied  voltage  is  maintained  constant,  the  more  peaky  the 
wave  the  less  will  be  its  area.  The  more  peaky,  therefore,  the 
wave,  the  smaller  will  be  the  value  of  JS^ax.,  and  hence,  by  Stein- 
metz  s  law,  the  less  will  be  the  hysteresis  loss. 
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If  the  frequency/ vary,  the  shapes  of  the  applied  waves  being 
always  similar  and  their  eflFective  values  equal,  the  areas  of  the 
waves  will  be  directly  proportional  to  the  period,  and  thus  will  be 
inversely  proportional  to  the  frequency.  For  instance,  if  we  were 
to  increase  the  frequency  to  nf,  the  maximum  value  of  the  in- 
duction density  would  diminish  to  B^^j^jn, 

Let  the  instantaneous  value  of  the  applied  potential  difference 
be  denoted  by  E  sin  out,  then 

A'  =  I      E sin  toidt  =  (E\ta)    -  cos  ©n      =  2jF/o)  =  sIlY^lirf, 

where  A'  is  the  area  of  the  positive  half  of  the  wave,  and  V^  is 
the  eflFective  value,  of  the  applied  potential  diflference. 

Therefore         'J'^V^Iirf^^n^SB^^  \0-\ 
and  Fi  =  TT  ^2nJSB^^^  IQ-^ 

=  4.443rh/fif^„,ax.  lO-l 

Let  the  form  factor  (p.  16),  that  is,  the  ratio  of  the  eflFective 
value  Vi  to  the  mean  value  Vm  of  the  applied  p.d.  wave,  be  A?,  then 
we  have 

Fi  =  A?v^  =  k2A'IT  =  ^kfA'  =  ^kn,fSB^,  10-«. 

Values  of  k  are  given  on  p.  18.  For  very  peaky  waves  k  can  be 
very  large,  and  therefore  a  mere  knowledge  of  the  value  of  Vi  only 
determines  the  maximum  possible  value  that  ^max.  can  have, 
namely,  Fil0®/(4ni//S).  It  has  this  value  when  k  is  unity,  that  is, 
for  a  rectangular  wave. 

When  b  has  its  maximum  value  so  also  has  h,  and  we  have 
therefore  ^max.  =  /-^^max.>  where  fi  is  the  permeability 

^TOiV.* ^*°*^  of  the  iron  when  the  magnetising  force  is  i/max.-  Now 
if  /max.  be  the  maximum  value  of  the  primary  current, 

-ffmax.  =  ^''rniljag^/lOl,  where  I  is  the  mean  length  of  the  path  of 

the  flux  in  the  iron.     We  thus  find  that 

/max.  =  (10i/47m,)^max. 

=  (10l/4iwn,)  {r,10»/(4^fiknJS)} 
=  iFilO»/(167r/xJbh2//S), 

where  the  symbols  have  the  same  meaning  as  in  the  preceding 
paragraph. 
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Let  i'  be  the  amplitude  factor  of  the  current  wave,  that  is,  the 
ratio  of  ^o  to  /„«.>  then,  we  have  ^o  =  ^'^max.>  *^d  thus  Aq  can 
be  found  when  k  and  kf  are  known. 

Let  Aq  and  Aq  be  the  magnetising  currents  of  the  primary  and 
secondary  coils  of  a  transformer  when  used  as  a  step-down  and 
step-up  transformer  respectively.  Since  the  maximum  value  of 
the  flux  in  the  core  will  be  the  same  in  the  two  cases,  the 
magnetising  ampere  turns  will  also  be  the  same,  provided  that  the 
wave  shapes  are  the  same,  and  hence  A^jA^  ^vjui. 

The  following  test  of  a  five  kilowatt  hundred  volt  to  five  volt 
transformer  illustrates  how  the  magnetising  current  of  a  trans- 
former varies  with  the  frequency  and  also  shows  the  practical 
limitations  of  the  above  formula.     In  the  first  test  (Fig.  113)  the 
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Fig.  113.    How  the  magnetising  current  of  the  primary  varies  with 
the  frequency. 


primary  P.D.  is  maintained  at  100  volts  at  all  frequencies  from 
100  to  25.     The  magnetising  current  varies   from   0*85   to   15 
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amperes.  The  frequency  for  which  the  transformer  is  constructed 
is  80,  and  so  its  magnetising  current  is  one  ampere.  For  fre- 
quencies below  25,  a  very  slight  change  of  the  frequency  produces 
a  very  great  change  in  the  current,  and  for  frequencies  above  100 
the  current  is  practically  independent  of  the  frequency. 

A  potential  dilBFerence  of  five  volts  was  now  maintained  across 
the  secondary  terminals,  the  primary  being  on  open  circuit,  and 
the  frequency  was  varied  between  100  and  25.  The  current 
varied  from  18*5  to  180  amperes  (Fig.  114).     At  high  firequencies 
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Fig.  114.    How  the  magnetising  current  of  the  secondary  varies  with 
the  frequency. 


the  current  tends  to  attain  a  constant  value  and  at  low  frequencies 
it  increases  very  rapidly.  It  does  not  increase  as  rapidly  as  the 
primary  current  at  low  frequencies,  owing  to  the  relatively  greater 
value  of  its  resistance.  The  curves  show  that  to  a  first  approxima- 
tion we  have  Aq/Aq  =n2/nj. 


If  we  neglect  the  primary  resistance  and  suppose  that  there  is 
no  maenaetic  leakage,  we  have,  when  the  variables 

Shape  of  the  o  i-  .  7/7-01 

magnetising        are  measured  in  c.G.s.  units,  ei  =  njdq>/dt     By  the 
differential  calculus  we  see  that  the  flux  <^  has  a 
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maximum  or  a  minimum  value  when  ei  is  zero.  If  we  suppose 
that  61  is  zero  when  t  is  zero,  we  get 

I     rT/2  I    rt 

2wiJo  niJo 

the  flux  having  its  maximum  and  minimum  values  when  t  is  T/2 
and  zero  respectively.  The  current  will  also  have  its  maximum 
and  minimum  values  at  these  instants.  The  flux  <^  vanishes  at 
the  instant  when  the  ordinate  ei  divides  the  area  of  the  positive 
half  of  the  wave  into  two  equal  portions.  If  the  curve  be  sym- 
metrical, this  will  be  when  t  equals  7/4.  In  the  time  0  to  7^/4, 
^  increases  from  —  ^max.  to  zero  and  therefore  (see  Fig.  115) 


Fig.  116.    Hysteresis  loop  for  steel  strips.     (F.  J.  Dykes.) 


i  increases  from  —  /max.  to  Ic,  where  Ic  is  the  current  which  pro- 
duces the  coercive  force.  In  the  time  274  to  T/2,  i  increases  from 
^e  to  Jniax.*  We  scc,  therefore,  that,  even  when  the  applied  wave 
of  potential  difference  is  symmetrical,  the  current  wave  is  unsym- 
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metrical,  varying  more  rapidly  in  the  first  quarter  of  a  period  than 
in  the  second,  and  similarly  it  varies  more  rapidly  in  the  third 
quarter  of  a  period  than  in  the  fourth. 

When  we  know  the  shape  and  the  magnitude  of  the  hysteresis 
loop  of  the  iron  forming  the  core  of  the  transforaier  and  also  the 
shape  of  the  applied  P.D.  wave,  we  can  construct  the  current  wave 
as  follows.  At  the  times  0,  T/2n,  2T/2n,.,.  nT/2ny  erect  ordinates 
to  the  P.D.  curve  Ci,  and  calculate  the  value  of  ^  by  means  of  the 
formula  given  above,  the  integrals  being  evaluated  by  means  of  a 
planimeter.  We  then  find  from  the  hysteresis  loop  the  values  of 
the  currents  corresponding  to  these  values  of  ^,  and,  choosing  any 
convenient  scale,  mark  off  these  values  along  the  corresponding 
ordinates  of  the  curve  ei.  Drawing  a  curve  through  these  points, 
we  get  the  wave  of  magnetising  current.  It  is  to  be  noticed  that 
we  have  neglected  the  effects  of  magnetic  leakage  and  of  eddy 
currents,  and  we  have  supposed  that  the  primary  resistance  is 
negligible.     In  many  practical  cases  this  is  permissible. 

The  curve  in  Fig.  116  shows  the  shape  of  the  magnetising 
current  wave  when  the  applied  P.D.  wave  is  sine  shaped  and  when 


Fig.  116.  Shape  of  the  wave  of  the  magnetising  current,  when  the  core  is  built 
up  of  steel  strips  the  hysteresis  loop  of  which  is  shown  in  Fig.  115  and  the  applied 
P.D.  wave  is  sine  shaped. 

the  hysteresis  loop  of  the  iron  in  the  core  is  as  given  in  Fig.  115. 
In  this  case,  the  shape  of  the  current  wave  is  not  unlike  the  shape 
of  the  tooth  of  a  carpenter's  saw.  Hence  it  is  described  sometimes 
as  being  shaped  like  a  saw-tooth. 
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F.  J.  Dykes  has  made  an  harmonic  analysis  of  the  curve  shown 
in  Fig.  116.     He  finds  that  the  equation  to  the  curve  is 

i  =  0*59  sin  cot  —  071  cos  ayt 

+  0  05  sin  Soot  -  0*22  cos  Saot 

-  0-02  sin  ocot  -  005  cos  Scot 

-  0-02  sin  Icot -  002  cos  7(ot 

H-  .... 

It  will  be  seen  that  the  amplitude  of  the  third  harmonic  is 
approximately  equal  to  a  quarter  of  the  amplitude  of  the  first 
harmonic.  The  presence  of  this  large  third  harmonic  in  the  wave 
of  the  magnetising  current  often  produces  appreciable  elBFects  in 
practice,  especially  in  polyphase  working. 

We  can  also  construct  the  wave  of  applied  potential  diflference 
necessary  to  produce  a  sine  shaped  wave  of  magnetising  current. 
We  first  of  all  construct  the  flux  wave  by  means  of  Fig.  115,  and 
then  draw  the  required  wave  of  potential  diflference  by  means 


Fig.  117.     Shape  of  the  wave  of  the  applied  p.d.  required  to  produce  a 
sine  shaped  magnetising  current. 


of  the  formula  ei  =  Uid^/dt  The  ordinate  ei  is  therefore  equal  to 
Til  times  the  slope  of  the  flux  wave.  The  curves  shown  in  Fig.  117 
were  constructed  in  this  manner  by  F.  J.  Dykes. 
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In  Vol.  I,  Chap.  XVI,  formulae  were  found  for  the  eddy  current 
losses  in  metal  sheets  when  subjected  to  harmonic 

Core  losses. 

magnetising  forces.  In  order  to  produce  these  forces 
in  the  core  of  a  transformer  built  up  of  iron  plates,  the  applied 
potential  difference  wave  must  have  the  shape  shown  in  Fig.  117. 
We  assumed,  however,  that  the  permeability  of  the  metal  was 
constant,  and  therefore  that  the  flux  wave  also  obeyed  the 
harmonic  law.  We  see  from  Fig.  117  that  this  assumption  is  not 
justified.  If  the  permeability  were  constant,  the  hysteresis  loop 
would  be  a  straight  line  and  the  hysteresis  loss  would  be  zero. 
The  formulae,  therefore,  when  applied  to  transformer  cores,  can 
only  be  regarded  as  roughly  approximate. 

We  proved,  however,  that  the  power  expended  in  the  secondary 
coil  of  an  air  core  transformer,  when  the  primary  resistance  is 
negligible,  is  given  by  (Vol.  I,  p.  352) 

{MIL,yV,'Ikl{B^'  +  a^^V'o)^, 

where  a  is  a  constant  which  has  its  minimum  value  unity  when 
the  applied  wave  of  P.D.  is  sine  shaped.  Now,  since  we  may 
regard  the  path  of  a  filament  of  eddy  current  as  a  secondary 
circuit  of  a  transformer,  we  may  consider,  when  the  screening  eflfect 
of  the  eddy  currents  is  negligible,  that  the  eddy  current  loss  can 
be  represented  by  the  sum  of  a  series  of  terms  of  the  form 

If  the  amplitudes  of  the  higher  harmonics  of  the  applied  wave 
of  potential  diflerence  be  small  compared  with  the  amplitude  of 
the  first  harmonic,  we  see  from  the  formula  given  in  Vol.  I,  p.  80, 
that  a  is  nearly  unity.  When  the  applied  waves  have  the  shapes 
shown  in  Vol.  I,  fig.  16,  p.  71,  and  JRa  is  small  compared  with  L^a-o), 
a  is 

(2/7r)[{(«  +  2)(2«  +  3)}/{2(2r^+l)}]*. 

For  a  triangular  wave  n  is  1  and  a  is  1007  nearly.  Hence  the 
values  of  a  for  a  sine  wave  and  a  triangular  wave  difler  from  one 
another  by  less  than  one  per  cent.  We  should  therefore  expect 
that  the  dilBFerence  between  the  eddy  current  losses  in  the  core 
produced  by  a  triangular  shaped  wave  and  a  sine  shaped  wave  of 
equal  effective  voltage   and   having  the   same   frequency,  when 
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applied  to  the  primary  terminals  of  the  transformer,  would  be  too 
small  to  be  measurable. 

The  formula  also  shows  us  that,  if  L2(T(o  be  small  compared 
with  i?2,  the  eddy  current  losses  in  the  core  will  be  practically 
independent  of  the  shape  of  the  wave  of  the  applied  potential 
difference.  It  has  been  proved  experimentally  that  in  several 
types  of  transformer,  the  eddy  current  loss  is  approximately  inde- 
pendent of  the  shape  of  the  wave  of  the  applied  potential  differ- 
ence, when  the  effective  primary  voltage  and  frequency  are 
constant. 

As  a  rule,  the  hysteresis  loss  in  the  core  is  much  larger  than 
the  eddy  current  loss.  We  see  by  Steinmetz's  law  that  it  depends 
practically  only  on  the  value  of  jB^ax.,  and  therefore,  when  the 
primary  resistance  of  the  transformer  is  negligible,  on  the  value  of 
the  area  of  the  applied  wave  of  potential  difference.  In  Vol.  I, 
Chapter  ill,  many  illustrations  are  given  showing  how  waves  of 
equal  effective  voltage  may  vary  in  shape.  It  is  proved  that 
peaky  waves  have  a  smaller  area  for  a  given  effective  voltage  than 
rounded  waves,  and  so,  although  they  cause  practically  the  same 
eddy  current  loss,  they  cause  smaller  hysteresis  losses. 

In  practice,  transformers  for  use  on  low  frequency  circuits 
work  at  higher  induction  densities  than  those  for  use  with  higher 
frequencies.  For  instance,  in  transformers  constructed  for  use  in 
circuits  where  the  frequency  is  25,  B^^^  may  be  8000  or  even 
10,000  C.G.S.  units.  On  the  other  hand,  if  they  are  constructed  for 
a  frequency  of  about  100,  4000  C.G.S.  units  would 'be  a  usual  value 
for  jBmax.-  The  iron  sheets  used  in  the  construction  of  the  core  are 
generally  from  10  to  20  mils,  that  is,  from  0*025  to  0*05  centi- 
metres in  thickness.  In  commercial  transformers,  therefore,  we 
may  regard  the  screening  effect  of  the  eddy  currents  as  negligible. 
By  Steinmetz's  formula,  it  can  easily  be  shown  that  the  hysteresis 
loss  per  kilogramme  of  the  core  is  practically  the  same  when 
the  frequency  is  100  and  jBmax.  is  4000,  and  when  the  frequency 
is  25  and  B^^  is  10,000.  The  eddy  current  losses  per  kilo- 
gramme, however,  would  generally  be  less  in  the  latter  case. 

In  a  choking  coil  with  no  iron  in  the  core,  the  sine  shaped 
wave  produces  the  maximum  magnetising  current  (Vol.  I,  p.  80). 
In  a  transformer,  with  the  secondary  on  open  circuit,  the  current 
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has  to  do  work,  owing  to  hysteresis  and  eddy  current  losses  in  the 
core.  The  wattless  component  of  the  current,  however,  produces 
a  flux  which  is  practically  the  same  as  that  which  would  be 
produced  if  the  iron  were  absent.  For  a  given  applied  effective 
voltage  therefore  the  wattless  component  of  the  current  is  a 
maximum  for  a  sine  shaped  wave  of  P.D.  The  hysteresis  losses 
will  be  a  maximum  for  the  wave  of  given  effective  voltage  that 
has  the  maximum  area,  that  is,  for  the  rectangular  wave.  In 
this  case,  if  we  assume  that  the  eddy  current  losses  are  the  same 
whatever  the  shape  of  the  wave,  the  watt  component  of  the 
current  will  be  a  maximum.  The  watt  component  is  therefore 
a  maximum  for  the  rectangular  wave  and  the  wattless  component 
for  a  sine  wave.  We  should  therefore  expect  that  thie  magnetising 
current  of  a  transformer  would  be  a  maximum  for  a  wave  shape 
a  little  more  rounded  than  a  sine  curve,  and  this  is  found  to  be 
the  case  in  practice. 

The  copper  losses  at  any  load  may  be  calculated  from  the 
formula  B^A^^  +  R^A^. 

Copper  losses. 

If  the  frequency  be  high,  then  the  real  losses  will 
be  greater  than  those  calculated  by  this  formula  owing  to  the  current 
density  being  greater  near  the  circumference  of  the  conductors 
than  along  their  axes  (Vol.  I,  p.  47).  If  the  secondary  coil  be 
a  solid  conductor  of  large  dimensions,  the  losses  in  it  owing  to  eddy 
currents  may  be  large.  For  this  reason,  when  the  frequency  is 
greater  than  50,  the  secondary  conductor  is  generally  stranded. 

If  we  make  the  assumption  that  there  is  no  magnetic  leakage, 
that  is,  that  all  the  flux  generated  in  the  primary 

Constant  po-  °  •  i 

tentiai  trans-  passes  through  the  secondary,  the  equations  can  be 
no^  nfagnetic  Written  down  without  difficulty.  When  the  secondary 
leakage.  j^^  ^  -^  nou-inductivc  WO  can  write 

c.  =  i2A  +  «,^     (1), 

-n^-£  =  {r2-\-ai)i2     (2), 

<f>Gi  =  Wi  ti  +  Waia (3), 

and  F2  =  a?J.2 (4). 
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If  we  now 


In  these  equations  the  symbols  have  their  usual  meanings.  It 
must  be  noted  that  the  flux  <^  and  the  reluctance  47r(B/10  are  not 
single  valued  functions  of  riiii  +  Wgia,  as  they  have  different  values 
for  a  given  value  of  this  variable  depending  on  whether  it  is 
increasing  or  diminishing. 

From  equation  (1)  we  have 

If  we  square  each  side  of  this  equation  and  take  the  mean  values 
for  a  whole  period,  we  find  that 

where  Wi  is  the  mean  value  of  ejii,  that  is,  the  mean  power  given 
to  the  primary,  and  V  is  the  effective  value  of  d<f>/dt. 
write  Fiilicos^^i  for  Wi,  we  see  by  draw- 
ing a  triangle  (Fig.  118),  the  sides  of 
which  are  equal  to  Fj,  iiiV  and  RiAi 
respectively,  that  the  angle  between  Vi 
and  RiAi  will  be  equal  to  yjri.  In  Fig. 
118,  OB  is  the  applied  potential  difference 
V,  and  OA  is  R,A^, 

From  the  diagram  we  see  that  we 
may  suppose  the  applied  potential  differ- 
ence OB  to  be  replaced  by  its  two  com- 
ponents OA  and  AB  respectively.  The 
component  AB  neutralises  the  back 
electromotive  force  due  to  the  variations 
of  the  flux  in  the  primary  coil,  and  the 
component  OA  drives  the  current  A^ 
through  the  resistance  iij.  Now,  in  com- 
mercial transformers,  whether  the  iron 
circuit  be  open  or  closed,  RiAi  is  rarely 
as  great  as  the  hundredth  part  of  Vi,  even 
at  full  load.  Hence  the  lines  OB  and  AB 
in  Fig.  118  are  nearly  coincident,  and  the 
phase  difference  between  the  applied  p.d. 
and  the  electromotive  force  set  up  by  the 
varying  flux  of  induction  in  the  core  is  always  nearly  180  degrees. 
R.  II.  17 


C 

Fig.   118.     The  funda- 
mental diagram  of  a  trans- 
former.    OB=Vij 
OA  =  RiAi,    AB=niV, 

The  angle  BOA  equals  ^^ . 
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Again  from  (2)  and  (4)  we  get 

and  from  (2)  the  phase  of  i^  is  in  opposition  to  that  of  v,  and 
thus,  if  we  produce  BA  to  C  in  Fig.  118  and  make  AC  equal  to 
{n^ln^AB,  then  AG  will  represent  Fj  +  rjils  in  magnitude  and 
phase.     We  always  have 

When  there  is  no  secondary  load,  A^  is  zero,  and  we  get 
W,  -  R,A,'  =  (l/2ii,)  {F,«  -  R,A^  -  (n,Vn,0  ^2^}, 

where  Wq  is  the  power  taken  by  the  primary  in  this  case  and  Aq  is 
the  magnetising  current.  If  we  measure,  therefore,  iJi,  Fi,  J-o  and 
Fa,  when  the  secondary  is  on  open  circuit,  and  if  we  know  the 
ratio  of  n^  to  n^,  we  can  find  the  core  losses  at  no  load  by  this 
formula.  In  practice,  however,  the  formula  is  of  little  use,  as  we 
are  measuring  the  small  difference  between  the  large  numbers  V^ 
and  (ni/n^y  V^y  and  so  a  small  error  made  in  measuring  either  F^ 
or  Fg  will  introduce  a  large  error  into  the  calculated  value  of  the 
core  loss. 

In  practice,  Br^A^  {OA  in  Fig.  118)  is  always  very  small.     It 

follows  that  n^(AB)  is  very  nearly  equal  to  Fj  (05), 

constant  at         and,  therefore,  when  Fi  is  maintained  constant,  n^ 

will  also  be  practically  constant.    Now  since  v  equals 

d4>ldt,  we  have 

v  =  d(8B)ldt, 

and  thus  (p.  248)        F=  ^kfSB^^^  IQr^  volts, 

where  k  is  the  form  factor  of  the  applied  p.d.  It  follows  that  if 
the  shape  of  the  applied  P.D.  wave  and  the  frequency  be  maintained 
constant,  -B^ax.  will  also  be  constant.  At  full  load,  the  difference 
between  OB  and  AB^  which  in  closed  iron  circuit  transformers 
equals  -Ri-4i,  is  generally  less  than  one  per  cent.  Hence  -B^ax. 
varies  by  about  one  per  cent,  only,  between  no  load  and  full  load. 
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current  losses 
in  the  core. 


As  the  power  lost  owing  to  hysteresis  is  proportional  to  -Bj^  , 
it  follows  that  it  diminishes  by  about  1*6  per  cent, 
and  eddy*"**'  ^^^Yf  between  no  load  and  full  load,  provided  that  the 
shape  of  the  applied  wave  is  always  the  same.  If 
the  shape  of  the  wave  alters,  the  hysteresis  loss  may 
vary  largely,  although  Vi  is  kept  constant.  The  eddy  current 
losses  in  the  core,  on  the  other  hand,  have  practically  the  same 
value  at  all  loads,  when  Fj  is  constant,  although  the  shape  of  the 
applied  wave  alters  considerably.  If  RiAi  at  fiill  load  be  one  per 
cent,  of  Fi,  the  eddy  current  losses  at  full  load  would  be  about 
two  per  cent,  less  than  at  no  load. 


Resultant  am- 
pere turns. 


When   the   maximum  value   of  Riii  is  negligible  compared 
with  the  maximum  value  of 
nid<j>ldty  we  can  write 
nid^ldt  =  eiy 
and  therefore  ^  =  (^/ni)feidt, 

the  constant  term  being  zero  because  <^ 
is  a  purely  alternating  function.  We  see 
that  in  this  case  <f>  depends  only  on  the 
value  of  61.  Now  to  each  value  of  ^  as  it 
increases  there  is  a  definite  value  of  the 
magnetising  force,  and  therefore  a  definite 
value  of  the  reluctance  (B.  Similarly  to 
each  value  of  <^  as  it  diminishes  there  is 
a  definite  value  of  (R.  We  thus  see  that, 
in  this  case,  ^(R  depends  only  on  the 
shape  and  magnitude  of  the  primary 
voltage  ei.  It  is  therefore  independent 
of  what  is  happening  in  the  secondary 
circuit,  and  it  is  therefore  the  same 
function  of  ei  at  all  loads.  Hence  by 
equation  (3)  the  resultant  magnetising 
turns  riiii  +  n^ii  must  be  the  same  at  all 
loads.     We  therefore  have 


thit  +  n^ii^niiQ, 


Fig.  119.  The  currents 
in  the  primary  and  second- 
ary of  a  transformer  with 
no  magnetic  leakage. 

OD=Ai,     OC=Aq, 


where  to  is  the  current  in  the  primary  when  there  is  no  load  on  the 

17—2 
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secondary.  Since  a  linear  relation  connects  ii,  ij  and  %  we  can 
construct  (see  Vol.  I,  p.  181)  a  triangle  (Fig.  119)  the  sides  of 
which  are  Ai,  Aq  and  n^A^lrtx  respectively.  The  angles  of  this 
triangle  will  give  the  phase  differences  between  the  various 
currents.  Again,  by  equations  (1)  and  (2)  above,  we  always 
have 

^1  =  Ri  ii  -  (wi/na)  (ra  +  x)  %, 

and  thus  a  linear  relation  connects  ^i,  ii  and  ig,  and  therefore  their 
vectors  lie  in  a  plane.  If  OY  (Fig.  119)  be  the  position  of  the 
vector  representing  Fi,  then  OF,  OD  and  00  will  be  in  one  plane 
and  the  angle  YOD  equals  -^j  where  cos  -^i  is  the  power  factor  of 
the  primary. 

If  the  angle  YOO  be  ^o»  we  have,  by  trigonometry, 

J-i  sin  >^i  =  ON 

=  ^osin>^o    (a) 

=  a  constant, 

and  J-iCOS-^i  —  {n^jn-^A^^  AqCO^^^q (6), 

and  therefore 

tan  >^i  =  Wi^o  sin  1^0/(^2^2  +  n^A^  cos  >^o)  (c). 

These  equations  are  useful  in  practical  work,  and  enable  us  to 
determine  accurately  the  primary  power  factor  for  any  secondary 
current. 

The  following  are  the  data  for  a  Swinburne  open  iron  circuit 

transformer  of  the  *  Hedgehog  *  type :  V^  =  2400  volts, 

Wi/ria  =  24,   -4o  =  0*70   ampere   and    TT©  =  84   watts. 

Let   us   suppose   that  we  require   to   find  the   primary  current 

and  power  factor  when  the  secondary  current  is  50  amperes. 

Since  TTq  =  Fi-4o  cos  >^o  =  84, 

it  follows  that  cos>|ro  =  005,  and  therefore  sin>^o  =  100. 
Hence,  by  (c), 

tan  >^i  =  Wi^o  sin  >^o/(^^^2  +  «i-4o  cos  >^o)  =  0*38, 
and  therefore  >|ri  is  18*3  degrees  and  cos'^i  =  0'91. 
Finally  from  (a)  we  have     ^  1  =  ^0  sin  -^o/sin  -^i 

=  2*23  amperes. 
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Looking  back  at  Fig.  118,  by  projecting  OAB  on  OB,  we  see 

The  secondary      ^"^^ 

voltage.  Fi  =  ni  F  +  iii^l  cos  >^i, 

for  the  cosine  of  the  angle.  ABO  is  always  practically  unity. 
Thus,  from  (6), 

Fi  =  (Wi/Wg)  (F2  +  ra^a)  +  iJi  {(Wa/Wi)  ^2  +  ilo  COS  >^o}, 
and  hence 

Fa  =  (na/rh)  Fi  -  {ra  +  «/^')  -^i}  ^2  -  (wa/nO  lii^o  cos  -^/to.  .  .(d). 
This  formula  is  a  useful  one.  The  last  term  (n2/wi)i2i^ocos>^o  is 
generally  negligible. 

The  data  for  a  15  kilowatt  Ferranti  transformer  are  as  follows. 
^^  The   resistances   when    warm   of  the   primary  aud 

secondary  coils  are  275  and  00061  ohms  re- 
spectively. The  applied  primary  voltage  is  2400,  the  ratio 
(th/ih)  of  the  turns  is  24  and  the  power  Wq  taken  by  the  trans- 
former on  no  load  is  240  watts.     We  have 

"      ra  +  (n^/n,y  R,  =  0  0061  -h  (l/24)»  275 
=  0-011. 
We  also  have       Fi^o  cos  -^o  =  240, 
and  therefore  Aq  cos  -^o  =  0*1. 

When  the  secondary  current  is  150  amperes,  we  have 
Fa  =  (1/24)  2400  -  0-011 .  150  -  (1/24)  0  275 
=  100 -1-65 -001 
=  98-34. 

The  rating  of  a  transformer  depends  on  the  permissible  voltage 
drop  at  the  secondary  terminals.     If  we  assume  that 

Output'  •,  .         ,  .  -.11 

a  two  per  cent,  drop  is  the  maximum  permissible, 
the  rating  of  the  transformer  would  be  the  power  in  the  secondary 
when  the  voltage  drop  is  two  per  cent.  In  this  case  we  get  by 
formula  (d) 

A^  =  [{n^lrh)  Fi  -  {n^jn^)  R^A,  cos  to}/[50  {ra  +  {n^lrhf  A}], 
where  A^  is  the  maximum  permissible  current  in  the  secondary. 
Hence  the  rating  of  the  transformer  is 

(49/50)  [{n^ln,)  V,  -  (n,/n,) R^A^cos yjr,}  A,\  ' 
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and,  since  (n^/ni)  RiAoCosylto  is  always  very  small,  this  may  be 
written 

[49  {ihVJ{tyOrH)Y]l[r,  +  (n,/n,y  R,}. 

The  eflBciency  of  a  transformer   is   the  ratio   of  the   power 

utilised  in  the  external  load  on  the  secondary,  to 

the  power  taken  by  the  primary.     We  can  obtain 

a  formula  for  rj  by  means  of  the  formulae  (6)  and  (d)  given  above. 

We  have  by  (6) 

-^2  =  (^/wo)  {^1  COS  -^/ti  -  Aq  cos  >^o) 

We  have  also  by  (d) 

V^  =  Oh/rh)  Fi  -  {(%/7?2)  »'2  +  (n^hh)  Ri]  {A^  cos  yjr,  -  Ao  cos  >^o) 

—  (rh/ui)  RiAo  cos  ^0 
=  (rh/fh)  Fi  -  (na/iii)  QAi  cos  ^i  +  {n^M  r^Ao  cos  ^o, 
where  Q  =  iJi  +  {n^jn^^  r^ . 

Now  since  ri  =  ^2^2/ Tt^,  it  follows  that 

7,  =  (1  -  W,IW,)  {1  - gF,/F,*  +  (n.Vn,')r,F./F,^}. 
In  ordinary  transformers  {nijii^^{r^WQlV^)  is  negligible,  and  hence 

,  =  (1  -  TF,/FO(i  -  eir,/r.') (c). 

We  have  also,  since  r)  equals  W^fW^y 

F,  =  (F.-F„)(1-<2F./F»). 

Thus  when  we  are  given  TF2  we  can  always  find  TTi,  and  hence 
the  eflSciency  of  the  transformer  for  a  given  secondary  load. 
Again, 

If  we  plot  out  therefore  the  copper  losses  TTi—  TTq—  TTa  +  ^i-^o* 
as  a  function  of  the  power  TTi  taken  by  the  primary,  we  get  a 
parabola. 

It  easily  follows  from  {e)  that  the  efficiency  is  a  maximum 

when  

W,=^V,^/VQQ,    or     A,coBy^,  =  ^/W\jQ, 

and  we  have  77^.,.  =  {1  -  ^JQW^I  ^1}'. 
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Examples. 


In  the  Ferranti  transformer  considered  above  Q  equals  6'34 
when  the  windings  are  warm.     By  (e)  the  eflSciency 
of  this   transformer  when   the    primary   is   taking 
12  kilowatts  is  given  by 

V  =  {1-  240/12000) (1  -  6-34  x  12000/2400»)  =  0967. 

Its  efficiency  at  this  load  is  thus  967  per  cent. 

In  a  three  kilowatt  open  iron  circuit  transformer  Q  is  53*4 
ohms,  F,  is  2400  and  Wo  is  121  watts.  The  load  W^  at  which  the 
transformer  has  its  maximum  efficiency  is 


Tri  =  2400Vl21/53-4 

=  3-614  kilowatts. 

The  efficiency  at  this  load 

=  {1  -  (53-4  X  121)V2400}« 

=s  93'4  per  cent. 

The  following  table  shows  the  effect  on  the  percentage 
efficiency  of  a  variation  in  the  copper  and  iron  losses  in  the 
Ferranti  transformer  considered  above. 


Load  in 
Kilowatts 

Keal 
efficiency 

No  iron 
losses 

No  copper 
losses 

Copper  and  iron 
losses  each  halved 

0-646 

64-4 

99-9 

64-4 

82-2 

16-8 

96-8 

98-2 

98-7 

98-4 

When  the  secondary  load  has  inductance  or  capacity,  the 
Equivalent  problem  is  best  attacked  by  considering  the  equiva- 
net-work.  j^^^  net-work.     Let  us  suppose   that   there   is   no 

magnetic  leakage,  and  that  we  have  a  choking  coil  L  and   a 
condenser  K  in  series  in  the  secondary  circuit.    The  equations  are 

ei  =  Riii  +  n^d^jdt 
-  nid<t>ldt  =  (ra  +  x^  ia  +  iV'.  di^ldt  +  (l/K)fiidt 
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They  may  also  be  written  in  the  form 
€1  —  Riii  =  nid<l>/dt, 
e,  -  jRjii  =  (niV/ij2)  (ra  +  a:)  i'  +  (rh^/n^^)  N .  di'/dt 

where  i'  =  —  (ih/rii)  ij. 

These  equations  suggest  the  following  equivalent  net-work. 
Let  us  suppose  that  the  primary  T  of  the  transformer  has  zero 
resistance,  and  that  an  external  resistance  Ri  is  put  in  series  with 
it.  We  shall  also  suppose  that  the  potential  difference  is  applied 
across  the  two  in  series.  Connect  a  resistance  {n^ln^){r^  +  x\  a 
choking  coil  with  self-induction  {n-^jn^)N  and  a  condenser  with 
capacity  {n^ln^)K  in  series,  and  place  this  circuit  as  a  shunt 
across  the  primary  terminals.  The  above  equations  show  us  that 
the  primary  current  will  be  equal  to  the  current  in  R^  in  magni- 
tude and  phase  and  that  the  secondary  current  will  be  equal  to 
Wi/wg  times  the  current  in  the  circuit  shunting  the  transformer  and 
will  be  in  opposition  in  phase  to  it. 

If  i  be  the  current  in  the  imaginary  primary  coil  T,  then 

or  riiii  -h  71^1*2  =  Ui  i. 

If  Ri  be  zero,  i  will  obviously  be  constant,  and  hence  as  before  we 
find  that 

All  the  formulae  given  above  can  easily  be  proved  by  mea^s  of 
this  equivalent  net- work.  • 

t 
Replacing  a  transformer  by  means  of  its  equivalent  net- work 
^     is  also  useful  in  practical  work,  as  it  enables  us  to  tell 

Inductive  and  \  , 

condenser  at  oucc  what  Will  happen  m  special  cases,     buppose 

for  example  that  we  put  an  inductive  coil  N  in  series 
with  the  secondary.  Replacing  the  transformer  by  its  equivalent 
net- work  we  get  Fig.  120.  If  rg-h^  be  very  small,  the  net- work 
will  act  simply  like  a  choking  coil,  and  so  the  primary  current  will 
lag  nearly  ninety  degrees  behind  the  applied  P.D.  and  the  primary 
and  secondary  currents  will  be  nearly  in  opposition  in  phase.  If 
N  were  zero  and  r^-i-oo  very  small,  then  the  primary  and  secondary 
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currents  would  be  nearly  in  opposition  in  phase  and  the  primary 
current  would  be  nearly  in  phase  with  the  applied  p.d. 


(r.f^x) 


— MA/V 

Ri 


AAA/ — nmp- 


-^IJLlMJliL/- 

T 


Resonance 

with 

transformers 


Fig.  120.  Equivalent  net-work  of  a  transformer  on  an  inductive  load,  when 
there  is  no  magnetic  leakage.  T  acts  in  the  same  way  that  the  primary  of  the 
transformer  would  if  it  had  no  resistance  and  the  secondary  was  open  circuited. 

When  we  put  a  condenser  load  across  the  secondary  terminals 
we  can  see  at  once  from  the  diagram  that  in  certain 
cases  the  primary  current  will  be  in  advance  of  the 
applied  p.d.  in  phase.  Hence  the  transformer  as  a 
whole  will  act  like  a  condenser,  and  if  there  is  inductance  in  series 
with  it,  we  can  have  resonance  and  a  dangerous  rise  of  the  potential 
difference  between  certain  parts  of  the  circuit.  In  the  early  days 
of  electric  lighting  these  resonance  effects  caused  a  great  deal  of 
trouble  to  electrical  engineers.  We  can  also  see  that  in  certain 
cases  resonance  of  currents  will  take  place  in  the  net-work,  a 
very  small  primary  current  giving  rise  to  a  very  large  secondary 
current. 

It  has  to  be  remembered  however  that,  when  we  have  condensers 
in  the  circuit,  the  current  wave  is  generally  considerably  distorted 
and  alters  in  shape  as  we  vary  the  capacity  and  resistance  in  the 
circuit.  Hence  in  this  case  diagrams  got  on  the  supposition  that 
the  wave  shape  does  not  alter  have  only  a  limited  use.  The 
following  experiment  illustrates  this. 

The  primary  circuit  of  a  small  transformer  converting  from  100 
to  200  volts  was  connected  across  the  hundred  volt  mains  of  a 
supply  company.  Across  the  secondary  terminals  a  condenser,  of 
capacity  two  microfarads,  was  placed  in  series  with  an  adjustable 
resistance.  When  this  resistance  was  zero  the  current  in  the 
primary  was  0*67  ampere.     As  the  resistance  was  increased  the 
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primary  current  diminished,  attaining  a  minimam  value  of  0*62 
ampere  when  R  was  35  ohms.  It  then  increased  to  a  maximum 
value  of  0*915  ampere  when  R  was  1500  ohms,  and  it  finally 
diminished  to  0*74  ampere,  its  value  on  open  circuit  when  R  was 
infinite.  The  secondary  current  however  continually  diminished 
as  R  increased.  The  alteration  in  the  shape  of  the  current  wave 
was  proved  by  the  ratio  of  the  volts  at  the  condenser  terminals  to 
the  secondary  current  continually  increasing  as  the  resistance  in 
the  circuit  increased. 
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CHAPTER  X. 


The  transformation  of  polyphase  currents  by  single  phase  transformers. 
Primaries  connected  in  four  wire  star.  Primaries  connected  in  three 
wire  star.  Three  phase  transformer.  Mesh  to  star.  Mesh  to  mesh. 
Three  phase  to  two  phase.  Three  phase  to  single  phase.  Three  single 
phase  transformers  connected  in  star.  Boosting  transformer.  Eeducing 
the  pressure.  Increasing  the  pressure.  Boosting.  Variable  induction 
transformer.  Compensator.  Compensator  for  arc  lamps.  Current 
direction  indicator.    References. 

The  transformation  of  polyphase  currents,  from  high  pressure  to 
low  pressure  or  vice  versdy  by  means  of  stationary 
tio!i"of*""*"  transformers,  is  practically  as  simple  as  the  corre- 
?Sl?ente*by  Spending  problem  in  single  phase  working.  To 
singrie  phase       effect  the  transformation  we  use  either  polyphase 

transformers.  ^  r     jr 

transformers  or  groups  of  three  single  phase  trans- 
formers. In  either  case  they  may  be  connected  in  star  or  in 
mesh.  We  shall  first  consider  the  case  of  three  single  phase 
transformers,  connected  in  mesh  (Fig.  121).  The  three  primaries 
are  connected  in  series  at  Pi,  Pj  and  Ps,  and  the  three  secondaries 
at  iSi,  Sa  and  Sj.  Pi,  Pa  and  P,  are  connected  with  the  primary 
system  of  mains  at  1,  2  and  3,  and  8x,  S^  and  S^  with  the  secondary 
system  at  1',  2'  and  3'. 

If  the  three  transformers  have  the  same  ratio  of  transforma- 
tion, then,  neglecting  magnetic  leakage,  we  can  write, 

ei  -  ei  =  Vi   =     Rjii  +  ^i  ^ ;       0  =  ^2*2     +v^  "^  ^^  ^ ' 
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where  ^i,  «/,  e/'  are  the  potentials  of  the  primary  mains,  and 
Vi,  Vi  and  v/'  are  the  applied  potential  differences.  The  secondary 
potential  differences  and  the  currents  in  the  secondary  windings 
are  denoted  by  Vg,  v^  and  V2\  and  ig,  tg'  and  tV  respectively. 


2  3 

Fig.  121.    Transforming  three  phase  currents  hy  means  of  three 

single  phase  transformers. 


If  the  resistances  of  the  primary  and  secondary  coils  of  the 
transformers  can  be  neglected,  we  have 

These  equations  show  that  the  waves  of  secondary  voltage  are 
exactly  similar  to  the  primary  waves,  but  diflfer  from  them  in 
phase  by  180°.  Since  v^  +  Vz+v^'  is  always  zero,  it  follows  that 
the  vectors  of  the  secondary  voltages  form  a  triangle.  The  sides 
of  this  triangle  (Fig.  122)  are  equal  to  Fa,  Fg'  and  Fa"  respectively, 
and  the  supplements  of  its  angles  give  the  phase  differences 
between  the  secondary  voltages.  We  see  that  the  sides  of  this 
triangle  equal  the  sides  of  the  primary  voltage  triangle  multiplied 
by  Wa/wi,  when  the  resistances  of  the  transformer  windings  can  be 
neglected. 
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When  the  applied  potential  difference  follows  the  harmonic 
law,  the  shape  of  the  wave  of  the  magnetising  current  will  be 
similar  to  that  of  the  curve  shown  in  Fig.  116.  This  curve  has 
a  large  third  harmonic.  If  the  P.D.  wave,  therefore,  between  each 
pair  of  mains  is  sine  shaped,  the  sum  of  the  magnetising  currents 
ii -f- ii  +  ii\  round  the  mesh,  will  not  be  zero,  but  will  equal  three 
times  the  sum  of  the  harmonic  terms,  in  the  Fourier  series  repre- 
senting the  current,  whose  frequencies  are  given  by  3(2?i  +  l)/, 


Fig.  122.     Transfonuing  three  phase  currents  by  means  of  three  single  phase 
transformers.    The  sides  of  this  triangle  equal  the  secondary  voltages. 

where  ?i  is  zero  or  a  positive  integer.  In  the  primary  mesh, 
therefore,  we  have  at  all  loads  a  local  current  component  which, 
since  the  third  harmonic  is  much  the  most  important,  is  practically 
sine  shaped  and  has  a  frequency  3/ 

If  the  resistances  of  th'e  primary  coils  are  negligible,  the 
secondary  potential  differences  will  be  of  the  same  shape  as  the 
primary  potential  differences,  provided  that  the  magnetic  leakage 
is  negligible,  the  secondary  coils  mesh-connected,  and  the  secondary 
loads  balanced  and  non-inductive.  The  secondary  currents,  in  this 
case,  will  be  of  the  same  shape  as  the  applied  P.D.  waves.  We  see 
that  the  additional  components  of  the  primary  current,  necessary 
to  prevent  these  secondary  currents  producing  a  flux  which  would 
upset  the  balance  of  the  back  and  the  applied  electromotive  forces, 
must  have  the  same  shape  as  the  applied  P.D.  waves  and  will  be 
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in  phase  with  them.  As  the  balanced  load,  therefore,  on  the 
secondary  increases,  the  shape  of  the  primajrjr  currents  becomes 
more  like  the  shape  of  the  applied  potential  difference  waves,  and 
the  power  factor  consequently  approaches  unity.  This  effect  also 
ensues  when  the  secondaries  are  connected  either  in  three  wire  or 
four  wire  star,  provided  that  the  load  is  also  connected  in  three 
wire  or  four  wire  star.  If,  however,  when  the  secondary  cpils  are 
connected  in  star,  the  load  is  connected  in  mesh,  the  secondary 
P.D.  waves  will  not  be  in  opposition  in  phase  and  will  not,  in 
general,  be  similar  to  the  applied  P.D.  waves.  Thus  the  additional 
components  of  the  primary  current  due  to  the  load  will  differ  in 
phase  and,  in  general,  also,  in  shape  from  the  primary  p.d.  wave, 
and  the  power  factor  will  therefore  be  low  (see  Vol.  I,  Chap.  vi). 
Hence,  we  see  that,  when  the  primaries  are  in  mesh  and  the 
secondaries  are  in  star,  the  secondary  load  must  not  be  mesh- 
connected. 

Let  us  now  consider  three  single  phase  transformers  with  their 

primaries   star-connected,  and   let  us  suppose  that 

connected  in       their  commou  juuctiou  is  connected,  either  through 

^*  '  the  earth  or  through  the  'neutral  main/  with  the 
common  junction  of  the  armature  windings  of  the  generator,  so 
that  we  have  a  four  wire  star  system.  If  the  waves  of  P.D.  between 
the  mains  and  the  common  junction  be  sine  shaped,  the  magnet- 
ising currents  will  be  shaped  as  in  Fig.  116,  and  the  current  in 
the  neutral  wire  t'l  -h  t/  +  ii"  will  be  practically  sine  shaped  and 
have  a  frequency  3/.  Whatever  the  shape  of  the  applied  P.D. 
waves,  the  current  in  the  neutral  wire  will  be  represented  by 
terms  the  frequencies  of  which  are  given  by  3  (2n  + 1)/.  When 
the  secondary  coils  and  load  are  both  star-connected,  then,  as  the 
load  increases,  the  shape  of  the  primary  current  wave  becomes 
more  like  that  of  the  applied  P.D.  wave  and  the  time-lag  between 
the  two  waves  diminishes.  The  primary  power  factor,  therefore, 
will  be  high  when  the  transformer  is  loaded.  If,  however,  the 
secondary  windings  be  mesh-connected  and  the  load  be  star- 
connected,  the  secondary  current  waves  and,  therefore,  also  the 
corresponding  components  of  the  primary  current  waves  will 
neither  be  in  phase  with,  nor,  as  a  rule,  will  they  be  similar  to, 


three  wire 
star. 
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the  applied  p.d.  waves.  Hence,  the  power  factor  will  be  low,  and 
thus  this  connection  must  not  be  used. 

The  case  when  the  primary  coils  are  connected  in  three  wire 
star,  that  is,  when  their  common  junction  is  insulated, 
^nnerted  in  is  interesting,  and  deserves  careful  consideration. 
The  sum  of  the  three  currents  flowing  into  the 
common  junction  must  be  zero  at  every  instant. 
From  the  symmetry  of  the  arrangement,  the  time-lag  between 
any  two  of  the  three  currents  must  be  one-third  of  a  period,  and, 
since  the  sum  of  the  three  must  be  zero,  the  Fourier  series  for 
each  must  not  contain  terms  whose  frequencies  are  given  by 
S(2n-{'l)f.  The  currents,  therefore,  cannot  be  shaped  like  the 
curve  in  Fig.  116,  since  this  curve  has  a  large  harmonic  of 
frequency  3/.  It  follows  that  the  P.D.  waves  between  the  mains 
and  the  centre  of  the  star  cannot  be  sine  shaped. 

Let  us  suppose  that  the  instantaneous  value  of  the  P.D.  between 
two  of  the  mains  is  given  by  F(t)y  and  let  '^Jt(t)  and  '^Jt(t  +  T/S) 
give  the  values  of  the  potential  differences  between  these  two 
mains  and  the  centre  of  a  star,  the  arms  of  which  are  non-inductive 
and  equal.     We  must  have 

where  Vi.x  and  v^^g.  are  the  voltages  across  the  primary  terminals 
of  two  of  the  transformers.  Now,  when  we  write  t  +  T/S  for 
t  in  Vi^rg  we  must  get  v^.^*  It  follows,  therefore,  that  we  may 
write 

where  x  (30  is  a  periodic  alternating  function  of  period  T/S. 

Hence,  if  the  star  wave  yjr  (t)  produce  a  magnetising  current 
wave  t'l,  which  has  harmonics  of  frequency  3  (2n  -f- 1)/,  the  shape 
of  the  applied  wave  will  assume  a  form  '^  (0  +  %  (30>  which  gives 
a  magnetising  current  wave  that  is  free  from  these  harmonics. 
Hence,  when  the  common  junction  of  the  three  primary  windings 
is  disconnected  from  the  fourth  wire,  the  star-wave  form  will 
generally  change,  and  this  change  will  always  increase  the  effective 
value  of  the  star  voltage,  although  the  mesh  voltages  remain  the 
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8ame.  It  is  worth  noticing  that  this  proves  that  the  mesh  and 
star  voltages  cannot,  in  general,  be  represented  by  the  sides  of 
an  equilateral  triangle  and  the  three  lines  joining  the  angular 
points  to  the  centre.  They  can  be  represented,  however,  by  the 
edges  of  a  tetrahedron.  F.  J.  Dykes  has  shown  that,  in  some 
cases,  the  star  voltage,  on  open  circuit,  rises  more  than  ten  per 
cent,  when  the  central  connection  is  insulated. 

In  Fig.  123,  m  is  an  oscillograph  record  of  the  mesh  voltage, 
and  the  curves,  8  and  /S,  are  oscillograph  records,  of  the  corre- 
sponding star  voltages  on  open  circuit,  the  secondary  coils  being 
star-connected.      It   is   interesting   to   notice    that    the   general 


Fig.  123.  Three  single  phase  transformers  connected  in  star.  The  curve  m 
gives  the  shape  of  the  mesh  wave  and  the  carves  <Sf,  S  give  the  shape  of  the  star 
waves. 

characteristics  of  the  waves  S  and  8  are  not  unlike  the  general 
characteristic  of  the  P.D.  wave  (Fig.  117)  necessary  to  produce 
a  sine  wave  of  magnetising  current.  During  an  appreciable 
fraction  of  the  first  quarter  of  a  period,  the  curve  is  approximately 
parallel  to  the  zero  line,  and  during  the  second  quarter  of  a  period 
it  rises  and  falls  rapidly. 

When  the  mesh  wave  is  distorted  as  in  Fig.  124  it  will  be  seen 
that  the  general  shape  of  the  star  wave  8  still  remains  the  same. 
The  curves  8  and  £•,  in  Figs.  123  and  124,  are  shown  with  a  time- 
lag  of  60  degrees  between  them,  one  of  them  giving  the  voltage 
from  one  main  to  the  centre  of  the  star,  and  the  other  giving  the 
voltage  from  the  centre  of  the  star  to  the  other  main.     Thus, 
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if  we  add  the  ordinates  of  the  8,  8  curves  together,  we  should 
get  the  m  curve.  For  both  figures  the  author  is  indebted  to 
F.  J.  Dykes. 

If  the  secondary  coils  be  mesh-connected,  it  is  found  that  there 
is  practically  no  change  in  the  shape  of  the  primary  star  waves 
when  the  centre  of  the  star  is  disconnected  fi*om  the  neutral  wire. 


Fig.  124.     Three  single  phase  transformers  connected  in  star ;  m  is  the 
mesh  wave  and  S,  S  are  the  corresponding  star  waves. 

There  is,  however,  a  local  current,  the  harmonics  of  which  have 
frequencies  3(2n  +  l)/,  flowing  in  the  secondary  mesh;  the 
magnetising  effect  of  this  current  and  of  the  primary  current, 
which,  of  course,  can  contain  no  harmonics  whose  frequencies  are 
3  (2n  +  1)/,  practically  produce  the  four  wire  star  wave. 

The  design  of  a  simple  form  of  three  phase  transformer  is 
Three  phase  indicated  in  Fig.  125.  Thin  iron  plates,  with  two 
transformer.  rcctaugular  holcs  Stamped  out  of  them,  are  placed 
over  one  another  and  wound  with  six  coils  as  in  the  figure.  We 
"shall  first  consider  the  case  when  both  primary  and  secondary 
windings  are  connected  in  star  and  when  the  centre  of  the  star  is 
insulated. 

R.  II.  18 
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Let  Bi  be  the  potential  diflFerence  between  P  (Fig.  125)  and 
the  common  junction  of  the  primary  windings.  If  there  is  no 
magnetic  leakage,  our  equations  are 


ei  =  Rih  +  ^1  ^ ' 


0  =  raia  +  62  +  712 


d4 


where  62  is  the  potential  diflFerence  between  S  and  the  common 


Fig.  125.    Three  phase  transformer,  primary  and  secondary  circuits  having 
star  windings. 

junction  of  the  secondary  windings.  When  JBiii  is  negligible,  we 
have 

In  a  similar  way  we  can  find  equations  for  62'  and  eg".  These 
equations  are  identical  in  form  with  the  corresponding  equations 
for  a  single  phase  transformer,  and  can  be  discussed  in  the  same 
way.     When,  in  addition,  the  term  rjia  can  be  neglected,  we  see 
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that  the  secondary  waves  are  in  exact  opposition  in  phase  to  the 
primary,  and  that  the  ratio  of  their  effective  values  is  ng/wi. 

The  above  equations  show  us  that  if  Ci,  e^  and  ^/'  are  similar 
and  equal  waves,  then,  on  the  above  assumptions,  Cg,  ^2' and  e^' 
will  also  be  equal  and  similar.  It  also  follows  that  <^,  <^',  ^'\  the 
magnetic  fluxes  embraced  by  the  three  currents,  will  each  follow 
the  same  law  and  be  equal  in  magnitude;  consequently,  since 
their  sum  is  always  zero  when  there  is  no  leakage,  the  phase 
diflference  between  any  two  of  them  will  be  120  degrees.  Let 
47r(J?i.2/10  be  the  reluctance  of  each  of  the  magnetic  circuits 
PSS'P'  and  P'S'S"P"  (Fig.  125).  Then,  if  the  reluctance  of  the 
circuit  P88"P"  be  47r(ili.8/10,  our  magnetic  equations  are 

<^  =  Wi  (ii    -  -hO/^i-a  -  ^1  (*V'  -  ii)/flJi.3, 
<^'  =  Wi  (i/  -  ii")/«i.2  -  ^  (ii    -  *V)/(Bi.2, 

As  the  paths  of  the  magnetic  lines  are  in  iron,  the  quantities 
Q?i.2  and  (R1.3  are  not  constant,  as  their  values  depend  on  the 
magnetising  forces.  If  we  assume  that  they  are  constant,  and  if 
the  three  cores  (Fig.  125)  have  equal  cross-sectional  areas,  (Rj.,  will 
be  greater  than  (B1.2,  and  so  the  magnetising  current  in  the  middle 
core  will  be  less  than  in  the  outer  cores  and  the  arrangement  will 
be  unsymmetrical.  If,  however,  we  design  the  transformer  so  that 
(ili.8  equals  Q?i.2  when  the  applied  magnetic  forces  are  the  same, 
we  must  make  the  section  of  the  middle  core  less  than  that  of 
either  of  the  outer  cores.  In  this  case  the  flux  density  and  con- 
sequently the  hysteresis  and  eddy  current  losses  will  be  greater 
in  it,  and  this  will  again  upset  the  balance  on  the  primary  side 
of  the  transformer.  It  is  practically  impossible,  therefore,  to  make 
this  type  of  transformer  so  that  the  currents  and  voltages  will  be 
absolutely  symmetrical. 

When  the  resistances  of  the  primary  and  secondary  coils  are 
negligible,  the  secondary  mesh  voltages  Va,  v^  and  v^'  can  be  written 
down  easily.     We  have 

Va  =  ^2    -  e^  =  (?la/7h)  («/  -  «i)     =  -  (Wa/Wi)  Vi , 

<  =  e^  -  e^'  =  (n^ln^)  (^/'  -  e/)  =  -  (rhlrh)  v/, 

<'  =  ^2"-"«2   =(V^)(^i  -0  =  -(^2M)v/'. 

18—2 
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Thus  the  secondary  mesh  voltages  are  in  opposition  in  phase 
to  the  primary  mesh  voltages,  and  the  ratio  of  their  eflfective 
values  is  ng/rii. 

One  curious  efifect  noticed  with  this  type  of  transformer  is  the 
large  increase  in  the  primary  magnetising  currents  when  the 
centre  of  the  primary  star  is  connected  with  the  neutral  main. 
There  are  now  harmonics  of  frequency  3  (2n  +  1)/  in  the  magnet- 
ising waves^  and  as  these  harmonic  currents  all  produce  fluxes  in 
phase  with  one  another,  the  return  path  for  the  corresponding 
flux  must  be  through  the  air,  and  thus  the  leakage  is  excessive. 
Owing  to  the  high  reluctance  of  the  path  of  this  leakage  flux  the 
corresponding  requisite  magnetising  currents  will  be  large,  and 
the  harmonic  currents  of  frequency  3(2n  +  1)/,  more  particularly" 
the  harmonic  current  of  triple  frequency,  will  have  appreciable 
amplitudes.     This  is  found  to  be  the  case  in  practice. 

The  oscillograph  records  shown  in  Figs.  126  and  127  were 
obtained  by  F.  J.  Dykes  from  a  transformer  of  this  type  with 
the  three  cores  of  equal  sectional  area.  Fig.  126  gives  the 
magnetising  current  of  the  middle  core  when  the  centre  of  the 
primary  star  is  insulated.  The  effective  value  of  this  current  was 
only  0*28  ampere.  When  the  centre  of  the  primary  star  was 
connected  with  the  neutral  main,  the  current  assumed  the  shape 


28amp. 


Fig.  126.  Oscillograph  record  of  the  magnetising  current  in  the  winding  of  the 
middle  core  of  a  three  phase  transformer  when  the  common  junction  of  the  primary 
windings  is  insulated. 

shown  in  Fig.  127  and  its  effective  value  rose  to  2*4  amperes. 
If  a  fourth  core  were  provided,  this  rise  in  the  value  of  the 
magnetising  current  would  be  prevented,  but  then  the  regulation 
afforded  by  a  three  phase  transformer  would  be  impaired  seriously. 
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as  any  want  of  balance  in  the  secondary  load  would  send  a  flux  of 
fundamental  frequency  through  the  fourth  core. 


2*4amp. 


Fig.  127.    OsciUograph  record  of  the  magnetising  current  when  the 
common  junction  is  connected  with  the  neutral  wire. 

In  the  three  phase  transformer  shown  in  Fig.  128,  the  primary 
windings  are  connected  in  mesh  and  the  secondary 
in  star.   Let  Vi,  v/  and  v/'  be  the  potential  differences 


Mesh  to  star. 


Fig.  128.    Three  phase  transformer.     Primary  with  mesh  winding  and 
secondary  with  star  winding. 
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between  the  points  P  and  P\  P*  and  P",  and  P"  and  P  respectively. 
Let  also  </>,  <^'  and  ^"  be  the  magnetic  fluxes  embraced  by  the 
windings  between  the  same  three  points.     Then  we  have 

where  Ri,  R!  and  Pi"  are  the  resistances  of  the  primary  windings. 
Now  i;i  +  v/  +  Vi"  is  always  zero.  Therefore,  when  the  primary 
resistances  are  negligible, 

dt       dt       dt 

Let  V2  be   the  potential    diflference   between   the   secondary 
terminals  S  and  8'  (Fig.  128),  then  we  have 

When  the  resistances  of  the  secondary  windings  are  negligible,  we 
can  therefore  write 

"t^2  =  ^j^(2<^-</>'-<^") 
=  3n2-^  =  3(n2/ni)vi. 

Hence,  the  secondary  mesh  voltages  are  in  exact  opposition  in 
phase  to  the  primary  mesh  voltages,  and  the  ratio  of  transformation 
is  rii/Sna.  When  the  effective  values  of  the  primary  potential 
differences  are  all  equal  to  one  another,  the  secondary  potential 
differences  will  also  be  equal.  The  effective  value  of  the  voltage 
between  8  and  the  centre  point  E  of  the  secondary  windings,  in 
this  case,  will  be  l/\/3  times  the  voltage  between  ;S  and  S\  It 
will,  therefore,  be  equal  to  \/3  (na/ni)  times  the  voltage  between  P 
and  P'.  The  effective  value  of  the  flux  in  the  radial  limbs  of  the 
transformer  is  thus  \/3  times  its  value  in  the  circumference  of  the 
stampings. 


In  Fig.  129  both  the  primary  and  the  secondary  windings  of 
the  three  phase  transformer  are  connected  in  mesh. 

Mesh  to  mesh.  *  ,  . 

With  the  same  notation  as  m  the  preceding  para- 
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graph  and  neglecting   the   resistances  of  the  primary  and   the 
secondary  windings,  we  have  « 

dd>  /dd>      d<i>'\ 


and  thus 


-v,='^{v{-vn> 


Fig.  129.     Three  phase  transformer.     The  primary  and  secondary  windings 
are  both  connected  in  mesh. 

When  the  effective  values  of  the  primary  potential  differences  are 
all  equal,  then 

Hence  the  ratio  of  transformation  is  ni/(ri2  \/3). 


The  methods  of  transforming  three  phase  to  two  phase 
Three  phase  currcuts  or  vice  v&rsd  by  means  of  special  trans- 
to  two  phase,  formers  were  explained  in  Vol.  I,  Chap.  xiii. 
These  transformations  could  also  be  made  by  means  of  three 
single  phase  transformers.     If  the  potential  difference  across  any 
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two  of  the  three  phase  mains  be  F,  it  is  necessary  that  two 
of  the  transformers  be  wound  for  an  applied  P.D.  equal  to  F/2 
and  the  third  for  an  applied  P.D.  equal  to  V3F/2.  The 
primaries  of  the  two  equal  transformers  are  connected  in  series 
between  the  mains  1  and  2,  and  their  common  junction 
is  connected  to  the  main  3  through  the  primary  of  the 
other  transformer.  If  the  ratio  of  transformation  of  the  two 
equal  transformers  be  fii/n^y  and  that  of  the  third  transformer 
V3ni/(2w2),  the  secondaries  of  the  two  equal  transformers 
connected  in  series  will  give  a  secondary  voltage  HjF/wi,  and 
the  secondary  of  the  third  transformer  will  give  a  secondary 
voltage  2w2/(V3ni)  x  V3F/2,  that  is,  UzV/rii,  which  is  in  quadrature 
with  the  other  secondary  voltage.  The  same  arrangement  can 
also  be  used  to  transform  two  phase  to  three  phase  currents. 

A  single  phase  circuit  may  be  supplied  from  any  two  of  the 
secondary  terminals   of  a  three   phase   transformer. 

Three  phase  ,  -ii  •••i-iii 

to  single  When,  however,  the  smgle  phase  circuit  is  loaded,  the 

^  *'*'  potential  drop  at  the  secondary  terminals  is  large  and 

the  heating  of  one  of  the  secondary  and  one  of  the  primary 
windings  is  excessive.  One  method  which  has  been  proposed  of 
getting  over  this  difficulty  is  to  connect  the  secondary  windings 
as  follows.  Let  81S2,  Si  82  and  Si'S^^  be  the  terminals  of  the 
three  secondary  windings,  then,  if  we  join  82  and  S/,  and  82 
and  82',  so  that  we  have  two  of  the  windings  in  series  and  the 
third  in  *  cross  series '  with  them,  we  can  get  single  phase  currents 
between  the  terminals  81  and  81', 

Neglecting  the  primary  resistances,  we  have,  if  the  primaries 
are  connected  in  mesh, 

/  d<l> 

ei  -61  =Vi  =^i^> 

ei  -^1   =<  ^^^'^' 
ei  -ei  =Vi  =Wi-J^- 
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Again,  if  Vj  be  the  P.D.  between  8i  and  8i\  we  get 


and  thus 


and 


rx  n  ^^  Cl<f)  did) 


2^< 


=  Sraia  +  Vj. 


If  we  neglect  Srgia  io  comparison  with  Vj,  we  get  Fi/Fa  =  Wi/(2wj). 
Hence  we  see  that  Fa  is  twice  the  p.d.  between  the  terminals 
of  one  of  the  secondary  coils.  Also,  if  we  suppose  that  the 
magnetising  currents  of  the  primary  coils  are  negligible,  we 
must  have,  at  every  instant,  the  currents  in  the  primaries  equal 
and  opposite  to  the  currents  in  the  secondaries.  Since  the  same 
current  flows  in  each  of  the  secondaries,  all  the  primary  currents 
must  be  equal  in  magnitude,  two  of  them  flowing  in  the  same 
direction  round  the  mesh  (Fig.  130)  and  the  third  flowing  in  the 
opposite  direction.  The  currents  will  also  be  in  step  with  one 
another,  and,  since  the  current  in  the  branch  2 — 3  equals  the  current 
in  the  branch  3 — 1,  there  will  be  no  current  in  the  main  3.  Hence, 
the  currents  for  this  transformer  will  all  be  supplied  by  the  mains 
1  and  2.     Although  all  the  primary  coils  are  equally  heated,  the 


Fig.  130.    Transforming  three  phase  currents  to  single  phase  corrents. 
The  currents  in  the  primary  mains. 


load  is  only  on  one  pair  of  the  supply  mains.  This  method, 
therefore,  does  not  distribute  the  load  between  the  primary  mains, 
unless  three  of  these  transformers  are  used,  in  which  case  it  would 
be  better  to  use  three  single  phase  transformers. 
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The  case  of  three  single  phase  transformers  connected  in  star 

with  their  secondaries  connected  two  in  series  and 

Jhase  trani!       onc  in  cross  sories  (Fig.  131)  is  instructive.     P,  P' 

n°eSke"in°8tar.     ^^^  -^'^  ^^^  primary  terminals  of  the  transformers, 

are  connected  with  the  three  phase  mains  and  their 

three   other  terminals   are    joined   together.     The   single   phase 


Fig.  131.  Three  single  phase  transformers.  The  primaries  are  connected  in 
star  and  the  secondaries  are  connected  two  in  series  and  one  in  cross  series. 
Single  phase  currents  from  the  terminals,  S  and  S", 


currents  are  got  from  ;S  and  S'\  The  problem  can  be  solved 
analytically  without  difficulty.  The  solution  shows  that  the 
arrangement  acts  like  a  transformer  with  excessive  magnetic 
leakage.  The  load  on  the  primary  also  is  not  balanced,  and  so 
the  arrangement  is  of  very  little  practical  use. 

If  the  primary  of  a  single  phase  transformer  is  connected  with 
Boosting  *^^  supply  mains,  we  get  a  certain  pressure  Fj  across 

transformer.  ^^^^  sccoudary  terminals.  If  we  now  join  one  of  the 
primary  terminals  and  one  of  the  secondary  terminals  together, 
by  means  of  a  wire,  we  get  another  pressure  between  the  other 
primary  and  the  other  secondary  terminal,  and  we  can  take 
electric  energy  from  these  two  terminals.  When  a  transformer 
is  used  in  this  fashion  it  is  called  an  auto- transformer  or  a 
boosting  transformer,  or  simply  a  booster,  and  the  pressure  can 
be  boosted  positively  or  negatively  so  that  the  pressure  can  be 
greater  or  less  than  the  applied  potential  diflFerence,  depending 
on  which  of  the  primary  and  secondary  terminals  are  connected 
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by  the  conducting  link.  To  a  first  approximation  we  can  regard 
the  primary  as  a  battery  having  a  voltage  V^  and  the  secondary  as 
a  battery  having  a  voltage  —Fa.  When  they  are  connected  in 
series  the  boosted  voltage  is  Vi  —  Fj,  and  when  they  are  connected 
in  opposition  or  cross  series  the  voltage  is  Fi  +F2. 

In  Fig.  132  the  connections  are  shown  of  a  transformer 
Reducing  the  conncctcd  as  a  negative  booster,  the  pressure  in  the 
pressure.  secondary   circuit   X  being  less   than   the   applied 

pressure.  ADB  is  the  primary  coil  of  the  transformer  which  is 
connected  between  the  supply  mains,  and  AG  is  the  secondary 
coil.     The  secondary  load  is  placed  across  B  and  G.     In  this  case, 


Fig.  132.    Beducing  the  pressare  by  using  a  transformer  as  a  negative  booster. 

when  the  resistance  X  is  very  great,  the  currents  in  both  the 
divided  circuits  on  the  ring  tend  to  magnetise  the  core  in  the 
same  direction.    If  e^A  denote  the  P.D.  between  B  and  Ay  we  have 

e^A  =  -^1*1  +  nid(f>ldt, 
where  JBi  is  the  resistance  and  rii  the  number  of  turns  of  the 
winding  ADB,  If  the  eflFective  value  of  the  P.D.  between  B  and 
A  be  maintained  constant,  and  if  RiAi  be  negligible  compared 
with  it,  we  see  that  the  effective  value  of  n^d^ldt  is  practically 
constant  at  all  loads.  To  a  first  approximation,  therefore,  we  may 
assume  that  the  maximum  value  of  the  flux  is  constant  at  all 
loads,  and  that  riiii  +  n^h,  is  the  same  function  of  the  time  at  all 
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loads,  where  i^  is  the  current  and  n^  the  number  of  turns  in  the 
coil  AC.  If  4  be  the  current  in  ADB  when  CB  is  on  open 
circuit,  we  have  riiii  +  ^hh  —  ^1*01  approximately,  at  all  loads.  At 
full  load  the  eflFective  value  A^  of  i^  is  much  greater  than  Aq. 
We  see,  therefore,  that  at  full  load  i^  and  ig  must  differ  in  phase 
by  nearly  180°. 
We  also  have 

^cA  =  ^2*2  +  ihd<f>/dt 
Hence  esc  =  J^ih  —  ^21^2  4-  (%  —  Wa)  d^/dt 

=  (wi  —  n^)  d(l>/dt,  approximately. 

The  effective  value  of  the  potential  diflference  between  B  and 
C  is  therefore  less  than  that  between  A  and  B  which  we  suppose 
to  be  kept  constant.  Now,  as  the  resistance  X  is  diminished,  the 
current  in  AC  is  increased,  more  lines  of  induction  thread  the 
core  ADB  and  the  induced  electromotive  force  in  the  primary  is 
in  opposition  to  the  applied  potential  difference,  so  that  the  current 
in  the  coil  ADB  continues  to  diminish  until  the  electromotive 
force  generated  by  the  varying  flux  in  the  core  gets  greater 
than  the  applied  potential  difference.  The  primary  current  then 
begins  to  increase  again.  The  current  in  ADB  is  now  in  opposition 
to  the  applied  potential  diflference,  and  the  coil  ADB  is  giving 
energy  to  the  other  branches  of  the  circuit  being  actuated  by  the 
coil  AC. 

The  action  of  a  negative  booster  can  readily  be  understood 
from  a*  diagram  (Fig.  133).  Let  us  first  consider  the  case  when  X 
is  infinite.  The  triangle  OBqD  is  the  primary  voltage  triangle  of 
the  transformer.  OD  represents  the  applied  potential  difference 
in  magnitude  and  phase.  BJ)  represents  the  back  electromotive 
force  set  up  by  the  variation  of  the  flux  of  induction  in  the  core, 
and  OBq  is  RiAq,  where  Aq  is  the  magnetising  current.  Now,  if 
there  is  no  magnetic  leakage,  the  E.M.F.  caused  by  the  flux  in  -40 
will  equal  {n^ln^)DBQ,  where  rh  and  n^  are  the  number  of  turns  in 
ADB  and  AC  respectively  (Fig.  132).  Measure  DC^  equal  to 
{n2/ni)DBQ,  and  join  OCq,  then  OCq  gives  the  boosted  voltage  on 
open  circuit. 

Let  a  current  now  flow  in  the  external  circuit  X ;  the  resultant 
magnetising  turns  acting  on  the  core  are  increased  and  the  flux  of 


X] 


NEGATIVE   BOOSTER 


285 


induction  is  therefore  increased.     Let  BqB  (Fig.  133)  be  the  small 
increase  of  the  back  electromotive  force  due  to  the  increased  flux 
and  make  DC  equal  to  {n^jn^DB,    Then,  OG 
is  the  pressure  across  X    Let  R^,  r^  and  A-^^A^  q 

be  the  resistances  and  currents  in  the  primary 
and  secondary  coils  of  the  transformer.  Then 
OB  equals  RiA^  and  OG  equals  {r^+x)  A^,  where 
X  is  the  resistance  of  the  non-inductive  load. 
OB  and  OG  give  the  phases  of  the  currents 
-4i  and  A^  respectively,  and  we  see  that  when 
the  load  is  heavy  they  are  practically  in  op- 
position in  phase.  The  phase  of  the  resultant 
ampere  turns  must  always  be  very  nearly  co- 
incident with  OJBo'  The  magnitude  of  this 
resultant,  however,  does  not  remain  constant 
but  slightly  increases. 

Since  05©  gives  approximately  the  phase 
of  the  resultant  ampere  turns,  we  have 

Hi^i  sin  {^^  -  -i/ro)  =  Waila  siu  (>^o  -  "V^. 

where  -^o?  '^i  and  -^a  are  the  angles  BfiD,  BOD 
and  GOD  respectively.  Also,  since  -^^  is  small 
and  the  resultant  ampere  turns  are  approxi- 
mately UiAq,  we  have 

Hi  ill  cos  -^1  -I-  n^Az  =  ihAQ  cos  y^^. 

We  see  that  when  A^  is  greater  than 

(niilocos^o)/»i2, 
-^1  must  be  greater  than  90°. 
Again,  by  construction, 

D5={7ii/(ni-Wa)}5C, 
and  therefore 

{(ni  —  n^jn^  {Vi  —  R^A^  cos  -^^  =  Fa  +  r-a-Aj  —  RiAi  cos  -^i. 
Hence,  we  have 

Fa  =  {(ni  -  n,)lifH]  V,  -  {r-a  +  {n^lrhf  Ri]  A,, 
approximately. 


Fig.  133.  Voltage 
diagram  for  a  nega- 
tive booster.  OD  is 
the  applied  p.d.  and 
OG  is  the  reduced 
pressnre. 
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The  connections  of  a  transformer  when  used  as  a  booster  are 
shown  in  Fig.  134.  It  will  be  seen  that  the  currents 
tend  to  magnetise  the  core  in  opposite  directions. 
In  Fig.  135,  OD  is  the  applied  potential  difference, 

BqD  the  back  electromotive  force  in  the  primary  coil,  and  OBq 

is  RiAq. 


Increasing  the 

pressure. 

Boosting. 


Fig.  134.    Method  of  winding  a  boosting  transformer. 

If  we  make  DGq  equal  to  (ihfrii)  DBq,  OCq  will  give  the  boosted 
voltage,  on  open  circuit,  in  magnitude  and  phase.  When  the 
resistance  X  is  very  large  and  non-inductive,  00  the  vector  of 
the  boosted  voltage  is  very  nearly  coincident  with  0(7o,  and 
OB  which  represents  -Bi^li  is  very  nearly  coincident  with  OBq, 
Since  there  is  a  demagnetising  effect  OB  must  be  less  than  CqBq, 
but,  if  there  is  no  magnetic  leakage,  DO  is  equal  to  (njrii)  DB, 
In  practice,  the  diminution  of  the  flux  in  the  core  is  very 
slight,  and  so,  to  a  first  approximation,  we  can  suppose  that  the 
flux  is  constant  at  all  loads.  It  has  to  be  remembered  that  in 
the  ordinary  transformer  OB  is  generally  less  than  the  hundredth 
part  of  OD  even  at  full  load. 

Assuming  that  the  resultant  magnetising  turns  are  repre- 
sented in  phase  by  OjBo  and  that  they  are  equal  to  niA^  at  all 
loads,  we  get 

n^A^  sin  (y^^  -  -i/rj)  =  ru,A^  sin  (-i/to  +  ^/rg), 

and  since  -^j  is  very  small 

TiiAi  cos  '^i  —  n^A^  =  riiAa  cos  -^^q. 
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We  also  have 

CB={(n,'{-n,)/n,}DB, 

and  therefore, 

Fa  +  r^^  —  -Bi^i  cos  yfri 

=  {(wi  4-  ih)ln,}  { Fi  -  R,Ai  cos  f,}, 
and  thus, 

V,  =  {(ni  +  n^Vn^}  F^  -  [r,  +  (n>0'^i}  ^2, 
approximately. 

The  formulae  for  the  voltage  drop  on  the 
secondary  of  a  negative  booster,  and  for  the 
voltage  drop  on  the  secondary  of  a  transformer, 
having  the  same  ratio  of  transformation 

and  the  same  primary  and  secondary  resistances 
Ri  and  r^  respectively,  are 

and 

V,  =  {(n,  -  n,)ln,]  V,  -  [r,  +  {(n,  -  n,)ln,Y  Ri]  A,. 
When  Ha  is  less  than  ni/2,  the  negative  booster 
gives  the  smaller  drop.  Hence,  if  we  wish  to 
reduce  the  pressure  by  less  than  fifty  per  cent., 
it  is  advisable  to  use  a  negative  booster  rather 
than  a  transformer.  Similarly  if  we  wish  to  raise 
the  pressure  by  less  than  fifty  per  cent,  a  booster 
is  preferable  to  a  transformer. 

A  useful  method  of  varying  the  pressure  on 

supply  mains  is  illustrated  in  Figs. 

induction         136  and  137.     The   variable   induc- 

transformer.        ,•         ,  n  •  ^        i»        i        • 

tion  transformer  consists  of  a  lamm- 
ated  iron  ring  with  a  secondary  coil  wound  round  it,  half  of  the 
coil  being  wound  in  one  direction  and  half  in  the  other.  One  end 
of  this  coil  is  connected  with  one  primary  main  and  the  other 
is  a  secondary  terminal,  the  other  secondary  terminal  being  con- 
nected directly  with  the  primary  main.  The  primary  is  wound  on 
a  bundle  of  iron  stampings  shaped  as  in  the  figure,  and  is  capable 


JB 
Bo 


Fig.  136.  Volt- 
age diagram  for  a 
booster.  OD  is 
the  applied  p.d. 
and  OC  is  the 
boosted  pressure. 
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of  rotation  round  an  axis  coincident  with  the  axis  of  the  cylin- 
drical ring.  In  the  position  shown  in  Fig.  136  both  the  primary 
and  secondary  currents  tend  to  magnetise  the  halves  of  the  ring 


p' 

Fig.  136.     Variable  Induction  Transformer.     Position  of  rotating  primary 
when  the  boosted  pressure  between  S  and  S'  is  a  maximum. 


in  the  same  direction.     The  induced  pressure  F'  in  the  main 
winding  between  P  and  S  is  practically  in  opposition  in  phase  to 


Fig.  137.     Variable  induction  transformer.     Position  of  rotating  primary  when 
the  pressure  between  S  and  S'  equals  the  pressure  between  P  and  P'. 

the  pressure  V  between  P  and  P'.     The  pressure  between  8  and 
S\  therefore,  must  be  F+  V\     Since  the  applied  p.d.  on  the 
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primary  side  is  maintained  constant,  the  flux  must  be  approxi- 
mately constant,  and  hence  we  can  easily  write  down  formulae  for 
the  boosted  voltage.  In  this  case  the  reluctance  of  the  magnetic 
circuit  is  considerable  owing  to  the  air-gaps,  and  the  magnetising 
current  of  the  primary  is  greater  than  for  the  closed  iron  circuit 
transformer. 

If  we  rotate  the  primary  through  ninety  degrees  (Fig.  137)  it 
will  be  seen  from  the  figure  that  the  induced  electromotive  forces 
neutralise  one  another,  and  so  the  pressure  between  8  and  8' 
equals  the  pressure  between  P  and  P\  If  we  rotate  it  through 
another  ninety  degrees,  it  will  act  as  a  negative  booster  and 
the  pressure  between  8  and  8'  will  be  less  than  that  between 
P  and  P'. 


Compensator. 


The  connections  of  an  iron  ring  wound  as  a  compensator  are 
shown  in  Fig.  188.  A  and  C  are  the  terminals  for 
the  applied  voltage,  and  the  secondary  loads  are 
placed  between  various  terminals  connected  with  points  on  the 
wire  coiled  round  the  ring.     Consider  one  of  these  circuits  AB, 


Fig.  138. 


Compensator.    A  and  C  are  the  terminals  for  the  applied  p.d. 
A  and  B  are  the  secondary  terminals. 


for  example,  in  Fig.  138,  and  suppose  that  there  are  n^  turns  in 
the  coil  AB,  and  rii  turns  in  the  coil  BG,  so  that  there  are  rii  +  n^ 
turns  of  wire  round  the  ring.  If  Vi  be  the  effective  value  of 
the  potential  difference  between  A  and  (7,  UiViKni+n^)  will  be 
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the  potential  diflference,  on  open  circuit,  between  A  and  B,  We 
shall  now  find  a  formula  to  show  how  this  voltage  is  maintained 
as  the  load  in  the  circuit  X  is  increased,  and  compare  the 
result  with  that  obtained  when  we  wind  the  ring  as  an  ordinary 
transformer. 

Let  ei  and  e^  be  the  potential  diflferences  between  A  and  (7, 
and  between  A  and  B  respectively.  Let  i  be  the  current  in  X, 
la  the  current  in  AB,  and  i^  the  current  in  BCy  which  will  also 
be  the  current  in  the  mains.  Let  r  be  the  resistance  of  one  turn 
of  the  winding  so  that  n^r  and  Wjr  are  the  resistances  oi  AB  and 
BG  respectively.     Our  equations  are 

61  =  a?i  +  Wi 


and  ii^i^-^-i. 

Thus  cd  =  (n2/ni)  (ei  —  xi)  —  n^ri, 

and  therefore       i  =  {n^jn^  ei/[x  {(rii  4-  Wa)/^}  +  ^2^]. 

When,  therefore,  there  is  no  magnetic  leakage,  i  is  always  in  phase 
with  the  applied  potential  difference.     Hence 

V2  [{rii  +  n^)lni]  =  (n^/ih)  V^  -  ri^rA, 

and  thus  V^  =  { ^(wi  +  n^]  Fi  —  [n^a^jini  +  n^]  rA 

=  {W(wi  +  ^2)}  y^  -  {wi/(wi  +  Wa)}  M  ...(a), 

where  r^  is  the  resistance  of  the  coil  AB, 

If  we  had  wound  the  same  ring  as  a  transformer,  having  Wi  +  n^ 
turns  on  the  primary  and  n^  turns  on  the  secondary,  with  wire 
of  the  same  size  as  for  the  compensator  so  that  more  copper 
would  be  required,  then  for  the  secondary  voltage  of  the  trans- 
former we  should  have 

F2  =  { V(^i  +  n^]  V,  -  [r^  +  {n^/in,  4-  n,)Y  R,]  A 

=  Mrii  +  n^)}  V,  -  {{n,  +  2n,)/{n,  +  n,)]  r,A  (6). 

Comparing  (a)  with  (b),  we  see  that  the  compensator  regulates 
better  than  the  transformer. 
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In  Fig.  139,  let  the  phases  of  V^y  Ai  and  J. 2,  be  represented 
by  OFi,  OK  and  OM  respectively,  and  let  OK  and  OM  represent 
also  the  magnitudes  of  Ai  and  A^.     Now, 
since 

ii  =  ta  +  i 

it  follows,  by  the  triangle  of  vectors,  that 
KM  must  represent  A  in  magnitude  and 
phase.  Hence  KM  must  be  parallel  to  OFi. 
Since  the  applied  potential  difference  is 
maintained  constant,  the  flux  of  induction 
in  the  ring  will  also  be  constant  if  the 
resistances  of  the  windings  are  negligible. 
Therefore,  niii  +  Wg^'a,  the  resultant  magnet- 
ising turns,  must  be  equal  to  njio.  The 
vector  value  of  this  resultant  must  also  be 
constant  in  magnitude  and  direction.  To 
find  this  resultant  we  have  to  find  the 
resultant  of  Ui .  OK  and  ru .  OM  in  Fig.  139. 
Divide  KM  in  L  so  that  Ui .  KL  equals 
7?<j .  ML,  By  the  triangle  of  vectors  we  can 
replace  Ui .  OK  by  rii .  OL  and  Ui .  LK  We 
can  also  replace  rig .  OM  by  n^ .  OL  and 
Tia .  LM,  But  by  construction  Wi .  LK  equals  n^ .  ML,  and  since 
they  are  acting  in  opposite  directions  they  balance.  Hence  OL 
represents  the  resultant  magnetising  turns  in  phase,  and  when 
there  is  no  load  on  the  secondary  we  see  that  OL  equals  Aq, 

Let  the  angles  ViOK  and  ViOM  be  yfr^  and  yjr^  respectively, 
and  let  the  angle  ViOL  equal  yJTQ,  then,  resolving  along  OVi, 
we  have 

riiAi  cos  yjr^  +  712^2  cos  -^/^g  =  (tIi  +  n^)  Aq  cos  -^o* 
Also       LM  =  [uiKrii  +  n^)}  A,   and   LK  =  {rii/ini  4-  ria)}  -4. 

We  see  from  Fig.  139  that  as  A  increases,  Ai(OK  in  the 
figure)  continually  increases.  A^iOM)  on  the  other  hand  at  first 
diminishes  to  a  minimum  value.  It  is  then  in  quadrature  with  Fi. 
It  now  begins  to  increase  and  is  ultimately  nearly  in  opposition 
to  Fi,  showing  that  the  coil  AB  is  acting  like  the  secondary  of  a 
transformer  which  has  BG  for  its  primary. 

19—2 


Fig.  139.  Diagram  of 
the  currents  in  a  com- 
pensator. 
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Let  US  consider  next  the  ease  of  a  compensator  with  n  equal 
secondary  circuits,  and  suppose  that  there  are  non-inductive 
resistances,  ooi,  x^,  ...  ^n>  placed  across  the  terminals.  If  e  be  the 
value  of  the  applied  potential  difference,  and  «i,  eg,  •  •  • ,  be  the  values 
of  the  P.D.S  across  the  secondary  circuits,  we  have 

e  =^1  4-62+...+  <?n> 

Cj^  =  Uivii  +  nid(f>/dt  =  ^jt/, 


Cn  =  UiVin  +  nid(f>/dt  =  ODnin, 

where  r  is  the  Hith  part  of  the  resistance  of  one  of  the  coils,  and 
hy  h>  ••.  are  the  currents  in  the  various  coils. 

We  have  ii  +  i/  =  ig 4-  ^2'  =...=  in  +  hi- 

Therefore  {^  —  i^  =  {^'  —  i/,  etc. 

We  also  have 

and  thus 

(x,  +  R)^'  =  (a?2  +  R)  iV  =  (a?s  +  H)  V  =  ...=  *, 
where  R  equals  niV, 

Now  ei4-62  +  ...4-«n  =  ^iii'  +  ^24'  +  ...  =  «, 

and  therefore  k%  {x/(x  +  R)}  =  e. 

Hence  F,  =  {a;,/(^  +  R)}  V/{txl(x  +  i?)}, 

and  the  values  of  Fg,  Fg,  ...  Fn,  can  be  written  down  by  sym- 
metry. We  see  that  when  there  is  no  magnetic  leakage  Fi,  Fa, ... 
are  all  in  phase  with  F. 

If  there  are  only  two  sections,  Vi  +  Fg  will  be  equal  to  V, 
and  F]  will  be  greater  than  Fg,  when  ^i  is  greater  than  a?2.  The 
above  equations  show  that  the  smaller  the  value  of  R  the  better 
will  be  the  regulation.  Compensators  are  very  useful  in  practice 
for  subdividing  high  pressure  service. 

To  illustrate  the  regulating  power  of  compensators,  the 
Compensator  foUowiug  experiment  was  made  on  a  small  com- 
for  arc  lamps,  pensator  foT  Subdividing  a  one  hundred  volt  service 
into  two  fifty  volt  circuits  for  use  with  arc  lamps.     The  weight  of 


X] 


DISCRIMINATING  TRANSFORMER 


293 


the  compensator  complete  was  just  under  30  pounds.  When  the 
pressure  of  the  supply  was  104  volts,  the  frequency  being  84, 
the  magnetising  current  was  0*33  of  an  ampere.  The  eflfective 
value  of  the  potential  difference  across  either  AB  or  BG  (Fig.  140) 
was  52  volts  in  this  case.     When  the  load  between  B  and  G  was 


Fig.  140.    Compensator  for  subdividing  a  100  volt  service. 

taking  30  amperes  more  than  that  between  A  and  B,  the  P.fe. 
across  BG  was  50,  and  across  BA  it  was  54  volts.  Therefore  for 
small  diflferences  in  the  load  this  compensator  regulated  extremely 
well.  When  a  current  of  40  amperes  was  flowing  in  one  secondary 
circuit  and  the  other  was  open,  the  current  in  the  main  was  20 
amperes,  and  this  was  practically  its  value  in  each  half  of  the 
ring,  the  currents  in  the  ring  windings  being  practically  in 
opposition  in  phase.  We  see  that  in  the  loaded  section  we  have 
a  circulating  local  current  of  20  amperes  superposed  on  the  main 
current  of  20  amperes. 

In  Central  Stations  where  alternators  are  running  in  parallel, 
a  transformer  of  special  desicfn  is  sometimes  used  to 

Current  .  ,         ,.  .  .  ,T  ,  .      , 

direction  mdicatc  the  direction  m  which  a  particular  current 
is  flowing.  One  form  of  current  direction  indicator 
is  shown  in  Fig.  141.  The  winding  round  the  two  outside  limbs 
of  the  transformer  is  connected  to  the  bus  bars,  and  the  winding 
on  the  inside  limb  is  in  series  with  the  alternator.  When  the 
alternator  is  supplying  current   to   the   mains,  the  currents  in 
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the  left  and  middle  windings  magnetise  the  core  embraced  by 
the  windings  connected  to  the  green  lamp  and  so  it  lights  up. 
In  this  case  the  core  embraced  by  the  windings  connected  to  the 


Qreen 


^m 


RED 


Fig.  141.  Current  direction  indicator  or  discriminating  transformer.  When 
the  red  lamp  lights  the  generator  is  receiving  current  from  the  bus  bars  instead  of 
supplying  current  to  the  bus  bars. 

red  lamp  is  only  feebly  magnetised.  If,  however,  the  current  in 
the  middle  winding  reverses  in  direction,  the  red  lamp  will  light 
up  and  the  green  lamp  go  out.  The  arrow  heads  indicate  that 
this  is  the  case  illustrated  in  the  figure. 
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We  shall  now  investigate  the  effect  of  magnetic  leakage  on  the 
Magnetic  Working  of  the  alternating  current  transformer.     Let 

leakage.  ^g   consider   the  case  of  a  constant  pressure  single 

phase  transformer  having  Ui  turns  in  the  primary  coil  and  ti,  turns 
in  the  secondary.  In  practice,  the  magnetic  lines  due  to  the 
primary  and  secondary  currents  are  not  necessarily  linked  with  all 
the  primary  and  all  the  secondary  turns.  When  we  are  dealing 
with  the  constant  pressure  transformer  the  error  introduced  by 
this  assumption  is  not  large,  and,  to  a  first  approximation,  the 
theory  is  in  agreement  with  experiment.  In  practical  work, 
however,  a  second  approximation  is  necessary.  In  calculating,  for 
instance,  the  difference  of  the  pressures  between  the  secondary 
terminals  at  no  load  and  full  load,  an  error  of  only  one  per  cent, 
in  the  determination  of  Fa  may  introduce  an  error  of  fifty  per 
cent,  into  the  calculated  value  of  this  pressure  drop.  We  also 
need  to  know  the  various  causes  which  produce  this  drop. 
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If  (f>m,  denote  the  flux  linked  with  the  primary  and  secondary 
coils,  we  can  write 

<t>m  =  (n^ii  +  nai2)/(B, 

where  (R  is  a  variable  quantity  which,  when  we  neglect  the  effects 
of  eddy  currents,  can  be  determined  from  the  hysteresis  loop  of 
the  iron  in  the  core  taken  between  the  maximum  and  minimum 
magnetising  forces  to  which  it  is  subjected.  In  Chap.  IX  we  wrote 
Tiid^a/dt  for  the  back  electromotive  force  due  to  the  leakage  flux 
from  the  primary,  where  <t>a  is  the  mean  value  per  turn  of  the 
primary  leakage  flux.  If  we  suppose  that  the  copper  of  the  primary 
has  infinite  conductivity,  so  that  there  are  no  lines  of  force  in  the 
copper  itself  and  that  none  of  the  leakage  lines  pass  into  the  iron 
or  cause  eddy  currents,  this  expression  is  strictly  correct.  In 
practice  it  is  only  approximately  true.  If  the  primary  consist  of 
a  thick  solid  copper  conductor,  so  that  many  of  the  lines  of  force 
embrace  only  a  fraction  of  the  current  and  the  eddy  current  losses 
are  appreciable,  the  error  due  to  our  assumption  may  be  large. 
In  most  practical  cases  however  the  error  is  small,  and  we  shall 
write  niij/(Ba  for  <t>a>  where  (Sa  is  a  constant. 

By    Ohm's    law    the    equation    to    determine    the    primary 
current  is 

,,.«.;.+..%+..*  ...(n 

In  a  similar  way  we  can  show  that  the  equation  for  the  secondary 
current  is 

-e.-.i.+  ^f^+„,*    (2). 

where  62  is  the  secondary  P.D.  and  7*2  is  the  resistance  of  the 
secondary  winding. 

When  the  secondary  is  on  open  circuit,  ig  and  (f>b  are  both  zero, 
and  therefore 

Secondary  on  ,  . 

open  circuit.  ^  ^<Pm 

Hence  by  (1) 

e,  +  %.  =  E.i.  +  n.^«  (3). 
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If  Ci  and  62  were  in  opposition  in  phase,  the  ratio  of  Ci  to  e^  would 
be  constant  (see  Vol.  I,  Chapter  vi).     The  above  equation  shows 
that  this  can  only  be  rigorously  true  when  R^  is  zero  and  there  is 
either  no  primary  leakage  or  the  ratio  of  <f>m  to  <f>a  is  constant. 
When  the  resistance  of  the  primary  can  be  neglected,  we  have 

^1  =  ^1  ^  (<t>m  +  <f>a), 

and  therefore,  <f>jn  +  (f>a  is  independent  of  the  secondary  load  and 
only  depends  on  the  shape  and  the  magnitude  of  the  wave  of  the 
applied  potential  difference.  Hence  also,  by  the  differential  cal- 
culus, <l>m  +  <f>a  has  a  turning  value,  that  is,  a  maximum  or  a 
minimum  value,  when  Ci  vanishes.  If  we  neglect  the  effects  of 
eddy  currents  in  the  core,  then,  on  open  circuit,  (f>m  has  a 
maximum  value  when  i^  has  a  maximum  value.  If  we  make  the 
assumption  that  0a  is  in  a  constant  ratio  to  iu  <l>a  will  have  a 
maximum  value  when  ii  has  its  maximum  value.  We  see,  there- 
fore, that  at  the  instant  when  the  magnetising  current  of  the 
transformer  has  a  maximum  value,  the  applied  potential  difference 
is  zero.  Similarly  the  applied  potential  difference  vanishes  when 
the  magnetising  current  has  a  minimum  value. 

It  also  follows  that,  when  Ri  is  negligible  e^  vanishes  with  61, 
for,  at  this  instant  the  flux  in  the  iron  has  a  turning  value.  The 
time-lag  between  the  primary  and  secondary  voltages  when  the 
secondary  is  on  open  circuit  is  therefore  180  degrees.  The  phase 
difference  between  them,  however,  is  not  180  degrees  unless  the 
ratio  of  (f>m  to  (f>a  is  constant,  for  the  shapes  of  their  waves  are 
different  in  other  cases. 

When  the  secondary  of  the  transformer  has  a  non-inductive 
,     ,  ^  load,  we  get  from  (1)  and  (2) 

Loaded  trans-  »  &  \    /  \    / 


former. 


Wi  r,   .        Wi       .  d(f>a  dSi, 

na  W3  at  at 


At  the  instant  when  ei  is  zero  we  have,  when  R^  is  negligible, 


_      d<f>a  d(j>if 

62  —  TI2  — jT"    ~  ^2  ~n  ^2^« 


In  a  constant  pressure  transformer  the  maximum  values  of  the 
quantities  on  the  right-hand  side  of  this  equation  are  small 
compared  with  the  maximum  value  of  ej.     Hence,  when  ei  is 
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zero,  62  and  consequently  also  %,  since  we  are  considering  a  non- 
inductive  load,  is  small.  But,  when  e^  is  zero,  0^  4-  <^a  has  a 
turning  value  and  hence  also  the  resultant  magnetising  turns 
must  have  a  turning  value.  The  positive  turning  value  must  be 
equal  to  rvil^,  since  the  maximum  value  of  ^m,  +  <f>a  is  the  same  at 
all  loads.  At  this  instant  therefore  ii  must  be  practically  equal 
to  its  maximum  value  /©  on  open  circuit,  since  %  is  small.     The 


Fig.  142.  The  primary  current  waves  of  a  Gaulard  transformer  at  various  non- 
inductive  loads  when  e^  is  the  shape  of  the  applied  potential  difference  wave. 
A  and  B  are  approximately  the  maximum  and  minimum  heights  of  the  magnetising 
current  wave  ?q. 

curves  in  Fig.  142  show  the  applied  potential  difference  wave  and 
the  waves  of  the  primary  current  for  various  non-inductive  loads 
on  the  secondary  of  a  transformer.  The  curves  were  drawn  by 
the  ondograph  of  Hospitalier.  It  will  be  seen  that  all  the  primary 
current  curves  pass  approximately  through  the  turning  points  of  the 
no-load  primary  current  curve.  These  points  are  on  the  ordinates 
through  the  points  where  the  p.d.  wave  cuts  the  time  axis. 

With  the  notation  of  this  chapter  we  have 

Magnetic  <^m  =  (^i^i  +  ?2a4)/(B,    <^a  =  Wi*i/®a  and    4>},^n^iJ9b. 

equations.  jj^^^^^ 

<i>m-\'^a-  (jhii  +  nJ^)/Gi  4-  riih/Gia  =  (Wi^i  +  AingiaVA^i®  . .  .(4), 
where  Ai  =  (Ba/((Ba  +  (»). 
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We  also  have 

<t>m  +  <t>a  =  (rhh  +  n^H)  (1/(R  4-  l/(Ba)  -  W,ia/(Ba, 

and  therefore  ^^  =  ki  ((f>m  +  <t>a)  +  kin^ii/Sia* 


The  equation  (1)  may  be  written  in  the  form 

idamental 
ations. 

and  equation  (2)  is 


Fundamental                                                   !>•,         ^  /  j.       ,    j.  \  /«\ 

equations.  ^i  =  -^  *i  +  ^i  ^  (<f>w  +  <pa)     (.Cih 


where  jB2  =  ^4-r2,  a?  being  the  non-inductive  load. 
Hence  by  the  preceding  paragraph 

-..J,{^.(<^»  +  ^<.)}  =  i^.^;+||(A.,4)  +  g§  ...(6). 

In  Chapter  vill  we  showed  that  the  equations  to  the  air  core 
transformer  are 

ei  =  Riii  +  A  ^  {ii  +  (^/Li)  ii] 

and  "^  Tff  {^^  "*"  ^^1-^^  ^2}  =  ^2**2  +  ^a^-  ^  • 

Comparing  these  equations  with  the  equations  (a)  and  (6) 
given  above  it  will  be  seen  that,  when  there  is  no  iron  in  the  core, 

ni  (<f>m  +  <t>a)  =  Lih  +  Mi^, 
and      k,ru,  (<l>m  +  <^a)  =  ^^i  +  (Jf  V^i)  *2  =  (^/A)  ^i  (<^m  +  <^a). 
Therefore  A^i  riaM  ="  -^/^i  • 

We  see  also,  by  comparing  the  equations,  that 

and  cr  =  1  -  M^/L,L,  =  1  -  (Ba(B6/((Ba  +  «)  ((Bft  +  «)• 

If  the  primary  applied  potential  difference  be  maintained 
constant  and  the  primary  resistance  be  negligible,  we  have  shown 
that 

Liii  +  Mi^^Liio. 

Substituting  kin^jn^  for  ilf/Zi  in  this  equation  we  find  that 

Wiii  +  A^i  7121*2  =  71110, 

an  equation  which  holds  for  the  iron  core  transformer  (see  formula 
(6),  p.  304). 
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It  follows  from  the  preceding  section  that  the  equations  for  the 
The  value  i^on  core  and  the  air  core  transformer  are  identical 
of*,.  when    we    assume    that    ki    is    constant.      We    have 

already  shown  that  when  the  eflFective  value  of  the  wave  of  the 
applied  P.D.  is  maintained  constant  but  its  shape  varied,  the 
maximum  value  of  the  flux  in  the  iron  core  varies.  Hence  the 
reluctance  of  the  core  and  therefore  also  the  value  of  k^,  which 
equals  (Ba/((Ba  +  Sf)y  will  vary  with  the  wave  shape.  We  shall 
make  the  assumption,  when  finding  the  approximate  formulae 
required  in  practical  work,  that  for  a  given  effective  value  and  for 
a  given  wave  shape  of  the  applied  p.d.  we  can  find  the  equations 
connecting  the  effective  values  of  the  currents  and  volts,  and  the 
mean  value  of  the  power,  as  if  ki  had  a  constant  value. 

In  practice  (Sa  is  much  greater  than  (J?  except  for  two  brief 
intervals  every  period,  and  so  kj  during  nearly  the  whole  period 
is  approximately  equal  to  unity.  When  Uiii  +  n^h  is  zero,  <f)m  is 
finite  owing  to  remanence,  (J?  must  therefore  be  zero  and  so  ki  is 
unity.  When  n^ii  +  712(2  lies  between  zero  and  riiic,  where  Uiie 
is  the  value  of  the  magnetising  turns  required  to  produce  the 
coercive  force,  (B  is  negative  and  varies  from  zero  to  —  00 .  Hence 
ki  must  vary  from  1  to  00  and  from  —  x  to  0  in  the  time  that 
Will  +  712^2  takes  to  increase  to  its  maximum  value  and  diminish  to 
zero  again.  When  7111*1  +  ^2*2  is  a  little  greater  than  rijic,  k^  attains 
a  value  k  which  is  nearly  equal  to  unity,  and  it  retains  this  value 
during  the  time  that  Uiii  +  n^^iz  takes  to  increase  to  its  maximum 
value  and  diminish  to  zero  again. 

Since  ki  equals  (Ba/((Ra  +  (S)  we  see  that  when  (J?  has  the  value 
—  (J?a,  Ai  is  infinite.  It  is  obvious  therefore  that  if  we  only  consider 
the  instantaneous  values  of  the  variables  the  assumption  that  ki 
is  constant  is  inadmissible.  We  can  see  from  equation  (6),  p.  304, 
namely, 

n^ii  +  ^iTi^ia  =  r^l^o, 

that  when  ki  is  infinite  4  is  zero.  Since,  on  our  assumptions, 
<^ft  vanishes  with  1*2,  it  follows  that  the  flux  in  the  core  is  the  same 
as  when  the  secondary  is  on  open  circuit,  and  so  ij  =  to.  Hence 
kiU^iz  is  zero  when  ^i  is  infinite,  and  when  ki  is  large  its  value  is 
small  and  hence  the  effective  value  of  iingia  may  be  written  kn^A^, 
where  A:  is  a  fraction  nearly  equal  to  unity,  without  appreciable 
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error,  provided  that  the  time  taken  by  riiii  +  w^ta  to  increase  from 
zero  to  Uiic  be  short  compared  with  the  time  it  takes  to  reach  its 
maximum  value.  It  is  more  difficult  to  see  the  magnitude  of  the 
error  introduced  into  our  equations  by  the  assumption  that  ki  is 
constant  in  (6).  It  amounts  to  assuming  that  the  hysteresis  of 
the  core  is  negligible,  and  that  its  permeability  is  constant.  These 
assumptions  are  not  admissible  when  we  are  considering  instan- 
taneous values;  but  when  we  are  considering  effective  values, 
especially  when  the  coercive  force  is  small  compared  with  the 
maximum  magnetising  force,  as  in  the  case  of  an  open  iron  circuit 
transformer  or  a  closed  iron  transformer  working  at  a  high  flux 
density  in  the  core,  the  equations  deduced  on  this  assumption 
are  sufficiently  accurate  for  all  practical  purposes.  The  formulae 
often  express  what  happens  with  an  accuracy  which  is  within  the 
limits  of  experimental  error  over  the  whole  range  of  the  permis- 
sible loads. 

The  equations  (a)  and  (6)  given  above  can,  when  we  may 
Transformer  regard  Aj  as  coustaut,  be  studied  readily  by  means 
diagram.  ^f  |.Jjq  diagram  given  in  Fig.  143,  which  is  almost 

identical  with  the  fundamental  diagram  of  the  transformer  when 
there  is  no  magnetic  leakage  (Fig.  118,  p.  257).  In  Fig.  143 
00  represents  the  effective  value  Vi  of  the  applied  potential 
difference,  OB  represents  iJi^i,  the  electromotive  force  required 
to  drive  the  current  A^  through  the  resistance  Bj,  and  BO  repre- 
sents the  effective  value  of  n^d{<f>^n  +  ^a)l<^^i  that  is,  the  effective 
value  of  the  back  electromotive  force  due  to  the  varying  flux 
linked  with  the  primary  circuit.  These  three  electromotive  forces 
balance  one  another,  and  therefore  their  vectors  always  form 
a  triangle  whatever  may  be  the  load  on  the  transformer.  In 
practice,  OB  is  about  one  per  cent,  of  00  at  full  load,  and  there- 
fore, when  the  applied  potential  difference  00  is  maintained 
constant,  BO  will  be  approximately  constant  at  all  lo£tds.  Hence, 
the  maximum  value  <I>  of  the  flux  of  induction  linked  with  the 
primary  is  approximately  constant  at  all  loads.  If  the  shape  of 
the  wave  of  the  applied  p.d.  does  not  alter,  this  flux  will  be  about 
one  per  cent,  less  at  full  load  than  at  no  load. 

Let  us  now  consider  the  equation  (6)  for  the  current  in  the 
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secondary ;    assuming  that  k^  is  constant  it  may  be  written  in 
the  form 

-  hn^  j^  {<l>,n.  +  <f>a)  =  Ii2h  +  W/&1>  +  hn,^l(Ba)  ^  • 

If  we  produce  GB  (Fig.  143)  to  D  and  make 
BD/BC  =  kinJn^  =  n, 

BD  will  represent  the  eflFective  value  of  —  A^i^a  ^  (^m  +  0a)  ^^ 

magnitude  and  phase.     If  there  were  no  magnetic  leakage,  fej 
would  be  equal   to  unity.      In  actual   trans- 
formers the   value   of  ki  is   nearly   equal   to 
unity,   but   it  varies  with   the   shape   of  the 
applied  wave. 

When  the  resistance  of  the  primary  is 
negligible  and  the  secondary  is  on  open  circuit, 
the  electromotive  force  at  its  terminals  is  in 
phase  with  BD,  but  when  there  is  a  non- 
inductive  load  X  on  the  secondary,  the  terminal 
potential  difference  is  in  phase  with  the  current 
and  is  not  in  phase  with  BD,  The  resistance 
-Bg  of  the  secondary  circuit  equals  r^  +  x,  and 
we  may  consider  that  its  self  inductance  is 
n2^l(Sib  +  kin2^/(Say  and  that  it  is  acted  on  by 
an  electromotive  force  the  vector  of  which  is 
represented  by  BD.     If  BF  represent 

DF  will  represent  the  electromotive  force  due 
to  the  inductance  of  our  hypothetical  secondary 
circuit.  Since  this  inductance  is  constant,  BF 
and  DF  are  at  right  angles  to  one  another. 
We  shall  call  DF  the  leakage  km.f.  of  the 
transformer.  It  vanishes  only  when  the  primary 
and  secondary  leakages  are  zero. 

To  a  first  approximation  BC  is  constant  at  all  loads,  and 
therefore  also  BD  is  nearly  constant.  If  the  wave  of  the  applied 
P.D,  were  sine  shaped,  we  should  have  DF  equal  to 


0 

Fig.  143.    Funda- 
mental diagram. 
OC=Vj; 

BF=V^  +  r^^; 
BD  =  n.BC. 
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approximately.  We  can  therefore  suppose  that  the  leakage  E.M.F. 
is  approximately  proportional  to  the  secondary  current. 

We  shall  call  the  angle  DBF  in  Fig.  143  the  angle  of  leakage 
Leakage  lag  in  l^g  ^^  ^^^  Secondary,  and  we  shall  denote  it  by  6, 
the  secondary.  When  the  Secondary  current  is  zero,  DF  is  zero,  and 
therefore  V^  is  in  phase  with  BD.  According  to  this  diagram,  if 
i?i  were  zero.  Fa  and  V^  would  be  in  opposition  in  phase.  We 
have  seen  earlier  in  this  chapter  that,  although  eg  and  e^  vanish  at 
the  same  instant,  yet  Fg  and  Vi  are  not  in  opposition  in  phase  as 
the  wave  shapes  of  e^  and  ei  are  diflFerent.  In  practice  it  is  almost 
impossible  to  detect  any  diflference  in  shape  between  oscillograph 
records  of  e^  and  e^y  hence  it  will  be  seen  from  the  numerical 
examples  worked  out  in  Vol.  I,  Chap,  vi,  that  the  phase  difiference 
must  be  very  nearly  180  degrees.  Hence  this  error,  which  is  due 
to  the  assumption  we  are  making  that  k^  is  a  constant,  is,  from  the 
graphical  point  of  view,  a  negligible  one. 

If  the  Wave  of  E.M.F.,  the  vector  of  which  is  BD,  be  sine-shaped 
we  have 

sin  ^  =  0)  (naV^Rft  +  hn,'/Gia)  A,/BD, 

Now  even  at  full  load  on  ordinary  transformers  0  is  very  rarely  as 
great  as  ten  degrees.  Hence,  since  the  sine  of  a  small  angle  is 
approximately  equal  to  its  circular  measure,  no  great  error  is 
introduced,  provided  that  the  shape  of  the  secondary  e.m.f.  wave 
does  not  alter,  by  the  assumption  that  the  angle  of  leakage  lag  in 
the  secondary  is  proportional  to  the  secondary  current. 

In  Fig.  143  the  angle  BOG  is  the  phase  difference  '^i  between 
Method  of  ^^e  primary  applied  P.D.  and  the  primary  current, 
finding  n.  fjjg  cosiuc  of  this  angle  is  the  power  factor  of  the 
primary  circuit.  Now,  when  the  secondary  is  on  open  circuit,  OB 
is  Ri.Aoy  where  Aq  is  the  magnetising  current  and  the  angle  BOG 
is  ^{rQ,     Hence  we  have 

n  =  kjTi^/rh  =  BD/BG  =  E,/(  V^  -  R^Ao  cos  -^o) (5), 

where  E2  is  the  effective  value  of  the  secondary  E.M.F.  on  open 
circuit.  This  equation  enables  us  to  determine  n  easily.  As  a 
rule  RiAoCOsyfrQ  is  negligible  compared  with  Fj. 
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From  (4)  we  see  that 

Equations  k^  ((f}m  +  <f>a)  =  (Wiij  +  hn^i^jQ. 

connecting  the 

currents.  Also,  from  (1),  we  have 


1    (* 
<l>m  +  <f>a  =  -l     («i  -  Rih)  dt, 


if  t  be  reckoned  from  the  instant  when  <f)^  -\-  ^a  is  zero.  If,  there- 
fore, we  neglect  iJiii  in  comparison  with  gj,  the  wave  of  <^m  +  <f>a 
will  practically  be  constant  in  magnitude  and  shape  at  all  loads, 
provided  that  the  eflFective  value  and  the  shape  of  the  applied 
P.D.  wave  be  maintained  constant.  The  magnetising  turns  that 
produce  <^^  +  <i>a  must  therefore  be  represented  by  the  same 
function  of  the  time  at  all  loads,  and  hence 

or  riiii  +  AiWaia  =  njio : (6), 

where  k^  equals  Gtalid^a  +  (B)* 

At  full  load,  the  maximum  value  of  (f>m  +  <f)a  is  slightly  less 
than  at  no  load  owing  to  the  term  R^ii  becoming  appreciable. 
The  magnetising  turns  ni%  are  therefore  also  slightly  less.  In 
practice,  however,  the  maximum  value  of  n^ij  at  full  load  is  much 
greater  than  the  maximum  value  of  nii'o,  and  equation  (6)  shows 
that  the  difiference  between  these  two  large  quantities  is  always 
equal  to  a  small  quantity.  Hence  it  is  unnecessary  to  make  the 
one  or  two  per  cent,  correction  to  the  small  term  Wit'o  as  this  cor- 
rection is  considerably  within  the  possible  errors  of  observation. 

Making  now  the  supposition  that  k^  is  constant,  the  equation 
(6)  shows  that  the  vectors  Ai,  A^  and  A^  are  in  one  plane.  We 
see  that  the  resultant  of  the  magnetising  turns  n^A^  and  k^n^A^ 
equals  n^A^,  Hence  resolving  the  vector  values  of  the  ampere 
turns  along  and  perpendicular  to  (7D,  we  have 

UiAx  cos  '^i  —  k^n^A^  cos  Q  =  n^A^  cos  -i^o* 
and  ni J.1  sin  -i^i  —  k^n^A^  sin  0  =  n^A^  sin  '^^o* 

We  may  write 

rzula cos  ^  = -4i  cos'^i  —  ^0  cos -i^ol 
and  nA^  sin  ^  =  -4i  sin  '^^  —  A^  sin  "y^^] 

where  n  =  kiUzIni, 
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Hence  we  may  use  any  of  the  three  following  equations  to 
find  6: 

sin  0  =  {Ai  sin  y^i  —  A^  sin  y^Q)lnA^ (8), 

cos  6  -  (ill  cos  '^i  —  Aq  cos  yjro)/nA2 (9), 

and 

tan  0  =  (Ai  sin  ^{rl  —  Aq  sin  '}jro)/{Ai  cos  yjr^  —  AQ  cos  'yjro). .  .(10). 

If  Wo  and  Wi  express  the  power  given  to  the  primary  when 
the  secondary  is  on  open  and  closed  circuit  respectively,  we  have 

Wo  =  V^Ao  cos  '^^o  and    Wi  =  ViAi  c^,    ^i. 

Equation  (9)  may  therefore  be  written  in  the  form 

cosd^iWi-WoynV.A^    (11). 

It  will  be  seen  that  equation  (10)  is  independent  of  n,  and  0  is 
calculated  from  the  readings  taken  on  the  primary  ammeter  and 
wattmeter  only.  Equation  (8)  is  also  useful  in  finding  0,  but 
equations  (9)  and  (11)  can  only  be  used  when  all  the  quantities 
involved  have  been  determined  with  the  greatest  accuracy. 
This  is  due  to  the  fact  that  cos  0  only  differs  from  unity  by 
about  1*5  per  cent,  at  full  load,  and  so  an  error  of  one  per  cent, 
made  in  measuring  Wi  —  Wo  will  make  a  large  error  in  the  value 
of  0  deduced  from  (11). 

It  follows  from  Fig.  143  that 

Formula  for  COB  0  =  BF/BI),    OT    BF  =  BD  COS  0. 

the  secondary 

voltage.  We  also  have 

Fa  +  VzAft  =  n  COS  0 .  BG  =  n  cos  0 {Vi  -^R^Ai  cos  '^^i), 

approximately,  and  therefore  by  (9)  we  get 

Fg  =  71  cos  ^ .  Fi  —  {ra  -h  {n  cos  0y  Ri\  ula  —  w  cos  ^ .  R^Ao  cos  y^o 

=  n  cos  0 .  Fi  —  (n  cos  0)^  QA^  —  n  cos  0 ,  RiAq  cos  yjroy 

where  Q  =  Ri  +  rJin  cos  0y. 

If  E2  be  the  value  of  Fa  on  open  circuit,  then,  since  cos  0 
equals  unity  and  -4 2  is  zero,  we  have 

E2  =  nVi  —  nRiAo  cos  ^Jro, 

which  agrees  with  (5). 

R.  n.  20 
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We  may  therefore  write 

7^=^  E^cos  e-in  cos  eyQA^ (12). 

This  equation  gives  us  the  following  approximate  equation  to  find 

the  value  of  0 

cos  0  =:  {V^  +  (r^-}-  n^It,)A,]/E^   (13). 

When  an  accurate  electrostatic  voltmeter  is  available  and  the 
alternator  gives  a  steady  eflFective  e.m.f.,  this  is  a  good  method  of 
finding  0, 

By  equations  (11)  and  (12)  we  have 

Efficiency  of  ^2  =  (  ^i  -  Wo)/n  Vj  COS  0, 

a  leaky  trans- 
former, and   Fa  =  n  COS  ^  ( Fi  -  iti 4o  cos  ylr^)  —  (n  cos  0y  QA^, 

The  efficiency  17,  therefore,  is  given  by 

V^V^AJW, 

=  (l-Fo/FO(l-i?i^cos^o/F"i-ncos^.QA/FO 

=  (1-  Tfo/^i)(l-Ql»'a/Fa«+  Wor,/V,'n'cos'0) (14). 

Hence  in  ordinary  transformers  we  can  use  the  equation 

V  =  (l'WolWO{l-QWJVi^)    (15) 

to  determine  the  efficiency. 

Since  Q  equals  R^-^{i\jn^)scc^0y  and  even  at  full  load  the 
value  of  sec^  0  is  only  about  three  per  cent,  greater  than  unity, 
it  follows  that  no  practical  error  is  introduced  by  finding  Q  from 
the  equation 

Slight  magnetic  leakage  therefore  makes  very  little  diflFerence 
in  the  efficiency  of  a  transformer  at  a  given  load.  If  the  trans- 
former be  rated  by  its  output  when  the  potential  drop  at  the 
secondary  terminals  \s  ' x'  per  cent.,  we  see  from  (12)  that  the 
greater  the  leakage  for  a  given  quantity  of  copper  and  iron  the 
smaller  will  be  the  permissible  maximum  output.  Hence  designers 
of  constant  pressure  transformers  endeavour  to  reduce  the  mag- 
netic leakage  to  a  minimum. 

The  shape  of  the  applied  wave  of  p.d.  has  an  important  effect 
Effects  of  ^^  *he  working  of  transformers  especially  at  light 

wave  shape.       loads.     If  we   ucglect   the   primary  resistance  and 
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reckon  the  time  from  the  instant  when  61  is  zero  and  increasing 
we  have  from  (1) 

4>m  +  <f>a--^[  e,dt-^  =  At/n,^^ (16), 

where  ^  is  the  maximum  value  of  (f>m  +  (f>a*  Hence  if  A  denote 
the  area  of  the  positive  half  of  the  applied  wave  we  have 

^  =  J..10«/2ni. 

Let  Vm  and  v  denote  the  mean  height  and  the  height  of  the 
centre  of  gravity  of  the  applied  wave  respectively,  then  by  Vol.  I, 
p.  70,  Ff  =  2vmVy  and  thus  since  A  =  Vm{T/2)  =  Vml2f,  we  have 

^=F,M0«/(8/n,i;) (17). 

It  follows  that  for  a  given  value  of  Vi  and  a  given  frequency, 
the  maximum  value  of  <f>m  +  <f>a  varies  inversely  as  v.  Since  on 
no  load  <f>m  and  <f>a  have  their  maximum  values  at  the  same 
instant,  namely,  when  the  current  is  a  maximum,  it  follows  that 
^m  +  <I>a  =  ^.  In  this  case  <!>«  is  generally  negligible  compared 
with  <I>w,  and  hence  ^m  varies  inversely  as  v.  In  approximate 
work  this  assumption  is  generally  permissible. 

If  we  have  a  family  of  equivolt  curves  (see  Vol.  I,  Chap,  iii) 
those  with  a  high  centre  of  gravity,  generally  called  pointed  or 
peaky  curves,  produce  a  smaller  induction  than  those  with  a  low 
centre  of  gravity,  called  rounded  or  square-shouldered  curves. 
Hence  the  induction  density,  for  a  given  eflFective  value  of  the 
applied  P.D.,  varies  with  the  shape  of  the  wave,  and  therefore  the 
magnetising  current  and  the  core  losses  vary  considerably  with  it. 
It  is  therefore  quite  impossible  to  predict  the  eflSciency  and  the 
load  for  a  given  secondary  drop,  that  is,  the  power  of  the  trans- 
former when  connected  with  a  given  circuit,  unless  we  know  the 
shape  of  the  P.D.  that  will  be  applied  to  it. 

In  1895,  G.  Roessler  made  careful  tests  to  find  out  how  the 

working  of  a  small  transformer  varied  with  the  shape 

5ste  ^the*^      of  the  wave  of  the  applied  P.D.  .  We  shall  apply  our 

effects  of  wave     formulae   to   his   experimental   results,  to  see  how 

shapes.  ^ 

closely  our  theory  agrees  with  experiment.  The  test 
is  a  severe  one  as  the  transformer  experimented  on  had  a  capacity 
of  about  half  a  kilowatt  only,  and  the  eflfects  of  the  resistance 

20—2 
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of  the  primary  are  appreciable  at  heavy  loads.  The  transformer 
is  of  the  closed  iron  circuit  type.  The  author  has  shown  in  The 
Electrician,  Vol.  42,  p.  567,  that  his  formulae  apply  even  more 
closely  to  the  open  iron  circuit  type. 

The  following  are  the  constants  of  the  transformer  on  which 
the  experiments  were  carried  out.  The  iron  plates  used  in  the 
core  were  half  a  millimetre  thick,  and  were  well  insulated.  The 
total  weight  of  the  iron  was  8*168  kilogrammes  (18*01  lbs.).  The 
numbers,  n^  and  Wg,  of  turns  in  the  primary  and  secondary  respec- 
tively were  132  and  265.  The  primary  and  secondary  resistances, 
jRi  and  rg,  were  0179  and  0*775  ohm  when  cold,  and  0*214  and 
0*943  ohm  when  hot,  respectively,  the  resistances  being  heated 
by  running  the  transformer  for  five  hours  at  full  load.  As  only 
a  Cardew  voltmeter  was  used,  which  took  35  watts  at  120  volts, 
the  open  circuit  volts  could  not  be  measured  directly.  Roessler 
gives  117'5  as  the  open  circuit  voltage,  and  this  value  has  been 
adhered  to  in  our  calculations. 


The 


Core  losses. 


transformer  was  tested  first  with  a  P.D.  obtained  from 
a  5*5  kilowatt  four-pole  machine  by  Ganz  and  Co., 
in  which  the  field  magnets  rotated,  and  afterwards 


Primary 
Amperes 


Fig.  144.    Transformer  connected  with  a  Ganz  Alternator, 
(a)    Primary  potential  difference  wave. 
(6)     Primary  current  wave  at  half  full  load, 
(c)     Secondary  potential  difference  wave  at  half  full  load.    The  scale  of  the 

secondary  volts  is  half  that  of  the  primary. 
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with  a  P.D.  from  a  small  0*5  kilowatt  machine  by  Wechsler  and 
Co.,  with  four  field  poles  and  a  rotating  ring  armature  which 
had  four  coils. 

The  transformer  was  used  as  a  step-up  transformer,  the 
effective  voltage  of  the  applied  potential  diflference  wave  being  60 
and  of  the  secondary  potential  diflference  wave  about  twice  as 
much.  The  shape  of  the  potential  diflFerence  wave  of  the  Ganz 
machine  is  shown  by  the  curve  'a'  in  Fig.  144.  The  potential 
diflFerence  wave  '  c'  of  the  secondary  at  half  load  is  also  shown. 
It  will  be  seen  that  the  two  curves  are  approximately  similar, 
and  that  they  vanish  at  the  same  instants.  The  secondary  load 
is  non-inductive,  and  so  the  maximum  value  of  the  secondary 
current  occurs  at  the  instant  when  the  secondary  voltage  is  a 
maximum.  Hence  at  this  instant  the  primary  current  has  also 
its  maximum  value.  When  ei,  e^  and  ig  are  all  zero,  t'l  must  be 
equal  to  the  maximum  value  of  i©,  where  %  is  the  magnetising 
current  wave.  The  eflFective  value  V^  of  the  primary  voltage 
wave  is  60,  and  the  height  of  the  centre  of  gravity  of  the  area 
of  the  wave  is  50*8. 

In  Fig.  145  the  corresponding  curves  of  the  transformer  when 
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Fig.  145.     Transformer  connected  with  a  Wechsler  Alternator. 


(a)    Primary  potential  difference  wave. 
(6)     Primary  current  wave  at  half  full  load. 
(c)    Secondary  potential  difference  wave  at  half  full  load, 
secondary  volts  is  half  that  of  the  primary. 


The  scale  of  the 


310  ALTERNATING  CURRENT  THEORY  [CH. 

connected  to  the  Wechsler  alternator  are  shown.  The  effective 
primary  voltage  V^  is  60,  and  the  height  of  the  centre  of  gravity 
of  the  applied  P.D.  wave  is  35*7.  We  see  from  (17)  that  the  ratio 
of  the  maximum  value  ^  of  the  flux,  when  the  transformer  is  con- 
nected with  the  Wechsler  machine  to  its  maximum  value  when 
connected  with  the  Ganz  machine,  is  50'8/35'7,  that  is,  142. 
Again,  by  Steinmetz's  law,  the  hysteresis  loss  varies  as  the  l*6th 
power  of  the  maximum  induction  density,  and  hence,  if  we  make 
the  assumption  that  the  ratio  of  the  maximum  induction  densities 
in  the  two  cases  is  1*42,  the  hysteresis  loss  will  be  1*76  times 
greater  with  the  Wechsler  machine. 

We  saw  in  Chap.  IX  that  the  eddy  current  loss  in  the  core 
is  practically  constant  if  V^  remain  constant.  We  shall  assume 
that  its  value  is  x  in  both  tests.  When  connected  to  the  Ganz 
machine  TTo  is  34*5,  and  deducting  the  copper  loss  0*2(l*46y, 
that  is,  0*4  watt  (see  Table  I  given  below),  we  get  341  watts  as 
the  core  loss.  Similarly,  we  get  the  core  loss  with  the  rounded 
waves  to  be  equal  to  51*9.     We  have,  therefore, 

51-9 -a?=  1-76  (341 -a?), 
and  thus  a?  =  11  watts  approximately. 

The  eddy  current  loss  cannot  be  calculated  accurately  by  this 
method  as  the  empirical  law  for  the  hysteresis  loss  is  only  approxi- 
mately true.  Assuming,  however,  that  this  value  of  the  eddy 
current  loss  is  exact,  we  easily  find  that  the  hysteresis  loss  in 
the  iron  is  2*3  watts  per  pound  with  the  rounded  waves,  and 
1*3  watts  per  pound  with  the  peaky  waves. 

In  the  experiments  the  mean  value  of  the  frequency  /  was 
,  ^     .  40*6,  and  the  cross  section  of  the  core  was  20*19 

Induction 

density  in  squarc  centimctrcs. 

Hence  we  find  by  means  of  (17)  that  with  the 
pointed  waves 

^/2019  =  8200, 

and  with  the  rounded  waves 

<I>/20*19  =  11700. 

If  we  neglect  <^a  in  comparison  with  <I>to,  we  see  that  the 
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maximum  induction  density  in  the  core  is  8200  with  the  peaky 
waves,  and  11700  with  the  founded  waves. 

In  order  that  the  figures  may  be  compared  readily,  we  have 
altered  them  so  as  to  make  the  primary  voltage  60  in  each  ex- 
periment. The  values  of  Ai,  A^  and  Fg  have  been  altered  in  the 
ratio  of  60  to  Fi,  and  the  values  of  Wi  and  W^  in  the  ratio  of  60^ 
to  Fi*.  The  values  of  i^i  in  the  fifth  column  are  calculated  from 
the  formula 

cos^i=Fi/Fii4i. 

In  Table  I,  Roessler's  results  are  given.  The  frequency  of  the 
alternating  current  is  40*6.  The  maximum  induction 
wiuToanz*  density  in  the  iron  core  is  8200.  Fi  denotes  the 
(peaky^waves).  Primary  P.D.,  A^  the  primary  current,  Fi  the  primary 
power,  1^1  the  phase  difference  between  the  primary 
current  and  P.D.,  Fg  the  secondary  P.D.,  A^  the  secondary  current 
and  17  the  efficiency. 

The  efficiency  is  calculated  by  the  formula 

where  TFa,  the  power  in  the  external  secondary  circuit,  equals 

Table  I.    Experimental  Results. 


Number 

of  Ex- 

Fi 

^1 

W, 

^1 

^2 

^2 

^2 

•n 

periment 

1 

60 

1-462 

34-5 

66-9 

0 

0 

0 

2 

60 

1-809 

71-6 

48-7 

117-5 

0-302 

36-4 

0-494 

3 

60 

2144 

99-4 

39-5 

117  0 

0-611 

59-7 

0-607 

4 

60 

2-982 

156-9 

28-8 

116-7 

1-004 

117-2 

0-747 

5 

60 

3-761 

205-3 

24-5 

115-0 

1-427 

164-2 

0-800 

6 

60 

4-512 

2529 

20-9 

114-3 

1-817 

207-7 

0-822 

7 

60 

5-554 

317-9 

17-4 

114-0 

2-344 

267-3 

0-841 

s 

60 

6-787 

390-9 

16-5 

112-5 

2-972 

334-7 

0-866 

9 

60 

7-575 

433-7 

17-3 

111-3 

3-365 

374-7 

0-864 

10 

60 

8-825 

509-9 

15-6 

110-3 

3-992 

440*8 

0-864 

11 

60 

— 

576-9 

— 

108-7 

4-580 

498-0 

0-863 

In  Table  II  the  values  of  the  various  quantities,  when  the 
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applied  P.D.  is  60,  are  given.     In  calculating  this  table  a  know- 
ledge of  the  following  data  only  has  been  assumed : — 

1.  The  magnetising  power  Wq,  which  equals  34*5  watts. 

2.  The  magnetising  current  Aq,  which  equals  1*462  amperes. 

3.  The  resistance  constant  Q,  which  equals  0*404  ohm. 

4.  The  secondaxy  voltage  E^,  on  open  circuit,  which  is  taken 
to  be  117*5. 

The  angle  ff  (see  the  foot  of  the  page)  has  been  taken  equal 
to  (6*5)/3  degrees  per  ampere  of  secondary  current. 

The  values  of  A^  in  this  table  are  taken  directly  from  Table  I. 


Table  II.    Calculated  Values. 


Number  of 
Experiment 

^2 

(from  I) 

^1 

^1 

^1 

V2 

W, 

V 

1 

0000 

66-9 

1-462 

34-5 

117-5 

0 

0 

2 

0-302 

49-2 

1-786 

700 

117-0 

35-3 

0-505 

3 

0-511 

40-9 

2-084 

94-5 

116-7 

59-6 

0-631 

4 

1004 

29-2 

2-912 

153-0 

115-9 

116-0 

0-763 

5 

1-427 

24-0 

3-678 

202  0 

115-3 

164-0 

0-815 

6 

1-817 

211 

4-428 

248-0 

114-4 

208-0 

0-838 

7 

2-344 

18-7 

5-439 

309-0 

113-5 

266-0 

0-861 

8 

2-972 

17-5 

6-673 

382-0 

112-3 

334-0 

0-874 

9 

3-365 

17-0 

7-446 

427  0 

111-5 

375  0 

0-878 

10 

3-992 

16-9 

8-714 

6000 

110-2 

4400 

0-880 

11 

4-580 

17-1 

9-946 

570-0 

108-8 

498-0 

0-880 

Method  of 
calculation. 


The  value  of  n  is  first  found.     We  have,  by  (5), 

n  =  E^/(Vj  -  R^Ao  cos  -^o)  =  1'96. 
The  values  of  the  angle  0,  in  the  first  row  of 
the  following  table,  are  calculated  by  formula  (8),  namely, 

sin  ff  =  (Aj  sin  '^^i  —  Aq  sin  ylrQ)/nA2. 


Number  of 
Experiment 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

^by(8)   

^by(lO) 

Probable  6... 

1-0 
1-0 
0-7 

1-0 
10 
1-1 

2-6 
2-6 
2-1 

4-4 
4-3 
3  1 

4-2 
4-1 
4-0 

3-9 
3-8 
5-0 

5-7 
5-6 
6-5 

7-8 
7-8 
7-2 

7-5 
7-4 

8-7 

10-0 
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In  the  second  row  the  figures  are  found  by  formula  (10).  The 
probable  values  of  Q  were  found  by  plotting  out  the  values  of  Q 
find  A^  given  in  the  first  two  rows  of  the  above  table  and  drawing, 
through  the  origin,  the  straight  line  which  makes  the  average 
deviation  of  these  points  from  it  a  minimum. 

If  we  calculate  Q  by  the  cosine  formula  (9),  we  find  that  in 
each  experiment  cos  6  comes  out  greater  than  unity,  showing  that 
there  is  probably  a  small  error  (one  or  two  per  cent.)  in  the 
determination  of  TTo.  The  leakage  may  be  expressed  by  saying 
that  the  lag  due  to  leakage  when  connected  with  the  Ganz  machine 
is  2*2  degrees  per  ampere  of  secondary  current. 

In  Table  II  the  column  headed  A^  is  taken  from  Table  I.  The 
column  headed  '^i  is  calculated  by  the  formula 

tan  1^1  =  (^0  sin  '^^^  +  nA^  sin  6)I{Aq  cos  '^o  +  ^-^2  cos  d\ 

which  follows  at  once  from  (7).  We  see  from  the  column  headed 
-1^1  in  Table  II  that  this  angle  attains  its  minimum  value  before 
the  secondary  current  increases  to  4*58  amperes. 

The  column  headed  A^  is  calculated  by  the  formula 

.4i  =  ^osin('^o-^)/8in(^a-^) (19). 

This  formula  follows  readily  from  (7).  Wi  is  now  got  by 
evaluating  Fa.4i  cos  i|ri.  Fg  is  calculated  by  (12),  and  hence,  in 
our  case,  since  {n  cos  6y  Q  =  1*5  approximately,  we  have 

Fa  =  117-5  cos  0-l-5ila. 

TTg  equals  V^^y  since  the  load  is  non-inductive,  and  the  last 
column  7}  is  the  ratio  of  W^  to  W^.  This  method  of  calculating  the 
efficiency  at  various  loads  is  however  not  to  be  commended  as  it  is 
aflFected  by  the  errors  made  in  calculating  Aiy^^i  and  Fj.  A  much 
simpler  and  more  accurate  method  is  given  below. 

In  Table  III  the  results  of  Roessler  s  experiments  on  this 
transformer    when     connected    with     a     Wechsler 

Expenment 

with  wechs-      machine    are    given.       When    necessary   we    have, 

ler  machine  iii»  i.  ii 

(rounded  as  bcforc,  reduccd  his  readings  so  as  to  make  the 

waves).  eflfective  primary  voltage  60  in  all  the  tests.     The 

frequency  was  the  same  as  in  the  preceding  test.  The  flux 
density  in  the  core,  however,  is  now  much  higher,  being  approxi- 
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mately  equal  to  11700  (p.  310).  The  same  notation  as  in  Table  I 
is  employed,  and  the  formulae  used  in  calculating  Table  IV  are 
the  same  as  those  used  in  calculating  Table  II. 

Table  III.    Experimental  Results. 


Number 

of  Ex- 

^1 

^1 

^1 

^1 

V2 

A, 

W, 

V 

periment 

1 

60 

2-100 

53-0 

65-1 

0 

0 

0 

2 

60 

2-406 

88-9 

62-0 

117-4 

0-301 

35-4 

0-398 

3 

60 

2-700 

115-4 

44-6 

117-4 

0-522 

61-4 

0-532 

4 

60 

3-457 

171-0 

34-5 

116-2 

0-998 

1160 

0-677 

5 

60 

4-221 

228-9 

27-9 

116-4 

1-431 

166  0 

0-737 

6 

60 

5-009 

274-1 

24-2 

116-5  . 

1-846 

213-2 

0-777 

7 

60 

5-960 

334-7 

20-6 

114-6 

2-362 

269-6 

0-806 

8 

60 

7-208 

411-4 

17-8 

113-5 

3-005 

339-8 

0-829 

9 

60 

7-986 

457-6 

17-3 

112-6 

8-393 

382-1 

0-835 

10 

60 

9-223 

632-3 

15-8 

111-5 

4*021 

448-8 

0-842 

11 

60 

— 

602-6 

— 

110-2 

4-644 

511-8 

0-849 

Comparing  Tables  III  and  I,  we  see  that  with  the  rounded 
waves  a  larger  magnetising  current  and  more  power  on  no  load  are 
required.  The  voltage  drop  at  the  secondary  terminals  is  more 
rapid  with  the  peaky  waves,  but  the  efficiencies  are  higher.  For 
example,  with  the  peaky  waves  the  efficiency  is  49*4  per  cent., 
and  with  the  rounded  waves  it  is  39'8  per  cent.,  when  the  load 
is  35*4  watts. 


Table  IV.     Calculated  Values. 


Number  of 
Experiment 

(from^III) 

^1 

^1 

W^i 

^2 

W, 

' 

1 

0 

65-1 

2-100 

53-0 

117-5 

0 

0 

2 

0-301 

52  1 

2-401 

88-5 

117-0 

35-2 

0-398 

3 

0-522 

45-0 

2-683 

114  0 

116-7 

60-9 

0-635 

4 

0-998 

34-2 

3-432 

170-0 

1160 

116-0 

0-680 

5 

1-431 

28-1 

4-178 

221-0 

115-3 

165  0 

0-746 

6 

1-846 

24-3 

4-937 

270-0 

114-6 

212-0 

0-784 

7 

2-352 

20-9 

5-875 

329-0 

113-3 

266  0 

0-809 

8 

3-005 

17-9 

7  106 

406-0 

112-8 

339-0 

0-835 

9 

3-393 

17-2 

7-875 

461-0 

112-2 

381-0 

0-843 

10 

4-021 

15-8 

9  080 

524-0 

111-2 

447-0 

0-853 

11 

4-644 

15-3 

10-30 

596-0 

1101 

6110 

0-858 
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In  Table  IV  the  values  of  the  various  quantities  are  calculated 
from  the  following  data : — 

1.  Wo  equals  53*0  watts. 

2.  Ao  equals  2*10  amperes. 

3.  Q  equals  0*404  ohm. 

4.  Ei  equals  117-5  volts. 

The  angle  0  has  been  taken  equal  to  1*1  degree  per  ampere  of 
secondary  current. 

Tables  III  and  IV  show  a  very  satisfactory  agreement.  We 
find  n  from  the  formula 

n  =  E,/(  V,  -  R,Ao  cos  ^o)  =  1-998. 
The  angles  of  leakage  lag  calculated  by  the  same  formulae  as 
before  are  given  in  the  following  table. 


Number  of 
Experiment 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

^by(8)  

^by(lO) 

Probable^... 

0-0 
0-0 
0-3 

0-0 
0-0 
0-6 

1-6 
1-5 
11 

1-6 
1-4 
1-6 

2-3 
2-3 
2-0 

2-4 
2-3 
2-6 

2-9 
2-8 
3-3 

4  0 
4-0 
3-8 

4-4 
4-3 
4-4 

5-2 

The  most  direct  method  of  calculating  the  eflSciency  is  by 
Efficiency  mcaus  of  the  approximate  formula  (15), 

'""""**'•  ^  =  (1  -  w,i  w,)  (1  -  QWjr.^y 

With  the  peaky  waves  Wq  equals  34*5  watts  and  Q  equals 
0*404  ohm.     Hence 

,,  =  (1  -  34-5/ Fi)  (1  -  0-404  TTi/SeOO). 

The  following  calculated   efficiencies  were  obtained  by  this 
formula. 


Number  of 
Experiment 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Observed  i;... 
Calculated  rj . 

0-494 
0-614 

0-607 
0-645 

0-747 
0-767 

0-800 
0-813 

0-822 
0-839 

0-841 
0-860 

0-856 
0-871 

0-864 
0-875 

0-864 
0-879 

0-863 
0-879 
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The  discrepancy  between  the  observed  and  calculated  values 
is  probably  due  to  an  error  in  the  measurement  of  Wq.  With  the 
rounded  waves  the  formula  for  the  eflficiency  is 

77  =  (1  -  5S/W^)  (1  -  0-404  Tr,/3600). 


Number  of 
Experiment 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Observed  rj... 
Calculated  17 . 

0-398 
0-400 

0-532 
0-534 

0-677 
0-677 

0-737 
0-744 

0-777 
0-782 

0-806 
0-806 

0-829 
0-831 

0-835 
0-839 

0-842 
0-847 

0-849 
0-860 

It  will  be  seen  that  the  observed  and  calculated  values  agree 
very  closely. 

In  such  a  small  transformer  if  we  wish  a  three  figure  accuracy 
we  cannot  neglect  the  last  term  in  formula  (14).  This  slightly 
increases  all  the  calculated  values  of  rj  in  the  above  formulae. 
The  maximum  correction  is  for  the  rounded  waves  at  full  load, 
and  equals  +0003. 

In  the  above  calculations  no  attempt  has  been  made  to  take 
into  account  the  differences  in  the  core  loss  at  no  load  and  at 
full  load.  In  the  above  transformer,  however,  the  core  loss  is 
appreciably  less  at  full  load  than  at  no  load.  The  back  E.M.F.  in 
the  primary  at  full  load  (BC  in  Fig.  143)  is  Vi  —  EiAiCOSyfri 
nearly,  and  this  equals  60  —  2,  that  is,  58  volts.  Hence  the  in- 
duction density  at  full  load  is  3'3  per  cent,  less  than  at  no  load, 
and  therefore  the  hysteresis  loss  is  5*3  per  cent.  less.  The  eddy 
current  loss  will  be  6*6  per  cent,  less,  owing  to  the  diminished 
value  of  the  effective  E.M.F.  causing  the  eddy  currents. 

The  height  of  the  centre  of  gravity  of  the  E.M.F.  wave  pro- 
Mathematicai  ducod  by  an  altomator  A  is  twice  as  great  as  that 
example.  producod  by  an  alternator  B,  and  the  effective  value 

of  the  volts  in  each  case  is  2500.  A  ten  kilowatt  transformer 
tested  with  the  former  alternator  gives  a  core  loss  of  100  watts 
on  open  circuit,  and  a  tenth  of  this  loss  is  due  to  eddy  currents. 
If  Q  equals  10  ohms,  let  us  find  the  efficiency  of  this  transformer 
at  one-twentieth,  one-tenth,  one-half,  and  at  full  load,  (1)  when 
tested  with  A,  and  (2)  when  tested  with  B. 
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Since  the  height  of  the  centre  of  gravity  of  the  wave  pro- 
duced by  B  is  only  one-half  the  height  of  that  of  -4,  the 
maximum  induction  density  in  the  core  is  twice  as  great  when 
tested  on  B,  Hence,  by  Steinmetz'a  law,  the  core  loss  when 
tested  on  B  will  be 

2i« (100 -  10)  +  10 ;    that  is,  282-8  watts. 
Using  the  formulae 

9;^  =  (1  -  lOO/TTO  (1  -  10WJ2b00') 
and  VB-^il-  283/  W,)  (1  -  10  W,/2oOO'), 

we  get  the  following  table. 


Load 

l/20th 

1/lOth 

1/2 

Full  load 

Efficiency  with  A 

Efficiency  with  B 

80-0 
43-4 

89-9 
71-6 

97-2 
93-5 

97-4 
95-6 

The  above  example  illustrates  the  necessity  of  giving  the 
height  of  the  centre  of  gravity  of  the  area  of  the  applied  P.D. 
wave  used  during  the  test,  as  well  as  its  effective  value. 

The  constructions  given  in  the  preceding  chapter  for  polyphase 
transformers,  boosters  and  compensators  may  be  extended  in  a 
similar  way  so  as  to  take  the  leakage  of  the  magnetic  lines  into 
account.  From  these  constructions  formulae  may  be  deduced 
which  are  useful  in  practical  work.  They  show,  for  instance,  the 
appreciable  effects  produced  in  ordinary  working  by  alterations  in 
the  shape  of  the  applied  p.d. 

When  the  secondary  load  has  capacity  or  inductance,  one  of 
Equivalent  ^^^  ^ost  ways  of  Considering  the  problem  is  to  use  an 
net-work.  equivalent  net-work  as  in  Chapter  ix.  Suppose,  for 
example,  that  the  load  is  an  inductive  coil  (a?,  N).  Assuming  that 
ki  is  constant,  equations  (a)  and  (6),  given  on  p.  299,  may  be  written 

d 


Bi  =  Riii  +  ^1  ^  (^m  +  <^a)> 


dt 


dt' 
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They  may  also  be  written 

Bi  -  Mill  =  ^1  ^  (</>m  +  <^a) 

=  -  {(r,  +  x)/n}  i,  -  {Njn)  ^»  -  (1/n)  (n^VflJ^  +  hn^KSia)  § 

where  i'^  —  ni^,  n  being  equal  to  k^n^jni.     We  can  also  write 

These  equations  suggest  the  equivalent  net-work  shown  in 
Fig.  146.  A  non-inductive  resistance  R^  is  placed  in  Series  with 
sm  imaginary  choking  coil  T  which  acts  in  exactly  the  same  way 
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Fig.  146.  Equivalent  net-work  of  a  leaky  transformer  on  an  inductive  load 
{x,  N).  T  acts  in  the  same  way  as  the  primary  of  the  transformer  would,  if  it 
had  no  resistance  and  the  secondary  was  on  open  circuit,  k-^  is  the  leakage 
constant  and  n  equals  kjnjni. 

as  the  primary  coil  of  the  transformer  would,  if  it  had  zero 
resistance  and  the  secondary  was  on  open  circuit.  Across  the 
terminals  of  this  choking  coil  are  placed  in  series  two  choking 
coils  (0,  N/n^)  and  {0,  (l/n^){^i2''l(9b-\'hihV(Sa)}  and  also  a  non- 
inductive  resistance  {r2'\-x)ln^.  If  the  primary  P.D.  be  applied 
across  A  and  B,  the  current  in  R^  will  be  equal  to  the  current  in 
the  primary  coil  of  the  actual  transformer  when  the  load  is  (a?,  N\ 
and  the  current  in  the  secondary  will  be  equal  to  Ijn  times  the 
current  in  CDB  and  will  be  in  opposition  to  it  in  phase.  The 
secondary  potential  difference  Fg  will  be  equal  to  1/n  times  the 
P.D.  across  the  inductive  coil  {xjn^,  Njn^)  in  the  circuit  CDB  and 
it  will  be  in  opposition  to  it  in  phase. 
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In  the  ordinary  transformer  R^  is  negligible,  hence  the  applied 
P.D.  at  the  terminals  of  T  (Fig.  146)  is  constant  at  all  loads.  /  is 
therefore  constant  at  all  loads  and  we  have 

ii  +  ni^  —  % 
as  before  (p.  304). 

In  Fig.  147  let  OY  give  the  phase  of  the  applied  potential 
Transformer  difference  and  OA  represent  the  magnetising  current, 
diagram.  Then  if  OP  represents  the  primary  current  vector  A^ 

for  a  particular  load,  AP  will  represent  nA^  when  the  primary 
resistance  Ri  is  negligible,  for  in  this  case  we  always  have 

ii  +  nia  =  %. 
If  we  now  suppose  that  the  applied  p.d.  wave  is  sine  shaped 


Pig.  147.    Transformer  diagram.    Locus  of  P  is  a  circle.    OP  is  the  primary 
current  vector  and  OY  gives  the  phase  of  the  appUed  p.d. 

and  that  0  is  the  phase  difference  between  the  P.D.  applied  to 
CDS  (Fig.  146)  and  i\  so  that  0  is  the  angle  we  have  defined  as 
the  angle  of  magnetic  leakage,  then,  when  the  secondary  load  is 
non-inductive,  we  have 

sin  ^  =  {(ojv?)  (nj'IGli  +  hn^'/Gla)  A'/V, 
=  ((oAJnV,)  (n^'/Gtb  +  hn^'/dta)' 
Draw  AB  (Fig.  147)  parallel  to  OX  and  PB  perpendicular  to 
AP.    The  angle  ABP  equals  the  angle  between  AP  and  OF  and 
is  therefore  equal  to  0.     We  also  have 

AB  =  AP /sin  0  =  n^j/sin  0  =  n^Fi/f©  (n^V^fr  +  A^iW^V^a)}. 
Thus,  when  the  load  is  non-inductive  and  the  applied  potential 


320  ALTERNATING  CURRENT  THEORY  [CH. 

diflference  Vi  is  maintained  constant,  the  locus  of  P  is  a  circle. 
It  has  to  be  remembered  that  in  proving  this  theorem  we  have 
assumed  that  the  applied  wave  of  p.d.  is  sine  shaped  and  that  iJi 
is  negligible. 

We  shall  now  make  the  further  assumption  that  r^  is  negligible. 
In  this  case  P  coincides  with  B  so  that  AB  equals  nAgy  where  Ag 
represents  the  short  circuit  current  in  the  secondary.     Therefore 

nVJAg  =  (n^'/^b  +  hnil(Ra)  «• 

The  quantity  (n^^lGth-^  ki'^h^l(^a)(i>  is  called  the  leakage  re- 
Leakage  actance.  It  can  be  measured  very  easily.  If  we 
reactance.  short-circuit  the  Secondary  terminals  of  a  transformer 
through  an  ammeter  of  negligible  resistance  and  inductance,  and 
gradually  increase  the  P.D.  applied  to  the  primary  terminals  until 
the  secondary  current  equals  the  full  load  current  A2  of  the 
transformer,  we  have 

where  F/  is  the  applied  p.d.  when  A^  is  the  short-circuit  current 
in  the  secondary.  This  expression  may  be  taken  as  a  measure  of 
the  leakage  of  the  transformer,  and  can  be  employed  usefully  in 
conjunction  with  the  diagram  given  in  Fig.  147.  If  the  applied 
P.D.  wave  be  not  a  sine  curve,  then  the  leakage  reactance  can  still 
be  measured  by  the  ratio  of  nV^  to  A^y  but  the  above  equation  has 
to  be  modified. 

'        We  see  at  once   from  Fig.  146  that   the   effect   of  putting 

an  inductive  load  on  the  secondary  is  the  same  as 

RD."dro?'on     that  produccd  by  an  increase  of  the  magnetic  leakage. 

fj'^i"*^"^*^^^     The  radius  of  the  circle  in  Fig.  147  will  be  diminished. 

The  values  of  k^  and  n  however  remain  the  same. 

Let  us  suppose  that  an  inductive  load  iV^  and  a  non-inductive 

load  X  each  produce  the  same  current  A2  in  the  secondary.     Let 

us   suppose   also  that   the   applied   p.d.  is   sine  shaped.      From 

Fig.  147  we  see  that 

( F^  -i-  r^A^y  -h  {coLA^y  =  n2Fl^ 
and  (  Fy  +  wLA^Y  -i-  r^Mj^  =  n^  V^\ 

where  Fj.  and  Fj^  are  the  terminal  p.d.s  on  the  non-inductive  and 
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inductive  loads  respectively  and  L  equals  n^j&i^  +  kiU^jQa-    Hence, 
we  have 

and  Fy  =  {K^  +  {(oLA^f]^  -  oiLA^ , 

where  K^  =  n^V^^  -  {(oLA^f  -  riA^\ 


Now  if  y  =  ViT^  ^-a^^x, 

dyjdx  =  xj^K^  +  ar*  —  1  =  a  negative  quantity. 


Therefore  Vif *  +  a^  —  a?  continually  diminishes  as  x  increases. 
We  see  therefore  that  Vj^  will  be  less  than  V^  if  coLy  or 
0)  {n^l&h  +  hfh^l(^a)y  is  greater  than  7-2.  If  there  were  no  magnetic 
leakage,  Fy  would  be  greater  than  Fj.,  and  the  drop  on  an  in- 
ductive load  would  be  less  than  on  a  non-inductive  load.  In 
most  commercial  transformers  aoL  is  greater  than  r^,  and  thus  the 
drop  on  an  inductive  load  is  the  greater. 

For  the  economical  transmission  of  power  very  high  voltages 
High  voltage  ^^Q  ncccssary.  In  some  cases  pressures  greater  than 
transformers.  500OO  volts  are  uscd.  In  thcse  cases  the  trans- 
formers are  of  large  size,  and,  even  when  the  losses  are  only 
one  per  cent,  of  the  full  load  output,  this  may  represent  twenty 
or  thirty  kilowatts.  Special  arrangements  have  then  to  be  em- 
ployed to  keep  the  transformers  cool.  There  are  three  methods 
in  general  use.  In  the  first  method  the  transformers  are  cooled 
by  currents  of  air  produced  by  electric  fans.  In  the  second 
method  they  are  immersed  in  oil,  contained  generally  in  an  iron 
case  which  is  corrugated  so  as  to  increase  the  cooling  surface.  In 
the  third  method  we  have  large  spirals  of  brass  tubing,  through 
which  water  is  kept  circulating,  immersed  in  the  oil  so  as  to  keep 
it  cool.  The  transformers  are  generally  of  the  shell  type,  the  core 
consisting  of  sheet  steel  plates.  Numerous  ventilating  ducts 
are  made,  through  which  the  oil  or  air  circulates  when  the  trans-r 
former  is  working.  The  coils  are  arranged  in  layers,  so  that 
wires  at  great  differences  of  potential  are  kept  well  apart  from 
one  another.  This  construction  also  admits  of  sandwiching  the 
primary  and  secondary  coils,  and  so  making  the  magnetic  leakage 
a  minimum. 
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In  Fig.  148  is  shown  the  eflSciency  curve  of  one  of  the  2340 
kilovolt  ampere  transformers  made  by  the  Oerlikon  Company 
for  the  power  transmission  plant  at  Caffaro  (see  p.  107).  The 
transformer  is  in  a  east-iron  case  containing  oil,  and  water  cooling 
is  employed.  It  is  designed  for  a  frequency  of  42,  and  the  ratio 
of  transformation  is  9000/40000.  The  section  of  each  of  the  three 
cores  is  rectangular,  and  the  cores  are  arranged  side  by  side. 
The  windings  are  of  copper  strip  insulated  by  presspahn.  The 
high-pressure  coils  are  each  divided  into  36  sections,  and  are 
wound  outside  the  low-pressure  coils.     The  resistance  per  phase 
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Fig.  148.  Efficiency  curve  of  a  2340  k.v.a.  three  phase  transformer  in  oil  at 
60°  C.  Water  cooling  is  employed.  9000 — 40000  volts  at  42  ~  frequency.  Resistance 
per  phase  of  the  high^pressure  winding  2*01  ohms.  Besistance  per  phase  of 
the  low-pressure  winding  0*074  ohm.  Ohmio  drop  0*6  7©  •  Inductive  voltage 
drop  50/0. 

of  the  high-pressure  winding  when  warm  is  2*01  ohms,  and  the 
resistance  per  phase  of  the  low-pressure  winding  is  0*074  ohm. 
The  temperature  of  the  oil  during  the  test  was  60°  C.  The  iron 
losses  at  all  loads  are  approximately  20*5  kilowatts.  The  drop  in 
volts  due  to  the  resistances  of  the  primary  and  secondary  coils  at 
full  load  is  0'6  per  cent,  and  the  reactive  drop,  obtained  by  finding 
the  primary  voltage  required  to  get  full  load  secondary  current 
in  the  short-circuited  secondary  coil,  is  five  per  cent,  of  the  open 
circuit  secondary  voltage.  A  pressure  of  60000  volts  was  main- 
tained between  the  high  tension  and  low  tension  coils,  in  parallel, 
and  the  iron  case  for  half-an-hour  in  ordier  to  test  the  dielectric 
strength  of  the  insulating  material  between  them.     The  trans- 

Fiftrmer  and  its  oil  case  are  shown  in  Fig.  149. 

T'he  oil  used  for  transformers  is  generally  a  mineral  oil,  and 

and        '^^^  ^®  taken  to  secure  that  it  is  free  from  acid,  alkali,  or 

_•  The  dielectric  strength  of  the  oil  is  much  greater  than 
where  Vx  *^ 
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that  of  air,  and,  unlike  solid  dielectrics,  in  the  event  of  a  spark 
passing  it  is  at  once  extinguished  and  the  dielectric  strength  and 
insulating  properties  of  the  oil  are  not  weakened.  When  the 
transformer  is  connected  with  the  supply  mains,  the  oil  in  the 


Fig.  149.    2340  K.y.A.  transformer  for  a  40000  volt  transmission  line. 


ventilating  ducts  and  in  contact  with  the  coils  is  warmed  and 
rises  to  the  surface.  The  oil  in  contact  with  the  brass  spiral 
tubes,  surrounding  the  transformer,  through  which  water  is  kept 
circulating,  sinks,  and  thus  a  continual  circulation  of  the  oil  is 

21—2 
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maintaiDed.  The  heat  developed  in  the  transformer  is  carried 
away  by  the  convection  currents  in  the  oil  and  conducted  into  the 
water  or  radiated  from  the  case.  A  2400  kilo  volt  ampere  trans- 
former requires  approximately  three  gallons  (13*6  kilogrammes)  of 
water  per  minute  for  cooling. 

Large  high  voltage  transformers  usually  have  a  thermometric 
alarum  fitted  to  them,  so  that  in  the  event  of  the  temperature  of 
the  oil  getting  too  high,  owing  to  a  diminished  flow  of  the  water 
or  for  any  other  reason,  a  bell  is  rung  or  a  gong  is  sounded. 

In  practical  work  it  is  found  that  the  larger  the  size  of  the 
The  heating  of  transformer  the  greater  the  difficulty  experienced  in 
transformers.  keeping  it  cool.  This  is  duc  to  the  fact  that  the  area 
of  the  cooling  surface  increases  only  as  the  square  of  the  linear 
dimensions  whilst  the  weight  of  the  copper  and  iron  used,  and 
consequently  the  heat  generated  in  them  for  given  current  and 
flux  densities,  increases  as  the  cube  of  the  linear  dimensions.  As 
a  rule,  therefore,  not  only  are  larger  transformers  made  heavier 
in  proportion,  but  more  attention  is  paid  to  the  methods  adopted 
for  keeping  them  cooU  It  is  customary  also  so  to  design  trans- 
formers of  large  capacity  that  their  efficiencies  are  higher  than 
those  of  small  transformers. 
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In    the    utilisation    of   alternating    currents    to    supply   motive 
power  for  industrial  purposes,  many  types  of  motor 
current  are   employed.     Some   of   these   motors   run   at   the 

same  speed  at  all  loads,  whilst  the  speed  of  others 
varies  with  the  load.  They  may  conveniently  be  divided, 
therefore,  into  synchronous  and  asynchronous  machines.  The 
theory  of  synchronous  motors  has  already  been  discussed  in 
Chapters  iv  and  v.  We  saw  that  an  ordinary  single  phase  or 
polyphase  alternator  will  run  as  a  synchronous  motor  when 
connected  with  the  supply  mains  in  the  proper  manner.  If  2p 
be  the  number  of  poles  of  the  field  magnets,  n  the  number  of 
revolutions  per  second  and  /  the  frequency,  then,  since  the 
angular  velocity  of  the  rotor  27rw  equals  co/p  where  w  is  2^/,  we 
must  have  n  always  equal  to  f/p.  The  only  method  of  altering 
the  speed  in  this  type  of  machine,  therefore,  is  to  alter  either  the 
frequency  /  of  the  supply  current  or  the  number  of  poles  of  the 
field  magnets- 
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Asynchronous  motors  may  be  divided  roughly  into  induction 
Asynchronous  Hiotors  and  Commutator  motors.  The  operation  of 
motors.  induction  motors  depends  on  the  torque  produced 

on  a  suitable  rotor  when  placed  in  a  rotating  magnetic  field. 
The  fundamental  methods  of  producing  rotating  magnetic  fields 
are  described  in  Vol.  I,  Chapter  xiv,  and  an  investigation  is  also 
made  of  some  of  their  properties.  In  practice,  the  speed  of  the 
ordinary  type  of  induction  motor  only  varies  by  about  five  per 
cent,  from  no  load  to  full  load.  For  most  practical  purposes, 
therefore,  we  may  regard  the  induction  motor  as  a  constant  speed 
motor.  Most  forms  of  commutator  motor  are  variable  speed 
motors.  In  this  chapter  we  shall  only  consider  the  elementary 
theory  of  the  induction  motor,  delaying  the  consideration  of  the 
theory  of  commutator  motors  until  Chapter  xv. 

Faraday  showed  that  when  a  metallic  cube  was  placed  in  a 
Faraday's  rotating  magnetic  field  the  cube  revolved  in  the  same 
cube.  direction   as  the   field.     This   rotation  is  due  to  the 

reaction  of  the  currents  induced  in  the  mass  of  metal  on  the 
magnetic  field.  The  mechanical  forces  produced  tend  to  make 
the  induced  currents  a  minimum,  and  thus  act  so  as  to  rotate 
the  cube  in  the  same  direction  as  the  field.  If  the  cube  were 
perfectly  free  to  move,  it  would  rotate  with  the  same  angular 
velocity  as  the  field,  and  no  induced  currents  would  be  generated 
after  it  had  attained  synchronism.  If  the  cube  had  to  perform 
work  in  overcoming  friction,  it  would  rotate  at  a  less  speed  than 
synchronism,  and  the  induced  currents  acting  on  the  field  would 
produce  the  couple  required  to  do  the  necessary  work. 

In  Foucault's  classical  experiment  of  a  copper  disc  rotating  in 
Foucauit's  ^  strong  magnetic  field,  the  energy  expended  in  making 
^^^^'  the  disc  rotate  at  constant  speed,  when  the  magnetic 

field  has  become  steady,  is  converted  mainly  into  heat  generated 
by  the  eddy  currents  induced  in  it.  The  rest  of  the  energy  is 
expended  in  overcoming  mechanical  and  air  friction.  Assuming 
that  all  the  energy  is  expended  in  heating  the  disc,  we  can  write 

ga)  =  4i'2H   (i). 

In  this  formula  g  is  the  torque  in  joules  acting  on  the  disc,  co  is 
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its  angular  velocity  and  H  is  the  heat  in  calories  generated  per 
second  in  the  disc.  Hence  g  can  be  found,  when  H  and  co  are 
known. 

In  the  experiment  of  Faraday's  cube  the  rotation  takes  place 
Induction  ^^  cxactly  the  same  manner  whether  the  rotating 
motors.  magnetic  field  is  produced  by  rotating  direct  current 

electromagnets  or  by  means  of  alternating  currents.  The  torque 
produced  by  the  induced  currents  is  small,  and  hence  little  power 
could  be  obtained  from  a  motor  constructed  on  this  principle. 
The  earliest  induction  motor,  which  was  invented  by  Ferraris  and 
constructed  in  1885,  consisted  simply  of  a  copper  cylinder  placed 


Fig.  160.  Form  of  stator  and  rotor  stampings  for  an  induction  motor.  The 
slots  which  receive  the  stator  windings  are  open.  The  rotor  is  of  the  squirrel-caga- 
type,  the  holes  round  the  circumference  receiving  the  copper  conductors. 

in  a  rotating  magnetic  field.  The  principle  of  its  action  fs 
therefore  identical  with  that  of  Faraday's  cube.  To  obtain  an 
appreciable  torque  from  this  kind  of  motor,  we  must  have  large 
induced  currents  in  a  strong  magnetic  field.  To  get  a  strong 
magnetic  field,  it  is  necessary  to  have  that  part  of  the  path  of 
the  flux  which  is  in  non-magnetic  media  as  short  as  possible. 
One  way  of  doing  this  is  to  construct  the  rotor  of  circular  iron 
stampings  so  that  it  forms  a  cylinder,  the  diameter  of  which  is 
only  slightly  less  than  the  inner  diameter  of  the  stator.  In  the 
slots  of  the  stator  are  wound  the  coils  which  produce  the  rotating 
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magnetic  field.  The  torque  produced  in  a  rotor  of  this  type,  due 
to  the  hysteresis  and  to  the  eddy  currents  in  the  iron  of  the 
rotor,  is  small.  A  motor  constructed  in  this  manner  is  called  a 
hysteresis  motor.  If  holes  are  made  (Fig.  150)  near  the  circum- 
ference of  the  rotor,  parallel  to  its  axis,  the  holes  being  evenly 
distributed  round  the  rotor,  and,  if  copper  conductors  are  placed 
in  them,  the  ends  of  the  conductors  being  all  short-circuited  at 
each  face  of  the  cylinder,  a  very  powerful  torque  is  obtained.  If 
the  iron  is  supposed  to  be  removed  from  this  rotor,  the  copper  bars 
with  the  copper  short-circuiting  plates  at  the  ends  will  be  similar 
to  a  squirrel-cage.  Hence  this  type  of  rotor  is  generally  called  a 
squirrel-cage  rotor.  It  was  described  and  patented  by  Dolivo- 
Dobrowolsky  in  1889.  Instead  of  having  plates  or  rings  of  copper 
to  short-circuit  the  rotor  windings,  platinoid  or  other  high  resist- 
ance metal  is  sometimes  used.  The  effect  of  this  is,  as  we  shall 
see  presently,  to  increase  the  starting  torque,  but  it  lowers  the 
eflBciency  of  the  motor.  In  small  motors  the  advantage  of  an 
increased  starting  torque  more  than  counterbalances  the  small 
decrease  in  the  efficiency. 

The  stator  of  an  induction  motor  consists  of  centre  hole 
circular  iron  stampings  about  20  mils.  (0*51  mm.)  in 
thickness.  These  are  usually  built  up  inside  a  cast- 
iron  case,  so  that  they  form  a  hollow  cylinder  with  slots  (Fig.  150) 
along  the  inside  parallel  to  the  axis  of  the  cylinder.  The  winding 
of  the  stator  of  a  polyphase  motor  is  simple.  It  may  be  made  up 
of  rectangular  former-wound  coils,  that  is,  coils  which  are  wound 
into  shape  on  a  rectangular  wooden  block  before  being  fixed  on 
the  stator,  or  it  may  have  a  regular  bar  winding  as  in  the  case  of 
a  polyphase  alternator  (see  Chapter  ii).  When  rectangular  coils 
are  used  they  are  connected  in  star,  except  in  the  case  of  large  low 
tension  motors,  in  which  case  they  are  sometimes  connected  in 
mesh.  It  is  difficult  to  arrange  the  crossings  at  the  ends  of  the 
conductors  neatly  in  three  phase  stators.  For  this  reason  it  is 
customary  to  place  all  the  coils  which  belong  to  one  phase  at  a 
distance  apart  equal  to  twice  the  polar  pitch,  so  that  the  current 
at  any  instant  goes  round  all  the  coils  belonging  to  one  phase  in 
the  same  direction.     This  is  called  a  hemitropic  winding. 
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The  form  of  the  section  of  the  slot  (Fig.  151)  has  a  considerable 
effect  on  the  working  of  the  motor.  If  the  slot  be  closed  so  that 
it  forms  a  tunnel  through  the  iron  of  the  stator,  there  is  appreciable 
magnetic  leakage  round  the  bottom  of  the  slot,  some  of  the  lines 
of  force  due  to  the  stator  current  encircling  the  primary  coils  only. 


Stator 


Rotor 
Fig.  151.     Shape  of  the  slots  in  the  stator  and  rotor  of  an  induction  motor. 

In  this  case,  however,  the  current  that  the  machine  takes  when 
running  at  approximately  synchronous  speed  at  no  load,  that  is, 
the  magnetising  current,  is  very  small.  When  former-wound  coils 
are  used  in  the  stator  circuits,  the  slots  are  simply  rectangular  in 
shape.  The  magnetising  current  of  this  type  of  motor  is  high 
compared  with  that  of  motors  which  have  nearly  closed  slots  or 
which  have  tunnels  for  the  stator  windings. 

Let  us  suppose  that  the  magnetic  field  due  to  the  stator 
currents  rotates  with  a  constant  angular  velocity  cdj. 
Let  us  also  suppose  that  the  angular  velocity  of  the 
rotor  is  Wg.  The  slip  5  of  the  rotor  is  the  ratio  of  thQ  excess  of 
the  angular  velocity  of  the  magnetic  field  over  the  angular  velocity 
of  the  rotor,  to  the  angular  velocity  of  the  field.  In  symbols,  we 
have  5  =  (ft)i  — Wa)/©!,  or  0)2  =  6)1(1—5).  The  percentage  slip  is 
100  s.  When  the  rotor  is  at  rest,  cDg  is  zero,  and  hence  the  slip  is 
unity  and  the  percentage  slip  is  100.  If  the  rotor  were  rotating 
synchronously  with  the  field,  both  the  slip  and  the  percentage 
slip  would  be  zero.  We  shall  denote  the  relative  angular 
velocity  ©i  — ©2  of  the  stator  field  and  the  rotor  by  w,  so  that 

to  =5ft)i. 


330  ALTERNATING  CURRENT  THEORY  [CH. 

Let  U8  suppose  that  the  rotor  is  a  copper  cylinder.  Impress 
The  tor  ue  ^^  '^^^^  ^^^  stator  and  the  rotor  an  angular  velocity 
v^hen  the  —  Oj  equal  and  opposite  to  that  of  the  stator  field.  The 
copper  magnetic  field  due  to  the  stator  currents  is  now  fixed 

cyin  er.  ^  space  and  the  rotor  is  revolving  with  an  angular 

velocity  —  (0)1  —  ©2).  The  magnetic  field  produced  by  the  currents 
induced  in  the  rotor  will  rotate  round  it  in  the  positive  direction 
with  the  angular  velocity  ©i  —  o>2.  This  follows  since  the  induced 
currents  flow  in  such  a  direction  that  they  tend  to  prevent  the 
magnetic  flux  due  to  the  stator  currents  from  entering  the 
cylinder.  Hence  the  magnetic  field  due  to  the  rotor  currents, 
and  therefore  also  the  resultant  magnetic  field  in  the  air-gap,  will 
be  fixed  in  magnitude  and  direction.  We  have  thus  a  copper 
cylinder  rotating  in  a  fixed  magnetic  field  and  the  torque  g  acting 
on  it  must  obviously  be  constant.  The  power  given  to  it  by  the 
field  is  5^(0)1  —  6)2),  that  is  g<o,  and  this  must  equal  the  heat 
generated  in  the  rotor  per  second.  The  frequency  of  the  currents 
induced  in  the  cylinder  is  ft)/27r.  It  depends  only  on  the  relative 
angular  velocity  to  of  the  field  and  the  cylinder,  and  hence,  if 
o)i  be  constant,  the  frequency  of  the  induced  currents  varies  as 
the  slip  5.  When  0)1  is  constant,  we  also  see  that  the  torque 
multiplied  by  the  slip  is  proportional  to  the  power  expended 
in  heating  the  rotor. 

Let  us  still  suppose  that  the  rotor  of  the  motor  is  a  copper 
The  efficiency  Cylinder.  The  magnetic  field  due  to  the  stator 
of  the  rotor.  currents  produces  a  torque  g  on  the  rotor,  and  as 
the  field  rotates  with  an  angular  velocity  0)1  the  power  given  to  the 
rotor  is  g<oi.  We  have  seen  that  the  power  expended  in  heating 
the  rotor  is  g{(Oi  —  o)^.  Hence  goD^  is  the  power  available  for 
producing  rotation  in  the  cylinder  and  overcoming  the  resisting 
torque  due  to  the  load,  the  friction  of  the  bearings,  etc.  We 
shall  define  the  efficiency  rjr  of  the  rotor  as  the  ratio  of  the 
mechanical  power  ^0)3  developed  in  it,  to  the  total  power  gcoi 
received.     Thus  we  have 

Vr  =  02/0)1  =  1—5,   and   s  =  l—7jry 

where  s  is  the  slip. 
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In  general,  whatever  form  the  rotor  may  have,  Ood  is  the 
average  value  of  the  power  expended  in  heating  it,  and  G(o^  is 
the  average  value  of  the  power  it  receives,  where  Q  is  the  average 
torque.  Hence  the  above  formulae  still  hold  when  rj^  denotes  the 
ratio  of  the  average  mechanical  power  to  the  average  total  power 
given  to  the  rotor. 

Let  us  now  consider  the  theoretical  induction  motor.     When 
adjacent  coils  belonedns:  to  one  phase  of  the  stator 

The  magnetic  ."^  i    .  .         ,.  .  ,        r.      i 

field  in  the  Winding  are  wound  m  opposite  directions,  let  2p  be 
air-gap.  ^j^^  number  of  coils  per  phase,  and  let  a  be  the  step 

from  the  centre  of  one  coil  to  the  centre  of  the  next  coil  of  the 
same  phase  winding,  so  that  2pa  is  the  circumference  of  the  stator. 
If  the  winding  be  hemitropic  we  suppose  that  p  is  the  number  of 
coils  in  a  phase  winding,  and  that  2a  is  the  distance  between 
adjacent  coils.  In  either  case,  owing  to  the  very  minute  air-gap 
used  in  practice,  we  can  assume  that  the  circumference  of  the 
rotor  is  also  2pa.  Let  ft)i/27r  be  the  frequency  of  the  polyphase 
currents  which  supply  the  stator  so  that  the  angular  velocity  of 
the  rotating  field  will  be  coi/p,  whichever  winding  be  used.  If  the 
angular  velocity  of  the  rotor  be  coa/p,  the  relative  angular  velocity 
of  the  rotor  and  the  field  due  to  the  stator  will  be  (©i  —  to^jp  or 
ft)/p,  and  this  is  the  rate  at  which  the  stator  flux  will  cut  the 
windings  of  the  rotor.  The  flux  due  to  the  induced  currents  in 
the  rotor  windings  will  rotate  relatively  to  the  rotor  at  the  same 
speed  (ojp  as  the  stator  flux,  and  its  angular  velocity  in  space  will 
therefore  be  (ojp  +  ©g/p,  that  is  ©i/p. 

Now  impress  on  both  the  rotor  and  the  stator  an  angular 
velocity  —coi/p.  Both  the  stator  and  the  rotor  fields  will  be 
brought  to  rest,  and  we  shall  have  the  rotor  revolving  in  a  fixed 
magnetic  field  with  an  angular  velocity  —  (o>i  —  a)a)/p.  In  order 
to  calculate  the  instantaneous  value  g  of  the  torque  we  need  to 
know  the  value  of  the  currents  generated  in  the  rotor.  We  need 
to  make  some  assumption,  therefore,  as  to  the  distribution  of  the 
flux  in  the  air-gap.  In  practice  jutting  out  (salient)  poles  are 
never  used  and  the  windings  are  well  distributed,  we  may  there^^^ 
suppose  that  the  distributions  of  the  magnetic  flux  due^.^-^^^^ 
currents  in  the  stator  and  rotor  respectively  can  be  ^  * 
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by   sine  curves.     The   ordinates   of  these   curves   represent   the 
distribution  of  the  magnetic  flux  in  the  air-gap  of  the  motor. 

Let  us  assume  that  the  origin  0  from  which  the  abscissae  are 
measured  rotates  round  the  air-gap  with  the  angular  velocity  (Oi/p 
of  the  gliding  magnetic  field,  and  that  the  intensity  hi  of  the  field 


Fig.  152.  Sine  distribution  of  the  magnetic  field  in  the  air-gap  of  an  induction 
motor.  AB  is  a  magnified  image  of  the  air-gap,  the  flux  density  being  represented 
by  the  number  of  lines  per  unit  length.  There  are  2p  bunches  of  lines  round  the 
air-gap,  neighbouring  bunches  pointing  in  opposite  directions. 

due  to  the  stator  currents  is  a  maximum  at  0.  The  intensity  of 
the  field  at  a  point  P  may  be  written 

hi  cos  (ttxIo)  —  Ag  cos  {irxia  —  a), 

where  —  h^  cos  {irxja  —  a)  is  the  intensity  of  the  field  at  P  due  to 
the  rotor  currents,  and  x  is  the  length  of  OP  measured  along  the 
circumference  of  the  rotor.  We  have  prefixed  the  negative  sign 
to  h^  as  the  induced  currents  in  the  rotor  tend  to  prevent  the 
magnetic  flux  from  entering  it. 

Let  us  now  consider  a  complete  turn  of  the  rotor  winding 
(Fig.  153)  formed  by  two  conductors  AD  and  BG  and  their  end 


Fig.  163.    AD  and  BC  are  two  of  the  rotor  conductors.     AB  and  CD  are 
connecting  pieces. 
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connections.  The  conductors  are  placed  in  slots,  and  are  parallel 
to  the  axis  of  the  rotor.  Let  b  denote  the  breadth  of  the  coil, 
that  is,  the  distance,  measured  along  the  air-gap,  between  the  axes 
of  the  two  conductors.     At  any  instant  let  x  be  the  abscissa  of  a 


Fig.  164.  ABCD  is  one  of  the  rotor  circuits  (Fig.  163).  The  magnetic  flux  is 
perpendicular  to  the  plane  of  the  paper,  and  its  density  is  given  by  the  ordinates  of 
the  sine  ci;irve  drawn  in  a  plane  through  OX  at  right  angles  to  the  plane  of  the 
paper. 

point  P  (Fig.  154),  at  the  centre  of  this  coil,  from  the  moving 
origin.  If  I  be  the  length  of  the  parallel  conductors  and  (f>  be 
the  total  flux  embraced  by  the  coil  at  this  instant,  we  have 

rx+b/2 

(f>  =  I  hldx' 

J  x-b/2 
rx+b/2 

=  I  {hi  cos  {iT^'ja)  —  Aa  cos  (irx'/a  —  a)}  Idx^ 

J  a?- 6/2 

=  (al/ir)  [hi  sin  {Trx'ja)  —  h^  sin  (irx'/a  —  ci)]^tb^ 

=  {alhijir)  {sin  {irxja  +  irb/ 2a)  —  sin  (irxla  —  7r6/2a)} 

—  {alh^lir)  {sin  {irxja  +  Trbj^a  —  a)  —  sin  {irxja  —  7r6/2a  —  a)} 
=  (2alhi/'7r)  sin  (7r6/2a)  cos  (irx/a) 

—  {^alh^jir)  sin  (7rb/2a)  cos  (7rx/a  —  a) 

=  <I>i  cos  (TTit'/a)  —  <I>2  cos  (TT^/a  —  a)  (a), 

where  <I>i  =  (2all7r)  sin  (7r6/2a)  .  hi, 

and  ^2  =  <2aZ/7r)  sin  (7r6/2a) .  h^. 

<I>i  is  the  maximum  value  of  the  primary  flux  embraced  by  the 

given  coil  of  the  rotor,  and  <I>a  is  the  maximum  value  of  fene 

secondary  flux  embraced  by  the  ^ame  coil.     To  a  first  approxima- 
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tion  4>i  will  be  proportional  to  i^i/i,  where  Ni  is  the  number  of 
turns,  or  2i\ri  is  the  number  of  active  conductors  in  the  stator 
windings,  and  7i  is  the  maximum  value  of  the  current  in  a 
stator  conductor.  We  may  therefore  write  4>i  =  JOTi/i,  where  M 
is  a  constant.  We  shall  also  suppose  that  Wi  is  the  number  of 
turns  in  a  stator  coil,  so  that  i^i/ni  is  the  number  of  coils. 

Similarly,  we  can  write  <I>a  =  i2-^2-^2*  where  N2  is  the  number 
of  turns  of  the  rotor  windings,  and  we  suppose  also  that  Wa  is 
the  number  of  turns  in  a  rotor  coil. 

Let  us  suppose  that  all  the  rotor  coils  of  one  phase  are  in 
series  and  form  a  closed  circuit.  Let  r^  be  the  resistance  of 
a  single  turn,  so  that  n2r2  is  the  resistance  of  a  rotor  coil.  Then, 
by  Faraday's  law,  Tiarjia  =  —  n2d<f>ldty  where  i^  is  the  current  in  the 
circuit.     Hence,  we  have 

r^i^  =  —  (7r/a)  {4>i  sin  {irx/a)  —  4>2  sin  {irx/a  —  a)}  dxjdt 
Now  dxjdt  measures  the  relative  speed  of  the  origin  0  and  the 
point  P  on  the  rotor.  Therefore  dxjdt  =  {(o^jp  —  coa/p)  r  =  oarjp, 
where  r  is  the  radius  of  the  rotor.  The  circumference  of  the 
Totor  equals  iirr  and  it  also  equals  2pa,  and  therefore,  rjp  =  ajir. 
Thus  dxjdt  =  (ajir)  o),  and  hence  we  have 

rjig  =  —  w^i  sin  (irxja)  +  (0^2  sin  (irxja  —  a). 
Now  —  ^2  cos  (7ra?/a  —  a)  will  have  its  maximum  value  when 
^2  has  its  maximum  value,  and  therefore,  we  can  write 

^2=  — /a  cos(7r^/a  — a) (6). 

Substituting  this  value  of  ig  in  the  above  equation,  we  get 

r2/2  cos  (irxja  —  a)  =  ft)<I>i  sin  irxja  —  a)<I>2  sin  (irxja  —  a). 
In  order  that  this  may  be  true  for  all  values  of  x,  the  coeffi- 
<5ient8  of  cos  (irxja)  and  sin  (irxja)  on  each  side  of  this  equation 
must  be  equal.     We  therefore  get 

rj/a  cos  a  —  6)^2  sin  a  =  0, 
and  rg/a  sin  a  —  a)4>i  +  tt)<I>2  cos  a  =  0. 

Thus  tan  a  =  r2/s/®^2 (1) 

=  ra/(a>X2i^2).. (2), 

and  r2/a  =  ft)*i  sin  a (3). 

Hence,  also,  4>2  =  4>iC0sa (4). 
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The  relations  (1),  (3)  and  (4)  may  obviously  be  shown  graphi- 
cally by  constructing  a  right-angled  triangle  whose  sides  are  a)4>i, 
a)4>2  and  r^I^  respectively  (Fig.  155). 
The  hypotenuse  will  be  equal  to  a)4>i, 
and  the  angle  between  the  lines  re- 
presenting o>4>i  and  ft)<I>2  will  be  a, 
where  tt  — a  is  the  angle  of  lag  be- 
tween the  flux  due  to  the  currents  in 
the  stator  windings  and  the  flux  due 
to  the  currents  in  the  rotor  windings 
at  any  point  on  the  circumference  of 
the  rotor. 

Substituting  4>i  cos  a  for  <I>2  in  (a), 
we  get 

(^  =  —  <I>i  sin  a  sin  (irx\a  —  a) 
=  —  {r^I^jo))  sin  {irxla  —  a). 
Comparing  this  value  of  <^  with  (6), 
we  see  that  it  vanishes  when  i^  has  a 
maximum  or  a  minimum  value.  It 
also  vanishes  when  a  is  zero,  that  is, 
when  the  stator  and  rotor  fluxes  are  in  opposition  in  phase. 


W*2 

Fig.  155.  Relations  be- 
tween the  rotor  and  stator 
fluxes  and  the  rotor  current. 


If  a  current  i^  flow  in  a  conductor  placed  in  a  uniform  mag- 
Formuiae  for  ^etic  field  of  intensity  A,  and  if  the  length  I  of  the 
the  torque.  conductor  is  at  right  angles  to  the  field,  the  force  /i 
acting  on  it  is  given  by/i  =  AK2,  where  i^  is  the  current  in  the 
conductor  and  all  the  quantities  are  measured  in  c.G.s.  units 
(see  Vol.  I,  p,  27).  The  force,  therefore,  on  the  rotor  circuit  shown 
in  Fig,  154,  is  given  by 

/i  =  A1K2  {cos  {irxja  -h  irb/2a)  -  cos  (7rx/a  —  irb/2a)} 
—  h^lifi  {cos  (irx/a  —  a  +  irb/2a)  —  cos  (wx/a  —  a  —  7r6/2a)}, 
and  since,  by  (6),  ig  =  —  ^2  cos  (irx/a  —  a),  we  get 

fi  =  2hilli  sin  (7r6/2a)  sin  (irx/a)  cos  (irx/a  —  a) 
—  AaZ/2  sin  (7rb/2a)  sin  (2irx/a  —  2a). 
Now  we  have  (p.  333) 

h,  sin  (7r6/2a)  =  (irl2al)  ^,  =  (7r/2a0  MNJ,. 
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We  also  have  ir/a^p/r,  where  r  is  the  perpendicular  distance 
between  a  rotor  conductor  and  the  axis  of  the  rotor.  Hence, 
since  there  are  n^  turns  in  a  rotor  coil,  and  the  torque  gi  on  a  coil 
is  Wg/ir,  we  have 

ffi  =  2W2W/2  (7r/2aZ)  MNiIi  sin  (irx/a)  cos  (irx/a  —  a) 

—  h2n^rll2  sin  {irhj^a)  sin  {^irxja  —  2a) 
=  (p/2)  MN^n^IiI^  {sin  a  +  sin  (27rx/a  —  a)} 

—  h^Ti^rll^  sin  (7rb/2a)  sin  {2irxja  —  2a). 

The  toi;ques  on  the  two  neighbouring  coils  belonging  to  the 
two  other  phase  windings  can  be  deduced  from  this  formula  by 
writing  for  x,  x-h  2a/S  and  x  —  2a/S  respectively.  'Doing  this 
and  adding  the  three  torques  together,  we  find  that  their  sum 
flfs  is  given  by 

9»  =  (^pI^)  MNiti^IiIi  sin  a. 

Hence,  multiplying  this  by  one-third  of  the  total  number  Nilrtf^ 
of  the  coils  on  the  rotor,  we  find  that  the  resultant  •torque  ff  acting 
on  the  rotor  is  given  by 

g^{p/2)MN,NJJ,sma  ....,,.. (c). 

The  torque  may  also  be  expressed  in  any  of  the  following  ways, 

g  =  (p/2)NJ,^,sma (5), 

or  by  (4),  flr  =  (;)/2)(l/2/:,)*,«sin2a... (6), 

or  by  (3),  flr  =  (p/2)(JVr,o>/r,)<D,«sin^a..., (7), 

and  also,  flr  =  (2)/2) (l/a>) iVar^/a^   , ...(8). 

We  can  also  write  (8),  in  the  form 

9  Hp)  =  (1/2)  ^.rj,'  =  N.r.A,^ 
where  A^  is  the  effective  value  of  the  current  in  the  rotor  wind- 
ings. Since,  by  impressing  on  the  stator  an  angular  velocity 
—  (Oi/p,  we  reduced  the  magnetic  field  due  to  the  currents  in  the 
stator  windings  to  rest,  and  we  also  reduced  the  magnetic  field 
due  to  the  currents  in  the  rotor  windings  to  rest,  by  impressing 
on  the  rotor  an  angular  velocity  —  ft)i/p,  it  follows  that  the  actual 
angular  velocity  of  the  rotor  in  space  is  —  ©/p,  and  that  it  re- 
volves in  a  fixed  magnetic  field.  Hence,  since  all  the  power  given 
to  the  rotor  in  this  case  is  expended  in  heating  it,  we  have 

G(co/p)^N,r,A,'-{-P, 
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where  0  is  the  average  torque  and  P  is  the  power  expended  in 
hysteresis  and  eddy  currents  in  the  rotor.  We  see  that  when 
P  is  negligible  we  have  0  =  gy  and  we  can  deduce  the  expres- 
sions (5),  (6),  and  (7)  for  G  by  means  of  the  equations  (1),  (2), 
(3),  and  (4). 

From  equation  (7),  we  have 

g  =  (p/2)  Wr,)  {6>*,V(1  +  cot^a)}, 
and  therefore,  by  (2), 

ff  =  {pl2)N,^i'r,a>/lr,'  +  (a>L,N,y} (9), 

=  (pl2)  i\r,*,Vl(^^.  -  ^^2  ^^.y  +  2L,N,}. 

Let  us  first  consider  how  the  torque  varies  with  o).  When 
o>  is  zero  the  torque  vanishes,  and  when  eo  equals  r^jL^N^  the 
torque  has  its  maximum  value  5^^^^,,  which  equals  (p/2)^^^/2L^. 
Now  a>  equals  so)i ,  where  s  is  the  slip.  When  s  is  unity  the  rotor 
is  at  rest,  and  when  it  is  zero  the  rotor  is  rotating  with  the  same 
speed  as  the  magnetic  field  due  to  the  stator  currents.  If  ©1  be 
greater  than  rJLzN'qi  the  torque  at  first  increases  as  the  rotor 
starts  fi*om  rest  and  attains  the  value  guua,  when  the  slip  is 
equal  to  r^joaiLiN^,  It  then  diminishes  to  zero  as  the  rotor 
speeds  up  to  synchronism.  If  cdi  be  equal  to  or  less  than  r^lL^N^, 
the  torque  has  its  greatest  value  at  the  start. 

When  ra  is  large  compared  with  coL^Nz,  as,  for  instance, 
when  the  speed  of  the  rotor  is  nearly  synchronous  with  the 
field,  we  have  approximately,  by  (9), 

g  =  (pl2)  N,^,%/r,  =  (p/2)  N,  (*,a),)»  8l(r,2nf). 

Now,  in  this  case,  4>ift)i  is  nearly  proportional  to  V  the  applied 
voltage  per  phase,  and  hence  the  torque  will  vary  approximately 
as  V^sjfr^.  Similarly,  when  r^  is  small  compared  with  eoZai^aj 
the  torque  will  vary  approximately  as  ^^rjsf  or  Vh^zjsf^, 

In  Fig.  156,  a  star  three  phase  winding  for  a  rotor  is  shown, 
with  slip  rings  for  inserting  resistances  into  the  rotor  circuits 
so  as  to  vary  the  torque.  The  equation  after  (9)  shows  us  that  for 
a  given  value  of  the  slip  wjw^  the  torque  is  a  maximum  when 
ra  equals  (oL^N^.  If,  when  the  slip  rings  are  short  circuited,  r^ 
is  greater  than  oyL^N^y  inserting  resistance  diminishes  the  torque. 
If,  on  the  other  hand,  r^  is  less  than  toL^N^j  increasing  the 
R.  II.  22 
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resistance  at  first  increases  the  torque.  In  practice,  r^  is  generally 
much  smaller  than  oi^L^N^,  and  hence  inserting  resistance  usually 
increases  the  starting  torque. 


Fig.  156.     Rotor  of  a  three  phase  induction  motor  with  slip  rings  by  means 
of  which  resistances  can  be  interpolated  in  the  rotor  circuits. 

Let    US   now  consider  a   squirrel-cage  rotor.      Suppose  that 

s  uirrei-cage  ^*  ^^  -^^  ®^^*^  ^^^  ^^  conductors,  and  let  h  be  the 
rotor-  pitch  of  the  slots.     The  circumference  of  the  rotor 

will  be  equal  to  N^h,  and  this,  in  practice,  is  nearly  equal  to  2pa. 
Hence,  hja  nearly  equals  ^pjN^,  As  formerly,  let  the  intensity  of 
the  magnetic  field  at  a  point  on  the  circumference  of  the  rotor  be 
given  by  hi  cos  (Trx/a)  —  Ag  cos  {irxja  —  a).  The  current  ig  in  the 
conductor,  whose  axis  passes  through  this  point,  is  equal  to 
— /a  sin  (7riZ?/a  —  a),  since,  from  symmetry,  this  current  vanishes 
when  the  intensity  of  the  flux  through  the  axis  of  this  conductor, 
due  to  the  currents  in  all  the  other  rotor  conductors,  has  its 
maximum  value.  If  /i  be  the  tangential  force  acting  on  this  con- 
ductor, the  length  of  which  is  I,  we  have 

fi  =  li^  [hi  cos  (irxja)  —  h^  cos  {Trx/a  —  a)}. 

Hence,  if  r'  be  the  perpendicular  distance  between  the  con- 
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ductor  and  the  axis  of  the  rotor,  the  torque  jfi,  which  equals 
/i/,  is  given  by 

9i  =  Qhll^r'IT)  {sin  a  -  sin  {2ira;/a  -  a)}  +  {h^ll^rj^)  sin  {^irxja  -  2a). 

The  torques  due  to  the  currents  in  the  other  conductors  are 
got  by  writing  for  x  in  this  equation  in  succession  a?  +  6,  a?  +  26, . . . 
w  +  {N^  —  1)6;  thus  the  resultant  torque  g  equals 

=  Oh  ll^r^l^)  [N2  sin  a  -  {sin  {N'^7rb/a)lsm  {irhja)] 

X  sin  (27rx/a  —  a  +  N^'n-hja  —  Trb/a)] 

+  {Klhr'l^)  [8m(N,irb/a)lsm(7rb/a)} 

X  sin  (27rx/a  —  2a  +  Niirb/a  —  7rb/a). 

Now  b/a  =  2p/N2y  and  therefore, 

sin  (N^Trb/a^/sm  (irb/a)  =  sin  2p7r/sm  {2pTrlN^, 

The  right-hand  side  of  this  equation  is  zero  except  when 
N2  =  2p/my  where  m  is  an  integer.  In  this  case  it  equals  2jp/m, 
when  m  is  even,  and  --2p/m,  when  m  is  odd.  Now,  from  first 
principles,  the  effect  of  the  mutual  actions  and  reactions  of  the 
rotor  currents  can  add  nothing  to  the  rotor  torque,  and  hence  the 
term  containing  h^  in  the  expression  for  g  must  always  be  zero. 
It  follows  that  when  N2=2p/m  some  of  our  assumptions  are  not 
permissible.  For  instance,  in  a  bipolar  three  phase  induction 
motor,  if  N2  were  equal  to  2,  m  would  be  unity.  In  this  case  it 
is  obvious  that  the  intensity  of  the  field  in  the  air-gap  due  to  the 
rotor  currents  could  not  be  represented  by  —  h^  cos  (Trx/a  —  a),  as 
the  currents  in  both  the  conductors  vanish  at  the  same  instant. 
The  field  due  to  the  rotor  cuiTents  in  this  case  is  an  oscillatory 
one.  The  analytical  discussion  of  this  problem  presents  no  difii- 
culty,  but  it  is  of  little  practical  importance. 

In  practice  ifj  is  in  general  greater  than  2p,  and  soj  the  in- 
stantaneous value  ^  of  the  torque  on  the  rotor  is  given  by 

g  =  (Aii/ar/2)  JVa  sin  a, 

and  is  therefore  constant.  In  finding  this  expression,  however, 
it  must  be  remembered  that  we  have  made  sine  curve  assump- 
tions, and  that  we  have  neglected  the  effects  of  the  hysteresis 
in  the  core. 

22—2 
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Another  expression  for  the  torque  can  be  found  by  supposing 
that  an  angular  velocity  —  (coi/p)  is  impressed  on  both  the  stator 
and  the  rotor.  We  have  thus  a  cylinder  rotating  in  a  fixed 
magnetic  field  with  angular  velocity  —  (w/p),  and,  if  G  be  the 
average  torque,  we  have 

where  r^  is  the  resistance  of  a  rotor  conductor  and  A^  is  the 
efiective  value  of  the  current  in  it.  We  have  neglected  the  re- 
sistance of  the  end  connections,  but  this  can  easily  be  taken 
into  account  in  practice  by  increasing  the  value  of  ra,  in  the  above 
formula,  by  an  amount  which  can  be  estimated  easily  when  the 
shape  and  the  resistivity  of  the  end  connections  are  known. 

The  efiective  voltage  generated  in  a  rotor  conductor  will  be 
approximately  proportional  to  ©,  since  the  fiux  cuts  the  conductor 
with  a  velocity  ©r/p,  and  we  may  assume,  therefore,  as  a  first 
rough  approximation,  that  the  efiective  current  A^  is  proportional 

to  o>l{r^  +  (o^Dy y  where  Z  is  a  constant.  Hence,  we  can  easily 
show  that  0  has  a  maximum  value  when  fo^r^/L, 

We  shall  now  find  the  torque  on  the  stator  of  an  induction 
The  stator  Diotor  whcu  the  rotor  has  a  coil  winding.  In  Fig.  157 
torque.  part  of  the  winding  of  one  of  the  phases  of  a  three 

phase  induction  motor  is  shown.     It  will  be  noticed  that  the  coils 


r;=^ 


r^=^ 


y^     ^jjj'    \y:2^ 


Fig.  157.    One  phase  of  the  winding  of  the  stator  of  a  three  phase 
induction  motor. 


of  one  phase  are  all  wound  in  the  same  direction.  The  winding 
is  therefore  hemitropic.  In  practice  there  are  several  conductors 
in  each  slot,  but,  to  simplify  the  figure,  only  one  is  shown.  We 
must  now  consider  the  fluxes  on  the  stator  side  of  the  air-gap. 
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and,  to  simplify  the  analytical  work,  we  shall  suppose  that  the 
stator  has  one  slot  per  pole  and  per  phase,  and  not  two  as  in 
Fig.  157.  Consider  a  stator  coil  of  length  I  and  breadth  6,  then, 
as  in  the  corresponding  problem  of  the  rotor  coil  (p.  333),  we  can 
write 

<!>'  =  4>i'  cos  {irxja)  —  O2'  cos  {irxja  —  a), 

where  <^'  is  the  resultant  flux  through  the  stator  coil.  Owing 
to  magnetic  leakage  the  values  of  <l>\  <E>/  and  <E>a'  will  be  diflFerent 
from  the  corresponding  fluxes  on  the  rotor  side.  In  the  above 
formula  x  is  the  distance,  measured  along  the  air-gap,  of  the 
moving  origin  from  the  middle  point  of  the  coil. 

The  velocity  with  which  the  origin  moves  round  the  air-gap 
is  dxjdt,  and  therefore,  dxjdt  =  rcDj/p  =  atoi/ir.  The  primary  current 
ii  is  in  phase  with  4>/  cos  {irxja),  and  hence  we  may  write 

I'l  =  7i  cos  {irxja). 

When  working  at  the  induction  densities  which  are  ordinarily 
used  in  practice,  <I>/  and  4>./  are  approximately  proportional  to 
/i  and  I2  respectively.     We  may,  therefore,  write 

<D/  =  AJ^i/i,  and  d);  =  M'NJ^, 

where  L^  and  M'  are  constants  Now  let  /i  be  the  tangential 
magnetic  force  acting  on  the  coil  and  the  part  of  the  stator 
between  the  two  slots,  and  let  g^  be  the  moment  of /i  about  the 
axis  of  the  rotor.     Then,  we  have 

fidxjdt  =  ffi  {a>ijp)  =  the  power  given  to  the  rotor  by  the  stator  coil 
=  I'lWi  -j2  {*/  COS  {irxja)  —  4>a'  cos  {trx/a  —  a)} 

=  -  {LiniNJi^a)ij2)  sin  {^irxja) 
+  (il/'wi  JVa  A^2»i/2)  2  cos  {irxja)  sin  {irxja  -  a). 
Thus    91  =  -  {pj2)  LiH, NJi"  sin  {2irxja) 

—  (p/2)  M%N2lil2  {sin  a  -  sin  {2irxja  —  a)}. 

The  torques  on  the  two  neighbouring  coils,  each  belonging  to 
a  diflFerent  phase  winding,  can  be  found  from  gi  by  writing  x  +  2a jS 
and  X  —  2a/3  for  x  respectively.  Hence,  we  easily  find  that  the 
resultant  torque  g^  due  to  the  three  coils  is  given  by 

^3  =  —  {pj2)  M'SniN'2lil2  sin  a. 
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Since  there  are  i^i/wj  coils  in  the  stator,  p.  334,  we  have 

g {pl2)M'N,NJJ,sma {d\ 

where  g'  is  the  total  torque  on  the  stator  due  to  the  currents  in 
the  rotor. 

Since  action  and  reaction  are  equal  and  opposite,  the  torque  g' 
If     d       acting  on  the  stator  must  be  equal  to  the  torque  g 
mutual  acting  on  the  rotor.    We  find  therefore  by  comparing 

(c),  p.  336,  with  (d)  that  M=M\  For  this  reason  the 
coefficient  M  is  called  the  coefficient  of  mutual  induction  between 
a  turn  of  the  rotor  winding  and  a  turn  of  the  stator  winding. 
The  coefficients  L^  and  L^  are  called  the  coefficients  of  self  induction 
of  a  turn  of  the  stator  winding  and  a  turn  of  the  rotor  winding 
respectively.  In  approximate  work  we  may  assume  that  they  are 
constants.  For  particular  types  of  motors  empirical  formulae  for 
calculating  L^,  L^  and  M  are  sometimes  given. 

The  leakage  factor  a  of  an  induction   motor  is  defined  by 
The  leakage        the  equation 

factor.  (7=1-  M^jL^L^. 

It  can  also  be  wTitten  in  the  form  (pp.  334  and  341) 

Hence,  we  see  that  the  smaller  the  magnetic  flux  4>i,  due  to  the 
stator  currents,  which  enters  the  rotor,  the  greater  will  be  the 
value  of  (7.  Similarly,  the  smaller  the  magnetic  flux  <I>2'  in  the 
stator  due  to  the  rotor  currents,  the  greater  will  be  the  value 
of  a-.  The  smaller  the  magnetic  leakage,  therefore,  the  smaller 
will  be  the  value  of  a.  When  there  is  no  magnetic  leakage  a 
is  zero,  and  when  there  are  no  magnetic  linkages  a  is  unity. 
In  good  machines,  a  generally  lies  between  0*03  and  0*05.  Its 
value  depends  mainly  on  the  number  and  depth  of  the  slots  and 
on  the  size  of  the  air-gap.  The  greater  the  air-gap  and  the 
deeper  the  slots,  the  greater  will  be  the  magnetic  leakage,  and 
hence  the  greater  the  value  of  a.  The  calculation  of  a  directly 
from  the  dimensions  of  the  machine,  and  the  data  of  its  magnetic 
circuit,  would  be  very  difficult.  Designers  of  induction  motors  use 
empirical  formulae,  but,  as  a  rule,  these  formulae  are  obtained  by 
studying  the  results  of  tests  on  different  types  of  motors  and  not 
from  theoretical  considerations. 
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Let  us  now  consider  the  equation  for  the  current  in  a  phase 
winding  of  the  stator.     The  number  of  turns  of  the 
in  a  stator         winding  will  be  Ni/Srii.     Let  (Ni/3ni)ei  be  the  P.D. 
^"  "^'  applied  at  the  terminals  of  this  winding,  and  let  Vi 

be  the  resistance  of  a  single  turn.     Then,  if  ij  be  the  current  in 
the  phase  winding,  we  have 

^  =  n^  -  d(l>'/dt 
=  n/i  cos  (TTOc/a)  +  G)i<I>i'  sin  {irxja)  —  ft)i<E>2'  sin  {irx/a  —  a), 
and  thus 

eil^J2  =  r^Ai  cos  {irxja)  +  L^N^ca^A^  sin  {irxja) 

-  MN^WiAi  sin  {irxja  —  a), 

where  Aj  and  ilg  are  the  effective  values  of  ii  and  ia  respectively. 
This  equation  can  easily  be  discussed  graphically.     In  Fig.  158 


O        ^A 

Fig.  158.    Diagram  iUustrating  the  working  of  an  induction  motor  when 
supplied  at  constant  current. 
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let  OA  be  equal  to  r^A^.  Draw  AB  at  right  angles  to  OA  and 
make  it  equal  to  L^Niw^Ay.  Make  the  angle  ABC  equal  to  a, 
and  make  BG  equal  to  MN^WiA^.  Then  OG  will  represent  F/ 
in  magnitude  and  phase,  where  {Nij^n^V^  is  the  effective  applied 
voltage  per  phase  winding. 

Draw  CD  at  right  angles  to  BG  meeting  AB  in  D,     Then 

BD  =  fiC/eos  a  =  MN^to^A^  i^il^i)  by  (4),  p.  334, 
and  thus  BD  =  (M^/LyL^)LyN,o}iAy. 

Therefore  AD  =  a.AB. 

If  the  stator  of  the  motor  were  supplied  at  coustant  current, 

ill  would  be  constant,  and  so  OA  and  AB  (Fig.  158) 

pHe^dat"^"       would  also  be  constant.     Hence,  since  AD  =  a,AB, 

cSwn"*  i)  is  a  fixed  point,  and  therefore,  since  DGB  is  a  right 

angle,  the  locus  of  (7  is  a  semicircle  described  on  DB 

as  diameter. 

If  y^  be  the  phase  difference  between  i^  and  ^i,  the  angle  AOG 
(Fig.  158)  will  equal  '^,  and  the  power  given  to  the  stator  winding 
will  be  ViAi  cos  '^.     Draw  CN  at  right  angles  to  AB,     We  have 

V^A^  cos  y^^-A^  {OA  +  CN)  =  r.A^^  +  A, .  CN, 

If  we  neglect  the  hysteresis  loss  in  the  stator  core,  A^ .  CN  will  be 
the  power  given  to  the  rotor,  and  therefore 

Ow,^Ny.A,.GN, 

where  Q  is  the  mean  resultant  torque  on  the  rotor.  Since  A^  is 
constant  CN  will  be  proportional  to  the  torque  on  the  rotor.  It 
will  obviously  be  a  maximum  when  N  bisects  fiD,  and  in  this 
case  a  is  45°.  It  will  be  seen  that  this  diagram  would  be  a  very 
useful  one  for  studying  the  working  of  an  induction  motor  when 
the  stator  is  supplied  at  constant  current. 

In  practice,  the  effective  value  of  the  potential  difference 
.    „  applied  to  the  stator  terminals  is  maintained  con- 

Applied  poten-         ■'••'■ 

tiai  difference     staut.     In  Order  to  simplify  the  problem,  we  shall 
make  the  supposition  that  r^A^  is  negligible  com- 
pared with  F/.     This  is  often  permissible  in  practical  work.     In 
Fig.  158  the  points  0  and  A  will  now  coincide.     In  Fig.  159,  AC 
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represents  the  eflfective  value  F/  of  the  P.D.  acting  on  one  turn 
of  the  stator  winding.  AB  represents  LiNitOxAi  and  CB  represents 
MNito^A^,  AP  is  drawn  at  right  angles  to  AB  and  its  direction 
gives  the  phase  of  the  stator  current.  If  cos  -^  denote  the  power 
factor,  the  angle  CAP  will  be  '^.  Draw  CD  and  BF  at  right  angles 
to  CB,  meeting  AB  in  D  and  AC  produced  in  F.     We  have 

BD  =  fiC/cos  a  =  (M^/LiL;)  L^N^a>^A^, 

and  thus,  as  before,  AD  =  a .  AB,     But  by  similar  triangles 

AC/AF  =  AD/AB  =  <r. 

Therefore,  since  F/,  and  consequently  AC  is  constant,  AF  is 
constant,  and  F  is  therefore  a  fixed  point.     Since  the  angle  CBF 


A  Ag  G  K   H 

Fig.  159.    Diagram  of  an  indnotion  motor  working  at  constant  p.i>. 

is  always  a  right  angle,  the  locus  of  £  is  the  semicircle  described 
on  CF  as  diameter.  We  shall  denote  the  angle  BFC  by  0  so  that 
TT  —  ^  is  the  phase  diflference  between  F/  and  A^.  Since  the  angle 
ABC  is  a,  we  have 

tan  0  =  BC/BF  =  (BC/CD)  (CD/BF)  =  cot  a  (CD/BF)  =  o-  cot  a. 
In  Fig.  159  make  AP  equal  to  Ai,  then,  since 
AP/AB  =  l/LiNitDi  =  a  constant, 
the  locus  of  P  is  a  circle  described  on  OH  as  diameter,  where 

AO/AH  =  ACIAF=a, 
and  so  OH ^{\I<t-\)AO. 
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Sincfe  the  triangles  AOP  and  AGB  are  similar,  it  follows  that 

OPIA,  =  MN,a),A^/L,]S\a>,A,, 

and  so  OP^nA^,  where  n^MN^jLiNi, 

The  angle  APG  equals  a  and  the  angle  PUO  equals  6.  Now, 
since  tan  ^  =  o- cot  a,  we  have  by  (2),  (p.  334), 

tan  6=  a  (L^Nzoy/ri)  =  50-  {L^N^tOijr^, 

If  6g  be  the  value  of  6  when  ©a  is  zero,  that  is,  when  the  rotor  is 
at  rest,  and  consequently  when  s  equals  unity,  we  have 

tan  08  — (T  (iaiVgCOi/ra), 
and  thus  tan  6  =  s  tan  08. 

In  Fig.  159  AG  is  the  value  of  the  stator  current  when  the 
rotor  is  revolving  at  synchronous  speed.  We  shall  denote  it 
by  Aq.  By  projecting  the  sides  of  the  triangle  AOP  on  AH  and 
AF  respectively  we  get 

Ai  sin  -^1  —  -4o  =  nA^  sin  0, 
and  Ai  cos  yjti  =  nA^  cos  0, 

If  0  denote  the  average  torque,  we  have 

(tci)i  =  the  mean  power  given  to  the  rotor 
=  N,V,'A,  cos  yjr,  =  N,V,' .  PK, 

if  PK  be  drawn  at  right  angles  to  AH.   Hence  PK  is  proportional 
to  the  average  torque. 

If  we  leave  out  the  semicircle  described  on  the  vertical  line  in 
The  circle  ^^S'  ^^^  ^®  S^^  ^^^  simplified  diagram  shown  in 
diagram.  Yig.  160.  This  is  generally  called  the  circle  diagram 
or  the  Heyland  diagram  of  an  induction  motor.  In  the  figure 
AX  gives  the  phase  of  the  voltage  Vi  applied  at  the  terminals  of 
a  stator  winding,  AQ  represents  the  stator  current  in  a  phase 
winding  at  synchronous  speed,  and  AP  gives  this  current  when 
the  phase  difference  between  the  stator  current  and  the  applied 
P.D.  is  the  angle  PAX.  Let  AQ  denote  the  stator  current  in  this 
phase  winding  when  the  rotor  is  at  rest,  so  that  qV^.AQ.  cos  QAX, 
where  q  is  the  number  of  phases,  equals  the  average  power  ex- 
pended in  heating  the  rotor  in  this  case.  We  shall  denote  AO 
by  -4o,  AQ  by  -4,,  and  the  current  AP  at  any  load  by  A^.    The 
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angle  PAX  is  -^  and  the  angle  PHA  is  0.    The  angle  QHA  we 
shall  denote  by  dg. 

It  is  to  be  noticed  that  in  proving  the  theory  of  the  circle 
diagram  we  have  assumed  that  the  stator  windings  are  exactly 


Fig.  160.     The  Circle  Diagram. 
AP=A-^,   AG  =  Ao,   AH=AJ(T,   8  =  LMIQL,   ri^=QMIQL,    G=G^(PKIQL). 

symmetrical.  When  they  are  connected  in  star  and  the  winding 
is  three  phase,  the  applied  voltage  per  phase  is  V3Fi,  and  Ai  is 
the  current  in  a  main.  When  they  are  connected  in  mesh,  the 
applied  voltage  per  phase  is  Vi,  and  VSFj  is  the  current  in  a 
main.    In  either  case  3  ViAi  cos  yjri  is  the  power  given  to  the  stator. 

Produce  HP  and  HQ  to  meet  AX  in  D  and  X  respectively, 
and  draw  PK  and  QML  at  right  angles  to  AH,  Since 
the  power  factor  is  the  cosine  of  the  angle  PAX,  it 

follows   that   the   power   factor   is  a   maximum  when   AP  is  a 

tangent  to  the  circle.     In  this  case 

AP^  =  AQ,AH^{\la)A,\ 

and  thus  AP  =  Ao/j»Ja', 


Formulae. 
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If  0  be  the  centre  of  the  circle,  CP  will  be  at  right  angles  to  AP, 
when  AP  is  a  tangent,  and  so,  in  this  case 

cos  ^  =  CP/.1C  =  {(1/cr  - 1 )  A/2}/{(l/o- + 1 )  A/2}  =  (1  -  (7)/(l  +  cr). 

We   have  already  shown   that  tan  ^  =  5  tan  ^,,  and  that  PK  is 
proportional  to  the  average  torque,  and  hence 

the  slip  =  5  =  tan  tf/tan  0,  =  AD/ AX, 
the  average  torque  =  0=0g (PK/QL), 

where  Og  is  the  mean  torque  at '  stand  still,'  and  if  17,.  denote  the 
electrical  eflSciency  of  the  rotor,  we  have  (p.  330) 

ffr=l- 8  =  1- AD/AX  ^DX/AX^QMIQL. 

Since  i7r  =  A>a/c^i  we  also  have 

a>,r=a>,{QM/QL), 

The  following  trigonometrical  expressions  tor  Ai,  0  and  yjr  will 
be  found  useful.     Since  the  angle  OPH  is  a  right  angle,  we  have 

HP=^{ll<r-l)A,oo8  0. 

Now  A,^^AH^  +  HP'''2AH. HP. COS0 

=  ^oV<^  +  (1/^  -  ^y  ^0'  cos*  ^  -  2  (Ao^/a)  (l/o-  - 1)  cos*  0, 
and  thus 

A^  =  (Ao/a)  (sin*  0  +  a^  cos*  0)^ 

=  ilo  {1  +(s*tan*^,)/(7*}*/(l  +5*tan*(?,)*  (10). 

We  also  have 

0  =  0s  (PK/QL)  =  Gs  (PH  sin  0IQH  sin  0^) 
=  Og  (cos  0  sin  6 /cos  0g  sin  0^ 
=  Qs  tan  ^/{cos  0^  sin  ^,  (1  +  tan*  0)] 

=  sOs/(co8^0s  +  ^sm^0i)    (11). 

Again  we  have  tan  y^  =  AK/PK,  and  so 
tan  -i/r  =  (Ao  +  G^J? .  sin*  0)/(OH .  sin  0  cos  ^) 

=  (o-  cos*  0  +  sin*  ^)/{(l  -  <r)  cos  ^  sin  0] 
=  (o-  +  5*  tan*  ^,)/{(l  -  0-)  *  tan  0^}. 
Hence 

cos*  ^  =  {s*  (1  -  o-)*  tan*  ^,}/{(l  +  s*  tan*  0,)  (<t*  +  s*  tan*  ^,)} . .  .(12). 
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Since  the  torque  has  its  maximum  value  when  K  coincides  with 
(7,  that  is,  when  6  is  45'',  and 

A^  =  {A^I<t)  (sin^  ^  +  cr«  cos^  Of, 
we  find  that  in  this  case,  A^  =  A^  {(1  +  cr^)/2(72}* 

If  H  be  the  power  expended  in  heating  the  rotor  when  the 
stator  current  is  A^,  and  Eg  be  the  power  expended  when  the 
rotor  is  at  rest,  we  have,  since  H  is  proportional  to  A^, 
H/H,=  GP^/OQ^^  OKjOL, 

Let  us  suppose  that  the  leakage  factor  a  for  a  given  induction 
Numerical  motor  is  01  and  that  aL^N^toJr^  =  40/9.  Let  us  also 
example.  suppose  that  WO  wish  to  know  how  the  primary  current, 
primary  power  factor  and  the  torque  vary  with  the  slip. 

Since  tan  6^  =  40/9,  we  find  that  sin  0,  =  40/41  and  cos  Bs  =  9/41. 
Substituting  these  values  in  equations  (10),  (11)  and  (12)  we  get 
the  equations  to  the  required  curves  which  can  then  easily  be 
plotted  (Fig.  161).    It  will  be  seen  that  the  starting  torque  is 


Power 
Factor 


Amperes 
or  Foot- 


120  ^^* 


0      01    0-2    0-3    0-4     0-6    0-6    07    08    09    10      slip 

Fig.  161.    The  torque,  power  factor  and  current  of  an  ideal  induction  motor 

for  various  values  of  the  slip. 

less  than  half  the  value  of  the  maximum  torque  and  that  the 
maximum  power  factor  is  not  obtained  until  the  slip  is  about  007, 

In  order  to  reverse  the  direction  of  rotation  of  the  rotor,  it  is 
necessary  to  reverse  the  direction  of  rotation  of  the 

Reversing  the  •^  . 

direction  of        rotary  magnetic  field.     This  may  easily  be  done  by 
reversing  the  connections  with   one   phase   of  the 
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stator  winding.  Let  us  suppose  that  the  motor  is  three  phase. 
Before  the  alteration  is  made  we  may  express  the  gliding  magnetic 
field  in  the  air-gap  (see  Vol.  I,  p.  294)  by 

H  sin  (ot  cos  {irxja)  -f  H  sin  {cot  +  27r/3)  cos  {irxja  +  27r/3) 

+  H  sin  {(ot  +  47r/3)  cos  {irxja  +  47r/3), 

which  is  equal  to         (SS/2)  sin  (oDt  —  irxja). 

After  reversing   the    leads    across   the   first  phase   the  field   is 

represented  by 

—  H  sin  (ot  cos  {irxja)  —  JET  sin  {(ot  +  47r/3)  cos  (7ra?/a  +  27r/3) 

-  ^  sin  {(ot  +  27r/3)  cos  {irxja  +  47r/3), 
that  is,  by  -  (3ir/2)  sin  {cot  +  irxja). 

The  fields  in  the  two  cases  are  therefore  rotating  in  opposite 
directions. 

It  will  be  seen  that  the  final  diagram  (Fig.  160)  representing 
Transformer  ^^^  working  of  an  inductiou  motor  is  identical  with 
analogy.  ^^iQ  diagram  of  the  ideal  transformer  (Fig.  105,  p.  229). 

The  no  load  current  of  the  transformer  corresponds  to  the  current 
per  "phase  of  the  stator  when  the  rotor  is  running  at  synchronous 
speed,  and  the  starting  current  per  phase  of  the  motor  corresponds 
to  the  primary  current  in  the  transformer  when  the  secondary  is 
short  circuited. 

When  the  rotor  is  at  rest,  the  varying  magnetic  flux  due  to  the 
currents  in  the  stator  coils  will  induce  an  E.M.F.  in  the  rotor  winding 
the  magnitude  of  which  is  {MN^jLiN-^  Fj  per  phase.  The  action 
is  analogous  to  the  induction  between  the  primary  and  secondary 
coils  of  a  leaky  transformer.  When  the  rotor  is  running,  there 
will  still  be  an  electromotive  force  induced  in  its  windings.  The 
rate  of  the  variation  of  the  flux,  however,  linked  with  the  rotor 
coil  will  now  be  diminished  in  the  ratio  of  1  to  s,  and  thus  the 
E.M.F.  developed  is  5  (ifiV^j/ A-^i)  Vi  per  phase.  It  must  be  noticed 
that,  unlike  the  load  on  the  secondary  of  a  transformer,  the  load 
on  the  rotor  is  partly  mechanical. 

Let  us  now  consider  the  power  expended  on  the  stator  wind- 
ing. Part  of  it  is  taken  up  in  heating  the  stator  conductors  and 
part  in  producing  hysteresis  and  eddy  current  losses  in  the  core. 
The  remainder  is  available   for   the  rotor.     The   electromotive 


XII]  TRANSFORMER  ANALOGY  351 

force  siMN^/LiNi)  Vi  induced  in  the  rotor  winding  produces  a 
current,  and  energy  is  absorbed  in  the  rotor  conductors.  The 
•eddy  current  and  hysteresis  loss,  caused  by  the  leakage  flux  due 
to  the  rotor  current,  also  absorbs  energy.  In  addition,  power  is 
required  to  overcome  the  friction  of  the  bearings,  which  is  usually 
called  solid  friction,  and  the  damping  effect  of  the  air,  or  air 
friction.  What  is  left  is  available  for  overcoming  the  retarding 
torque  due  to  the  load  on  the  pulley  of  the  rotor. 

We  have  seen  that  when  0  is  the  torque  on  the  rotor,  Owi 
is  the  power  given  to  it  and  Oco  is  the  power  expended  in 
heating  the  rotor  together  with  any  external  power  that  may  be 
expended  by  the  rotor  leakage  flux  in  hysteresis  and  eddy 
currents.  If  we  represent  the  heat  given  to  the  rotor  per  phase 
by  R^A^,  we  have 

(?a)i  =  Gcojs  =  SR^A^^s  =  (SR^s)  A^\ 

when  the  motor  is  three  phase.  Thus  the  power  given  per  phase 
to  the  rotor  is  the  same  as  the  power  given  to  the  secondary 
circuit  of  a  transformer  which  carries  a  current  A^  and  has  a 
resistance  R^js. 

If  Wq  be  the  no  load  losses  per  phase  of  a  motor,  the  equation 
for  the  primary  watts  Wi  per  phase  is  approximately 

Tf ,  =  TTo  +  (»/3)  0),  +  R,  {A,^  -  .lo^), 

where  RiA^  is  the  power  expended  in  heating  the  stator  winding. 
If  we  suppose  that  Ri  is  negligible,  we  have 

Tr,=  Tro  + (0/3)0),. 

In  the  simplified  diagram  (Fig.  160)  the  stator  current  at 
synchronous  speed  Aq  is  drawn  at  right  angles  to  AX  as  we 
neglect  the  stator  losses.  Draw  AX,  AG  and  AP  (Fig.  162) 
to  represent  the  applied  primary  voltage  Fi,  the  stator  current 
^0  at  no  load,  and  the  stator  current  Ai  when  the  slip  is  8, 
Draw  GH  perpendicular  to  AXy  and  PH  perpendicular  to  PG, 
and  on  GH  describe  a  semicircle.  We  shall  prove  that  P  always 
lies  on  this  semicircle  (compare  with  Fig.  147,  p.  319). 

Let  Vi  be  the  effective  value  of  the  potential  difference 
applied  to  any  winding  of  the  stator.  The  electromotive  force 
induced  in  the  corresponding  rotor  winding  will  be  8  {MN^jL-^N^  F,. 
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If  iij  is  the  resistance  of  this  winding,  A2  the  current  in  it,  and  0 
the  phase  difference  between  F,  and  A^,  we  have 

If  Ai  and  cos  yfr^  be  the  current  and  power  factor  respectively 
of  a  stator  winding,  and  if  the  motor  be  three  phase,  we  have 

ViAi  cos  ^1  =  ViAo  cos  ^0  +  (G'l^)  ®i 
=  V,AoC08ylro+  (i^2/s)^2^ 
and  thus  A^  cos  yjri  =  Aq  cos  yfto  +  {MN2/L1N1)  A2  cos  0. 


Fig.  162.    Diagram  of  the  working  of  an  induction  motor,  stator  losses 
being  taken  into  account. 


Now  0  is  the  angle  between  OP  and  AX,  and  therefore 
GPcos^=Pir(Fig.  162) 

=  Ai  cos  -^1  —  Aq  cos  yiro 
==(MN2/L,N',)A2Cos0, 
and  hence  OP  =  (MNJL^N^)  A^. 

We  have  also  shown,  p.  346,  that 

tan  ^  =  5  (ijiV^aO-Wi/ra)  =  s  {LJf^<To>^l{^R^. 
From  this  and  the  value  of  cos  6  at  the  top  of  the  page    . 

sin  e  =  ij^aVoiAa/fS  {MN2/L,N',)V,\, 
and  OH  =  »P/sin  ^  =  3  (M/L^N^f  { VJiL^^ray,)}. 
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Thus  H  is  independent  of  the  position  of  P  and,  since  the  angle 
GPH  is  a  right  angle,  P  must  lie  on  the  semicircle  GPH.  We 
conclude  therefore  that  the  current  in  a  stator  winding  varies 
with  the  load  on  the  rotor  in  exactly  the  same  way  as  the  current 
in  the  primary  of  a  properly  chosen  transformer  would  vary  when 
a  non-inductive  load  on  its  secondary  is  varied.  The  *  coefficients 
of  self-induction '  of  the  primary  and  secondary  coils  of  the  trans- 
former must  equal  LiNi^  and  L^Nz^  respectively,  and  the  mutual 
induction  between  them  must  be  equal  to  MNiN^.  The  leakage 
factor  a  of  this  transformer  is  consequently  equal  to  the  leakage 
factor  of  the  motor.  When  the  slip  of  the  motor  is  s  the  resist- 
ance of  the  secondary  circuit  of  the  auxiliary  transformer  is  R^/s, 

We  have  shown  in  Chapter  xi  that,  for  purposes  of  calcu- 
lation, we  may  replace  a  leaky  transformer  by  a 
net-work?*  simple  equivalent  net-work.  We  can  also  use  the 
same  net-work  for  calculations  in  connection  with 
induction  motors.  If  s  be  the  slip  produced  by  a  given  mechanical 
load,  the  electrical  load  in  the  secondary  circuit  of  the  auxiliary 
transformer  is  a  non-inductive  resistance  the  value  of  which  is 
R^/s,  Thus  if  we  place  a  non-inductive  resistance  R^l{sn^)  in  the 
secondary  branch  of  the  net-work  which  is  equivalent  to  this 
transformer,  the  primary  current,  and  therefore  the  current  in  the 
stator  of  the  motor  can  be  found. 

Since  the  useful  mechanical  power  that  we  can  get  from  a 
motor  equals  {^R^js)  A^,  it  will  be  seen  that  it  is  immaterial  whether 
we  use  a  low  ratio  of  transformation  MN^jL^N^y  and  therefore 
thick  wire  coils  with  few  turns  on  the  rotor,  or  a  high  ratio  and 
fine  wire  coils  of  many  turns,  provided  that  the  total  heat 
developed  in  the  rotor  is  the  same  in  both  cases  at  the  same  slip. 
The  value  of  the  leakage  factor  cr,  however,  which  depends  on  the 
values  of  if,  L^  and  ia»  ^^^  a  very  great  influence  on  the  working 
of  the  motor.  In  practical  work  it  has  been  noticed  that  the 
number  of  bars  in  squirrel-cage  rotors  is  immaterial.  The 
General  Electric  Company  of  America  use  the  same  squirrel-cage 
rotors  for  stators  wound  for  various  voltages.  They  also  use  the 
same  rotors  for  machines  with  two  phase  and  three  phase  stator 
windings. 

R.  II.  23 


354  ALTERNATING  CURRENT  THEORY  [CH. 

If  the  rotor  i-evolve  at  a  speed  greater  than  synchronism,  the 
slip  becomes  negative.   P'  (Fig.  160)  is  then  below  the 

Speed  greater        ..  .  tt  ii  -i  •  -i-r 

than  synchro-  line  AH  SO  that  the  torque  is  also  negative.  Hence 
"""*'  the  rotor  gives  power  to  the  stator,  the  machine 

acting  like  an  alternator.  It  will  be  seen  that  the  retarding 
torque  increases  as  w  increases  until  ^  is  —  45°,  it  then  diminishes 
for  greater  values  of  a>. 

This  property  of  induction  motors  is  sometimes  utilised  in 
electric  traction  work.  When  a  train  is  descending  an  incline, 
so  long  as  the  angular  velocity  to^  of  the  rotor,  which  is  geared  to 
the  axle,  is  less  than  coi,  power  is  taken  from  the  mains,  and  an 
accelerating  torque  is  produced.  When  ©a  equals  &>,,  the  accele- 
rating torque  is  zero,  and  when  ©j  is  greater  than  ©i  the  motors 
act  as  brakes  to  the  train  and  power  is  given  to  the  trolley  wires. 
It  will  be  seen  that  induction  motors  regulate  to  a  certain  extent 
the  speed  of  the  train,  their  action  in  this  respect  being  very 
similar  to  the  action  of  direct  current  shunt  wound  motors. 
Should  however  the  speed  of  the  induction  motors  become  greater 
than  (g)i/p)  (1  +  s')  where  —  8  is  the  slip  at  which  the  maximum 
torque  is  produced,  the  torque,  and  therefore,  also,  the  braking 
action  will  diminish  as  the  speed  increases.  In  this  respect  they 
diflfer  from  direct  cuiTcnt  machines. 

If  the  power  W^  supplied  to  the  stator  of  an  induction  motor 
be  read  by  means  of  a  suitable  wattmeter,  and  a 

induction  mcchanical  load  GgWs  ^^  applied  to  the  rotor  pulley 

by  means  of  a  Prony  brake  or  other  simple  form  of 

absorption  dynamometer,  the  eflSciency  rj  is  given  by  the  formula 

In  this  formula  0^  is  in  joules.  This  method  is  simple  and  can  be 
applied  easily  when  the  motor  is  small.  In  the  case  of  large 
motors  the  method  is  troublesome  and  expensive,  and  therefore 
approximate  electrical  methods  are  employed. 

It  is  useful  first  of  all  to  construct  a  circle  diagram  similar  to 
Fig.  162.  In  order  to  do  this  we  need  to  know  the  power  and 
the  current  taken  by  the  stator  at  no  load,  and  also  the  power 
taken  by  the  stator  at  stand -still.     With  our  usual  notation, 

tro  =  3^iAcosi|ro, 
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and  thus  cos  ^Itq  =  Tf o/(3  I^i^o)» 

if  the  motor  be  three  phase  and  Fj  is  the  voltage  applied  at  the 
terminals  of  a  stator  winding. 
Similarly  we  have 

cos^,=  Tr,/(3F,^), 

where  the  suflSx  s  gives  the  values  of  the  quantities  at  stand-still. 
To  construct  the  diagram  we  draw  a  line  AO  (Fig.  162)  equal  to 
Ao  and  make  the  angle  XAO  equal  to  yJTQ, 

We  draw  a  line  AS  equal  to  Ag  and  inclined  to  AX  at  an 
angle  yjrg.  We  then  join  QS,  and  draw  a  line  bisecting  OS  at 
right  angles  and  cutting  the  line  QH  at  (7,  which  will  obviously 
be  the  centre  of  the  circle  required. 

For  example  in  a  three  phase  induction  motor,  star-connected, 
Wo  was  equal  to  1824  watts,  Aq  to  8*8  amperes,  and  \/3Fi  was 
460  volts.     Thus 

cos ^0  =  1824/(V3  X  8-8  x  460)  =  0260, 
and  therefore  yp-o  =  74°-9. 

In  determining  the  current  at  stand-still,  precautions  have  to 
be  taken,  otherwise  the  large  currents  generated  may  damage  the 
stator  or  rotor  windings.  It  is  customary  to  reduce  the  applied 
potential  difference,  preferably  by  diminishing  the  excitation  of 
the  generator.  The  amperes  and  watts  per  phase  are  then  read 
for  various  values  of  the  applied  voltage,  and  from  the  results  the 
values  of  the  corresponding  quantities  at  the  normal  voltage  are 
deduced  by  drawing  curves.  For  the  motor  considered  above  the 
following  results  were  obtained :- — 


Applied  voltage 

Amperes  per  phase 

Watts  per  phase 

139 
186 
234 

45 

64 
86 

774 
1587 
2842 

Plotting  these  results  on  sectional  paper  and  drawing  smooth 
curves  through  the  points,  we  deduce  that  the  current  would  be 
1845  amperes  per  phase  and  the  power  13000  watts  per  phase 
when  the  applied  mesh  voltage  is  460.     We  have  therefore 
SV^Ag cos yirs  =  13000  x  3, 

23—2 
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and  thus  A, cos  -^/r,  =  13000^3/460, 

=  48-9. 
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Therefore  also  cos  '>^g  =  48*9/1 84*5, 

and  V^,  =  74°-6. 

We  have  thus  sufficient  data  to  construct  the  circle  diagram 
and  hence  we  can  find  the  slip  and  the  efficiency  at  various  loads. 
When  the  applied  waves  are  sine  shaped,  this  method  gives 
satisfactory  results,  but  even  in  this  case  it  is  advisable  to 
check  our  results  by  some  more  direct  electrical  method.  For 
instance,  suppose  that  TTi,  Wo,  -^n  ^o>  Hi  and  s  can  be  measured. 
If  the  motor  is  three  phase,  rj  is  given  by  the  formula 

Thus  values  of  r)  can  be  found  for  various  loads. 

The  following  are  the  results  of  a  test  by  Larmoyer  on  a 
32  H.P.  three  phase  induction  motor  with  eight  poles.  The 
connections  for  the  test  are   shown   in  Fig.  163.     To  start  the 


Fig.  163.  Connections  for  testing  a  three  phase  induction  motor.  G  is  the 
generator  and  M  is  the  motor.  The  rotor  starting  resistances  are  at  12;  /S  is  a 
triple  pole  switch  and  W  a  wattmeter. 


motor,  resistance  is  introduced  into  the  rotor  windings  by 
means  of  brushes  pressing  on  three  slip  rings.  When  the  rotor  is 
running  at  its  usual  speed,  these  resistances  are  short  circuited. 
The  voltage  between  the  supply  mains  was  460.  The  frequency 
was  50,  so  that  at  synchronous  speed  the  rotor  revolved  60//p, 
that  is,   750   times   per  minute.     The   resistance   per  phase  of 
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the   stator  windings   when  warm  was  019  ohm  and  the  no-load 
current  was  88  amperes.     Thus 

SAj'Ri  =  3  X  (8-8)2  X  019  =  44. 
The  wattmeter  reading  Wq  at  no   load  was  1824.    At  the 
normal  load  A^  was  36*6  amperes,  Wi  was  26800  watts,  and  the 
number  of  revolutions  per  minute  was  730.     Thus 

5  =  (750  -  730)/750  =  0-0267 
and  1-5  =  0-9733. 

Therefore,  by  the  formula  on  p.  356, 

V  =  0-9733  (26800  - 1824  -  0*57  x  36-6^  +  44)/26800  =  0-88. 

Thus  the  efficiency  is  88  per  cent. 

The  results  of  tests  on  a  720  horse  power  three  phase  induction 
motor  having  eight  poles  are  shown  in  Fig.  164.     The  effective 


0  500  1000  1500  H(yr8e  Power 

Fig.  164.     Three  Phase  Induction  Motor  (Oerlikon). 
Ai=the  current  in  one  phase  of  the  stator  windings, 
cos  ^=the  power  factor. 
«=the  percentage  slip. 
The  abscissae  give  the  mechanical  output  in  horse  power.    One  kilowatt  is  1*34 
horse  power. 

value  of  the  applied  potential  difference  was  6000  volts  per  phase 
and  the  frequency  was  25.     At  synchronous  speed  the  current 
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was  7*5  amperes  and  the  power  expended  was  15000  watts.  In 
starting  the  motor  the  potential  difference  applied  to  its  terminals 
was  gradually  increased.  At  1000  volts  it  began  to  turn  slowly. 
The  stator  resistance  per  phase  was  0*67  ohm  and  the  rotor  resist- 
ance was  00035  ohm.  It  was  found  that  the  leakage  factor  a  was 
0*0268.  The  slip  at  full  load  was  1*3  per  cent.,  that  is,  8  was 
0013,  the  maximum  value  of  the  efficiency  950  per  cent,  and  of 
the  power  factor  0*952. 
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Fig.  165.     Carves  for  an  Oerlikon  350  h.p.  three  phase  induction  motor. 

Speed  90  turns  per  minute.     Applied  voltage  1000. 
Ki  =  eflBLciency ;     cos  ^f/  =  power  factor ;    -i^  =  current  per  phase ;    8  =  slip. 
The  abscissae  give  the  mechanical  output  ti .  ^W-^A^  cos  yj/^  in  kilowatts.    One 
kilowatt  is  1'34  horse  power. 


The  curves  shown  in  Figs.  165  and  166  were  obtained  by 
testing  two  induction  motors  of  the  same  power 
built  by  the  Oerlikon  Company.  They  were  both 
intended  to  work  pumps,  but  whilst  one  had  to  run 
at  the  abnormally  high  speed  of  980  revolutions  per  minute 
the  other  had  to  run  at  only  90  revs,  per  minute.     The  applied 


High  speed 
and  low 
speed  motors. 
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voltage  for  the  high  speed  motor  was  2000  per  phase  and  for  the 
low  speed  motor  1000  per  phase,  the  frequency  being  50.  At 
synchronous  speed  the  low  speed  machine  took  63*5  amperes  per 
phase  and  the  power  factor  was  0*089.  The  corresponding  numbers 
for  the  high  speed  machine  were  17*1  and  0*14  respectively. 
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Fig.  166.     Carves  for  an  Oerlikon  350  h.p.  three  phase  induction  motor. 

Speed  980  turns  per  minute.    Applied  voltage  2000. 

17 = efficiency ;    cos  ^ = power  factor ;    A^ = current  per  phase ;    « = slip. 

The  following  table  gives  the  most  important  of  the  results 
obtained.  The  data  for  an  ordinary  three  phase  induction  motor 
of  the  same  power  made  by  the  Oerlikon  Company  are  also  added 
for  purposes  of  comparison. 


Bevs.  per 
minute 

Weight  in  Kgs. 

Percentage 
efficiency 

Power  factor 

Slip 

Total 

Active 

980 

370 

90 

5000 
19000 

2200 
3200 
6100 

94 
94 
90 

0-93 
0-90 
0-87 

1-9 
2  0 
4-0 
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We  shall  now  show  how  to  calculate  the  ampere  turns  which  are 
equivalent  to  the  mean  value  of  the  magnetising 
ampe?e  nfrnr  forcos  acting  on  the  armature.  Let  us  suppose  that 
S^^ndingt^of"^  the  winding  of  one  phase  of  the  stator  of  the  asyn- 
motors^°°°"*  chronous  motor  is  similar  to  that  of  the  field  magnets 
of  a  direct  current  machine,  so  that  when  a  current 
is  flowing  in  it  we  get  p  segments  of  South,  and  p  segments  of 
North  polarity  with  spaces  between  the  adjacent  segments  which 
are  subjected  to  no  magnetising  force.  We  shall  also  suppose  that 
there  is  one  slot  per  pole  and  per  phase.  We  have  therefore, 
in  the  first  place,  to  find  the  equivalent  ampere  turns  of  an 
elementary  rectangular  coil,  two  of  the  sides  of  which  are  placed 
in  two  parallel  slots  on  the  inner  circumference  of  the  stator.  Let 
the  coil  have  N  turns,  and  let  the  distance  measured  along  the 
air-gap  between  the  axes  of  the  two  slots  be  denoted  by  b\  Let 
the  distance  also  measured  along  the  air-gap,  between  the  middle 
points  of  two  adjacent  coils  of  the  same  phase  be  a.  The  polar 
step  of  the  flux  in  the  rotor  will  also  be  practically  equal  to  a,  as 
the  air-gap  is  always  very  narrow. 
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Let  0'  be  the  point  on  the  stator  midway  between  the  axes  of 
the  two  slots  containing  the  elementary  coil  considered,  and  let  O 
be  the  point  on  the  rotor  opposite  to  0'  when  the  current  i  in  the 
elementary  coil  has  its  maximum  value  /.  If  x  be  the  distance, 
measured  along  the  air-gap,  of  0  from  0'  at  the  time  ^,  then,  if 
the  current  follow  the  harmonic  law  and  we  assume  that  the  slip 
is  zero,  we  may  write 

i  =  /  cos  {2^1  T)  t  =  I  COS  {irxja), 
where  T  is  the  period  of  the  applied  P.D. 

Let  us  now  find  the  mean  magnetising  force  in  ampere  turns 
acting  during  the  time  T  on  a  point  Y  (Fig.  167)  on  the  cir- 
cumference of  the  rotor.     From  symmetry  this  will  be  equal  to 
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Fig.  167.     Eqoiyalent  ampere  turns  of  the  stator  windings. 

the  mean  value  over  the  half  period.  Let  y  be  the  distance  of  Y 
from  0.  Then,  during  the  passage  fi'om  F  to  jB  the  ampere  turns 
acting  on  Y  are  Ni ;  from  B  to  (7,  they  are  zero,  and  for  the  rest 
of  the  half  period  they  are  --  Ni,  The  mean  value,  therefore,  of 
the  ampere  turns  S^  acting  on  Y  is  given  by 

(  rb'/2-y  ra  \ 

S'  =  (1/a)  \  I  NI  COS  {irxla)  dx  -  /  NI  cos  {rrxla)  dx  \ 

{JQ  Ja-y-b'/i  } 

=  (Nl/a)  <  I  cos  {ttx/o)  dx+  i  cos  (ttx/o)  dx > 

=  (2/7r)  NI  sin  {irVj^a)  cos  {iryla). 

The  mean  magnetising  force  Sy  therefore,  from  P  to  P'  (Fig.  167) 
is  given  by 

r+a/2 

S=  (2/7r)  i^/sin  {irVj^a) .  (1/a)  cos  (vry/a)  dy 

J  -a/2 

=  (4Mi\^/sin(7r672a).  __ 

This  formula  could  also  be  obtained  by  putting  b  =  a  in  the 
formula  given  on  p.  38.  For  a  simple  wave  winding  6'  =  a,  and 
thus 

^=  (4/7r2)  NI  =  0'4>NI  nearly. 
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We  shall  next  find  formulae  for  the  magnetising  forces  due  to 
Thee  uivaient  ^^^  curients  in  polyphase  windings.  We  shall  first 
ampere  turns  cousider  a  Separate  phase  winding  (Fig.  168)  with  an 
phase  wind-  eveu  number  of  slots  per  pole  and  per  phase.  In 
*"^**  separate  phase  windings  the  conductors  belonging  to 

one  phase  are  placed  in  2pwi  slots,  which  form  2p  groups  each 
containing  Ui  slots,  and  no  conductors  belonging  to  other  phases 
are  placed  in  these  slots.  Since  we  are  merely  concerned  with 
finding  the  equivalent  ampere  turns  acting  on  the  magnetic 
circuits  linking  the  coils  of  the  stator  and  rotor,  we  may  suppose 
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Fig.  168.  Separate  phase  winding  with  an  eyen  number  of  slots  per  pole  and 
per  phase.  The  slots  marked  O,  X  or  +  contain  conductors  belonging  to  one 
phase  only. 

that  the  ends  of  the  conductors  are  joined  by  connecting  wires 
so  arranged  that  the  conductors  and  connecting  wires  form  a 
number  of  elementary  coils.  We  can  then  find  the  equivalent 
ampere  turns  for  each  coil  by  the  formula  given  above,  and  hence 
the  resultant  ampere  turns  can  be  found  by  adding  the  results 
together,  since  the  integral  of  the  sum  of  n  quantities  is  equal  to 
the  sum  of  the  integrals  of  the  ?i  quantities. 

Since  fii  is  the  number*  of  slots  per  phase  in  the  polar  step, 
qrii  is  the  total  number  of  slots  in  it,  and  2pqni  is  the  total  number 
of  slots  on  the  stator.  Let  Ni  be  the  total  number  of  conductors 
per  pole  and  per  phase,  so  that  'IpNi  is  the  total  number  of 
conductors  in  a  phase  winding.  Let  us  first  consider  the  coil 
belonging  to  the  windings  of  one  phase  which  has  the  greatest 
breadth  b^.  If  a  be  the  polar  step,  we  have  bi/a  =  (qni—  l)lqni, 
and  thus  7r6i/2a  =  (7r/2)(l  —  l/qui).  Similarly  if  b^,  6s, ...  be  the 
breadths  of  the  other  coils  we  have 

7rb,/2a  =  (7r/2)  (1  -  3/qn^) ;   7rb,l2a  =  (7r/2)  (1  -  6/qn,) ;  . . . . 

Hence,  noticing  that  the  number  of  coils  is  ni/2  and  that  the 
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number  of  turns  in  a  coil  is  Niln-^,  we  get  for  the  resultant 
equivalent  ampere  turns  S  of  the  q  phase  windings  per  pole 

S  =  (45r/7r»)  (i^,/n,)  /  {sin  (7r/2  -  7r/2g'Wi)  +  sin  (7r/2  -  37r/2g'Wi)  +  . . . } 
=  {m-TT^)  {Nilrh)  I  [cos  {7rl2qn^)  +  cos  {S7r/2qn^)  +  . . . 

+  cos{(ni-l)7r/25rr?i}] 
=  (25/7r»)  i^i/  sin  (7r/2q)/{ni  sin  (7r/2g'ni)}. 

Now  let  n  be  the  total  number  of  slots  and  N  the  total  number 
of  conductors  belonging  to  a  phase  winding.  We  have  ni  =  nl2pq 
and  Ni  =  N'/2p,  Substituting  these  values  of  tij  and  Ni  in  the 
above  formula  we  get 

S^=^{2q^/^^')NA^/2sin  (7r/2q)/{nsm(p7rln)}    (1), 

where  A  is  the  eflfective  value  of  the  current  in  a  winding. 

Formula  (1)  still  holds  when  there  is  an  odd  number  Wj  of  slots 
per  pole  and  per  phase.  To  prove  this,  let  us  consider  the  arrange- 
ment of  the  conductors  indicated  in  Fig.  169.     When  there  is  an 
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Fig.  169.     Separate  phase  winding  with  an  odd  number  of  slots  per  pole 
and  per  phase. 

even  number  of  conductors  in  each  slot  we  can  suppose  that  the 
conductors  in  the  middle  slot  of  a  phase  group  are  divided  into 
two  equal  sets,  N-^l2ni  of  the  conductors  forming  a  coil  with  one 
set  of  conductors  on  the  right,  and  the  other  half  of  them  forming 
a  coil  with  the  corresponding  conductors  on  the  left.  When  there 
is  an  odd  number  of  conductors  in  each  slot,  we  may  suppose  that 
one  of  the  conductors  in  the  middle  slot  is  split  into  two,  each 
half  carrying  an  equal  current,  and  thus  we  can  still  make  the 
assumption  that  the  conductors  are  divided  into  two  equal  sets. 
In  either  case,  we  can  write 

S=  {2qlw')  (NJn,)  I  [cos  0  +  2  cos  (Tr/qn^)  +  2  cos  {27r/qn^)  +  . . . 

+  2co8{(n,-l)/2}(7r/gn0] 
=  {2q^l7r')  NA  V2  sin  {7rf2q)/{n  sin  {pw/n}, 
which  is  the  same  as  formula  (1). 
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Let  us  finally  consider  the  equivalent  ampere  turns  of  a  super- 
posed phase  winding:.     In  one  form  of  this  winding, 

The  equivalent      r  r  o  i     ,  . 

ampere  turns  slots  Only  coutaiu  conductors  belonging  to  one  phase ; 
phase  wind-  in  which  case  alternate  slots  contain  conductors  of 
^"^*'  diflferent  phases.     In  another  form  (Fig.  170)  each 

slot  contains  an  equal  number  of  conductors  of  diflferent  phases. 


\9\]m  m  0  0  H  \k\m  ffl  ffl  H  0  S  0 
lSjiB  Is  S  is  Ej  wm  m  m  \S  \^  M  S 
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Fig.  170.     Superposed  phase  winding  in  which  each  slot  contains  an  equal 
number  of  conductors  of  different  phases. 

These  windings  are  sometimes  employed  to  obtain  a  flux  distri- 
bution which  will  be  approximately  sine  shaped. 

Let  Hi  denote  the  number  of  slots  per  pole  containing  con- 
ductors in  one  phase.  Then  whether  ni/2  be  odd  or  even  we  may 
suppose  the  ends  of  the  conductors  joined  as  in  Fig.  170.  In  this 
case 

7rbj2a  =  {7r/2){l-2/qn,);   7rbJ2a  =  (7r/2){l-6/qn,);  .... 
Therefore 
^'  =  (mw^)  (i^i/ni)  /[cos  (Tr/grii)  +  cos  {Sir/qn^)  +  . . . 

+  cos{(ni-l)7r/2ni}] 

=  (gV^O  ^^  ^2  sin  {7r/q)/{n  sin  (p7r/n)}     (2), 

noticing  that  n  is  equal  to  pqrii  in  this  case. 

By  comparing  formulae  (1)  and  (2)  we  see  that  when  N,  p 
and  n  have  the  same  values  for  a  separate  phase  winding  and  a 
superposed  phase  winding, 

jr'  =  ^cos(7r/25). 
Thus  the  magnetising  force,  and   therefore  the   flux,  is   always 
greater  with  the  separate  phase  winding. 

In  proving  the  above  formulae  we  have  made  the  assumption 
that  the  total  number  of  slots  is  a  multiple  of  the  number  of  poles 
(2p),  so  that  rii  is  an  integer.  In  alternators  and  induction  motors 
as  usually  constructed  the  number  of  slots  is  frequently  not  a 
multiple  of  the  number  of  poles.  This  considerably  increases  the 
diflSculty  of  calculating  the  equivalent  ampere  turns.   Approximate 
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values,  however,  can  be  obtained  from  formulae  (1)  and  (2),  and 
these  formulae,  which  are  due  to  C.  F.  Guilbert,  are  used  in 
practice  for  this  purpose. 

Ordinary  forms  of  induction  motors  are  practically  constant 

speed  machines  as  the  slip  is  very  small.     Even  at 

ilTeed^oV*^*        full  load  it  is  sometimes  only  two  or  three  per  cent. 

induction  jj^   most   machines   the   torque   on   the   rotor   is   a 

motors.  ^  '■ 

maximum  when  the  slip  is  less  than  twenty-five  per 
cent.,  and  if  we  increase  the  load  so  that  the  slip  is  greater  than 
this,  the  rotor  rapidly  slows  down  to  rest.  One  method  of  getting 
a  c^ood  output  from  a  motor  at  diflferent  speeds  is  to  have  several 
sources  of  alternating  current  supply  each  at  a  dififerent  frequency. 
This  method  is  limited  in  its  application,  but  when  motors  are 
directly  coupled  to  heavy  rotating  apparatus  in  which  a  consider- 
able amount  of  kinetic  energy  is  stored  the  method  is  useful,  as 
economies  can  be  eflfected  by  first  starting  the  motors  from  the  low 
frequency  mains  and  then  switching  them  on  to  higher  frequency 
mains  as  their  speed  increases. 

At   the   Sugar   Refinery   of  Cambrai,   induction   motors   are 
employed  to  turn  sugar  turbines.     When  rotating 
fourJes  of  at  their  normal  speed  the  kinetic  energy  stored  in 

M^!^  *''*'*"  each  turbine  is  125,000  kilogramme  metres  (904,000 
foot  pounds).  In  starting  a  motor  coupled  to  one 
of  these  turbines  the  expenditure  of  energy  is  about  300,000 
kilogramme  metres,  owing  to  the  unavoidable  losses  due  to  the 
resistances  of  the  motor  itself  during  the  start  and  to  friction. 
To  minimise  these  losses  three  sources  of  polyphase  currents 
having  frequencies  of  21,  35  and  50  are  employed.  The  current 
which  has  a  frequency  of  50  is  supplied  by  a  Boucherot  alternator. 
The  currents  having  the  two  other  frequencies  are  obtained  by 
means  of  a  smaller  alternator  running  at  420  revolutions  per 
minute,  and  driven  by  means  of  a  belt  from  the  flywheel  of  the 
larger  machine.  This  machine  is  of  the  inductor  type  with  two 
fixed  armatures,  the  rotor  having  three  polar  projections  on  one 
side  and  five  on  the  other,  so  that  the  frequencies  of  the  induced 
currents  are  in  the  ratio  of  3  to  5. 
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In  starting  the  motor  at  successively  increasing  frequencies, 
the  losses  during  the  start  are  considerably  diminished.  In 
addition,  instead  of  all  the  kinetic  energy  stored  in  the  turbines 
being  lost  during  the  stopping  of  a  turbine,  a  considerable  pro- 
portion of  it  may  be  recovered  by  switching  the  motor  in  turn 
on  to  circuits  of  diminishing  frequency.  The  reason  of  this  will 
be  understood  from  the  diagram  of  the  induction  motor  (Fig.  160) 
described  in  the  last  chapter. 

When  the  supply  frequency  is  fixed,  it  is  necessary  to  modify 
the  design  of  an  induction  motor  if  a  variable  speed  be  desired. 
Three  methods  of  doing  this  are  used  in  practice.  In  the  first 
method  the  polar  pitch  of  one  set  of  poles  equals  the  winding 
pitch  of  the  rotor,  and  the  polar  pitch  of  another  set  of  poles 
equals  a  multiple  of  the  winding  pitch.  It  is  easy  to  arrange, 
for  instance,  by  means  of  a  special  switch,  that  the  number  of 
poles  be  either  n  or  2n,  In  the  former  case  the  rotor  will  run  at 
double  the  speed  it  does  in  the  latter.  In  this  motor  the  rotor  is 
generally  of  the  squirrel-cage  type,  and  hence  we  are  confined 
to  two  speeds  only,  as  it  is  difficult  in  practice  to  interpolate 
resistance  in  the  windings  of  this  rotor. 

The  second  method  is  to  vary  the  applied  potential  diflerence 
by  means  of  a  compensator  (p.  289)  and  have  a  suitable  resistance 
in  the  rotor  circuit.  This  method  is  not  recommended.  The 
efficiency  of  this  type  of  motor  is  very  low  at  the  slow  speed, 
and  so  a  large  motor  must  be  employed  for  a  comparatively 
small  load.  The  third  method  is  simply  to  vary  the  resistance  of 
the  rotor  circuit.  This  procedure  lowers  the  efficiency  of  the 
motor  so  much  that  it  is  only  permissible  when  variable  speeds 
are  very  seldom  required. 

It  will  be  seen  that,  of  the  methods  of  varying  the  speed  of 
induction  motors,  the  most  satisfactory  is  to  design  the  motor  so 
that  the  number  of  poles  of  the  stator  windings  can  be  altered  by 
some  simple  commutating  device.  We  thus  get  two  speeds  at 
which  the  motor  will  run,  and  its  speed  does  not  appreciably  vary 
from  the  set  speed  as  the  load  increases.  In  the  second  and  third 
methods,  if  the  speed  is  to  be  maintained  constant,  every  change 
of  the  load  makes  it  necessary  to  readjust  either  the  applied 
potential  diflference  or  the  rotor  resistance. 
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When  we  have  two  induction  motors,  one  of  which  has  slip 
rings  on  the  axis  of  its  rotor,  it  is  possible  to  connect 
cascade*"  them   SO   that   they  run   either   in   parallel   or  'in 

cascade/  To  connect  them  in  cascade  the  stator 
terminals  of  the  motor,  which  has  slip  rings  on  the  axis  of  its 
rotor,  are  connected  with  the  supply  mains.  The  stator  terminals 
of  the  second  motor  are  connected  with  brushes  pressing  on  the 
slip  rings  of  the  rotor  of  the  first  machine.  The  two  rotors  are 
also  directly  connected  together  by  a  suitable  mechanical  coupling 
so  that  they  run  at  the  same  speed.  In  electric  traction  both 
rotors  are  mounted  on  an  axle  of  the  locomotive. 

Let  Si  be  the  slip  of  the  first  rotor,  and  n  the  number  of 
revolutions  per  second  corresponding  to  synchronism,  then  the 
actual  speed  of  the  rotor  is  n(l  —  Si).  Let  2p  be  the  number  of 
poles  in  the  stator  winding,  then  the  frequency  of  the  alternating 
currents  induced  in  the  rotor  conductors  is  pnsi.  The  frequency 
of  the  alternating  currents  supplied  to  the  second  machine  is  pn$i 
and  therefore,  if  2p  be  the  number  of  poles  in  its  stator  winding, 
the  synchronous  speed  of  its  rotor  is  ns^.  Thus,  if  Sg  be  the 
slip  of  the  second  machine,  nSi{l—S2)  will  be  the  number  of 
revolutions  made  per  second  by  its  rotor.  Since  the  two  rotors 
are  direct  coupled  they  must  run  with  the  same  angular  velocity, 
and  so  we  have 

71  (1  —  Si)  =  TWi  (1  —  Si) 

aud  hence  Si  =  1/(2  —  s^). 

Now  the  second  machine  is  running  under  normal  conditions, 
and  its  slip  s^  must  consequently  be  small.  The  following  table 
gives  the  value  of  1  —  5i  for  various  values  of  82.     Since  the  rotor 


«2 

0-01 

0-02 

0-03 

0-04 

0-05 

0-06 

0-07 

0  08 

0-09 

0-10 

l-s,... 

0-498 

0-495 

0-492 

0-490 

0-487 

0-484 

0-482 

0-479 

0-476 

0-474 

makes  n(l—Si)  revolutions  per  second,  we  see  that,  even  when 
the  second  machine  is  heavily  loaded,  the  speed  only  dififers  fi'om 
n/2  by  about  five  per  cent. 

Let  roi  be  the  angular  velocity  of  the  rotating  field  of  the  first 
machine,  and  let  roj  be  the  angular  velocity  of  the  rotor.     By 


XIIl]  MOTORS   IN   CASCADE  369 

definition  ©j^Wa  +  ^i©!,  and  thus,  if  0  be  the  torque  acting  on 
the  rotor  of  the  first  machine  we  have 

Now  Gft)i  is  the  total  power  given  to  the  first  rotor,  and  Ow^  is 
the  mechanical  power  given  directly  to  it,  and  thus  Os^toi  is  the 
electric  power  generated  in  its  conductors  together  with  the  power 
expended  in  hysteresis  and  eddy  current  losses.  We  may  therefore 
write 

where  O'to^  is  the  mechanical  power  given  to  the  rotor  of  the 
second  machine  and  Wq  represents  the  losses  due  to  the  heating 
of  the  two  rotors  and  of  the  stator  of  the  second  machine.  We 
thus  deduce  the  following  expressions  for  the  efficiency  ly^,  p.  330, 

Hence  the  greater  the  value  of  the  torque  0'  acting  on  the  rotor 
of  the  second  machine,  and  the  smaller  the  value  of  TTo,  the  greater 
will  be  the  efficiency  of  the  motors  working  in  cascade. 

Since  it  is  immaterial  whether  we  supply  the  stator  or  the 
rotor  of  an  induction  machine  with  the  alternating  currents  from 
the  generator,  it  is  sometimes  more  convenient  in  practice  to 
supply  them  to  the  rotor  of  the  second  machine.  In  this  case  the 
starting  resistances  can  be  connected  across  the  stator  terminals  of 
the  second  machine. 

Let  us  now  consider  the  case  of  m  motors  working  in  cascade. 
We  have  as  before 

«„,_!  =  1/(2 -5^), 

8m-^  =  1/(2  -  5^0  =  (2  -  5^)/(3  -  25^), 


and  thus  finally 

Si  =  {(m  - 1)  -  (m  -  2)  Sni\l[m  -  (w  - 1)  5^. 

This  formula  shows  us  that  the  slip  of  the  first  machine  is  greater 

than  (m  -  1)1  m.     The  angular  velocity,  therefore,  of  the  rotors  of 

m  induction  motors  connected  in  cascade  will  be  slightly  less  than 

B.  II.  24 
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the  mth  part  of  the  angular  velocity  of  the  rotating  magnetic  field 
of  the  first  motor. 

Another  interesting  case  arises  when  the  stator  windings  of 
two  machines  have  different  numbers  of  poles.  Let  us  suppose, 
for  example,  that  the  first  machine  has  2p  poles  and  that  the 
second  machine  has  2q  poles.  If  the  rotating  magnetic  field  due 
to  the  first  machine  make  n  turns  per  second,  the  fi'equency  of 
the  currents  in  its  rotor  is  pnsi.  Thus  the  magnetic  field  due 
to  the  stator  currents  of  the  second  machine  will  make  (plq)nsi 
revolutions  per  second,  and  hence  we  have 

n  (1  -  8i)  =  (p/q)  rwi  (1  -  s^), 

and  therefore  Si  =  1/{1  4-  (p/q)  (1  —  a,)}. 

If  ^2  he  very  small,  n(l—  8i)  is  equal  to  {p/ip  +  q)]  n,  that  is, 
fl(p  +  q)i  where  /  is  the  frequency  of  the  applied  potential 
difference.  Thus,  if  we  have  two  motors  each  of  which  has  slip 
rings  on  its  rotor,  the  rotors  will  run  at  the  same  speed  whichever 
stator  be  connected  with  the  supply  mains,  provided  that  the 
motors  be  connected  in  cascade  in  each  case. 


The   following  figures  give  the   results  of  a  test,  made  by 
Danielson,  on  a  combination  three  phase  induction 
Jombfnation       motor  which  cau  be  run  at  three  speeds.     The  motor 
moto?*^"  consists  practically  of  two  induction  motors  mounted 

on  the  same  bed  plate  and  having  a  common  shaft 
with  three  bearings.  The  main  motor  has  14  poles  and  its 
maximum  output  is  200  horse-power.  The  auxiliary  motor  can 
be  connected  either  as  a  two  pole  or  a  four  pole  motor,  and  its 
stator  can  be  connected  with  the  rotor  circuits  of  the  main  motor. 
When  the  main  motor  is  run  alone,  its  speed  is  428  revolutions 
per  minute.  When  it  is  connected  in  cascade  with  the  auxiliary 
motor,  the  speed  is  either  428  {7/(7  +  1)},  that  is,  376,  or 
428  {7/(7  +  2)},  that  is,  333  revolutions  per  minute,  depending  on 
whether  the  auxiliary  motor  is  arranged  to  have  two  or  four  poles. 
The  output  of  the  machine  is  practically  the  same  at  the  three 
speeda  In  the  following  table,  17  gives  the  percentage  efficiency 
of  the  main  motor  and  of  the  main  motor  in  cascade  with  the 
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auxiliary  motor,  and  cos  yjr  gives  the  power  factor  in  the  various 
cases. 


Output... 

50  horse  power 

100  horse  power 

150  horse  power 

200  horse  power 

Bevolutions 
per  minute 

V 

cos^ 

V 

cos^ 

V 

cos^ 

V 

cos^ 

428 
376 
333 

80 
76 
80 

0-77 
0-60 
0-68 

87 
86 
86 

0-89 
0-78 
0-76 

90 

88 
88 

0-92 
0-82 
0-81 

90 

87 
84 

0-92 
0-83 
0-80 

The  Hey  land 
motor. 


The  number  of  revolutions  per  minute  is  60/ /{p  +  q)  and 
thus  it  can  be  found  when  the  frequency  f  is  known.  For 
instance,  in  the  above  test  /  is  50,  p  is  7,  and  g  is  1  in  one  case 
and  2  in  the  other.  Hence  the  revolutions  per  minute  can  be 
found  at  once.  Since  the  slip  is  1/8  in  one  case  and  2/9  in  the 
other,  the  frequency  of  the  alternating  currents  supplied  to  the 
auxiliary  machine  is  6*25  in  the  first  case  and  11*1  in  the  second. 

In  practice,  the  normal  full  load  current  in  the  stator  of  an 
induction  motor  is  only  four  or  five  times  that  of 
the  no-load  current ;  hence  at  small  loads  the  power 
factor  of  the  stator  circuit  is  low.  This  is  objection- 
able in  practical  work,  and  hence  several  attempts  have  been 
made  to  raise  the  power  factor  of  an  induction  motor.  The 
Heyland  motor,  the  principle  of  which  is  illustrated  in  Fig.  171, 
is  one  of  the  most  successful  of  these  attempts.  Since  the 
current  in  the  stator  of  an  induction  motor  is  the  same  as  that  in 
the  primary  of  a  certain  transformer,  it  follows  that  if  we  can  put 
the  equivalent  of  a  condenser  load  on  the  rotor  we  can  diminish 
the  magnetising  current  required  for  the  stator  and  so  increase 
the  power  factor.  This  is  eflfected  in  the  Heyland  motor  as 
follows.  The  rotor  is  furnished  with  a  commutator  similar  to 
those  used  with  direct  current  machines.  Three  brushes  press  on 
this  commutator,  their  angular  distances-  from  each  other  being 
120  degrees.  The  windings  of  the  rotor  are  connected  with  slip 
rings  S  in  the  usual  manner,  the  brushes  pressing  on  these  slipi 
rings  being  short  circuited  when  full  speed  is  attained.      The- 
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segments  of  the  commutator  are  all  connected  together  by  strips 
of  high  resistance  metal,  so  that  the  rotor  circuits  are  completed 
by  means  of  these  resistances.  The  three  brushes  on  the  com- 
mutator are  connected  with  the  secondary  terminals  of  a  three 
phase  transformer,  the  primary  being  connected  with  the  mains. 


Fig.  171.  Principle  of  Heyland  compensated  induction  motor.  Connections  of 
rotor  only  are  shown.  S,  slip  rings  for  inserting  resistances  W  into  the  circuit  of 
the  rotor  windings.  i2,  resistances  connecting  the  segments  of  the  commutator. 
Tj ,  T^  and  T3  are  the  terminals  of  the  step-down  transformer  from  the  mains. 


The  ratio  of  transformation  is  so  chosen  that  the  pressure 
between  the  commutator  brushes  is  only  about  eight  volts.  If  the 
rotor  were  at  rest,  the  frequency  of  the  currents  induced  in  its 
windings  would  be  the  same  as  the  frequency  of  the  stator 
currents.  When  it  is  running  at  its  normal  load,  the  frequency  is 
very  small  and  thus  the  impedance  oflfered  by  the  rotor  circuits  is 
small.  The  low  voltage,  therefore,  is  quite  suflScient  in  certain 
positions  of  the  brushes  to  provide  the  necessary  magnetising 
current  for  the  stator  flux.  The  current  in  the  stator  is  a 
minimum  for  a  certain  position  of  the  brushes,  and  in  this  position 
the  step-down  transformer  furnishes  the  leading  currents  in  the 
rotor  circuits  which  are  the  equivalent  of  the  condenser  load  in 
the  transformer  analogy.  It  is  found  in  practice  that  it  is  possible 
to  get  a  power  factor  which  is  nearly  equal  to  unity  by  this 
method.  The  stator  windings  are  not  shown  in  Fig.  171  as  they 
are  the  same  as  those  of  ordinary  three  phase  machines. 
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In  Fig.  172  the  connections  of  the  stator  of  a  three  phase 
induction  motor  for  use  in  single  phase  circuits  are 
shown.  The  single  phase  supply  mains  M^  and  M^ 
are  connected  with  the  terminals  2\  and  Tj  of  the 
stator  and  T^  and  T,  are  connected  with  the  terminals 
of  an  alternating  current  booster  (see  Chap,  x)  having  a  suitable 


Polyphase 
motors  in 
single  phase 
circuits. 


Fig.  172.  Connections  of  the  stator  of  a  three  phase  induction  motor  for  use 
on  a  single  phase  circuit  M^^M^,  Bi%  an  alternating  current  booster  and  JT  is  a 
condenser. 


condenser  placed  between  the  load  terminals.  The  high  pressure 
at  the  condenser  terminals  produces  a  large  current  flowing  in  the 
condenser  circuit,  and,  as  in  a  transformer,  the  current  in  the  main  is 
a  leading  current.  Thus  we  get  three  currents  in  the  three  stator 
windings  in  diflferent  phases  and  a  rotary  field  is  produced. 


If  we  have  a  number  of  two  phase  motors  each  of  which  has 
Two  phase  *^^  Separate  windings  A  and  5,  and  if  we  connect 
motors  worked     all  the  A  wiudinsfs  in  parallel  with  a  sinsfle  phase 

by  a  smgle  &  r  °     . 

phase  ma-  alternator  and  also  connect  all  the  B  windings  of 

the  motors  in  parallel,  then  it  is  found  that,  pro- 
vided that  at  least  one  of  the  motors  is  always  running,  the  others 
can  be  stopped  and  started  and  will  work  satisfactorily.  This  is 
due  to  the  currents  induced  in  the  rotors  of  the  running  machines 
producing  a  rotating  flux,  which  developes  an  electromotive  force 
in  the  B  circuits  of  the  stators,  and  thus  they  will  operate  almost 
as  well  as  when  they  are  connected  with  a  two  phase  machine. 
It  can  be  shown  experimentally  that  the  electromotive  forces 
developed  in  the  B  circuit  of  a  machine  when  the  rotor  is  re- 
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volving  at  synchronous  speed  is  about  four-fifths  of  the  potential 
diCFerence.  applied  to  the  A  circuit.  The  machine  therefore  acts 
like  a  single  phase  transformer  so  far  as  altering  the  pressure  is 
concerned.  The  phase  of  the  secondary  electromotive  force,  in 
this  case,  however,  differs  by  a  quarter  of  a  period  from  that  of 
the  primary. 

We  saw  in  Vol.  I,  Chap,  xiv,  that  a  rotating  magnetic  field 
can  easily  be  produced  when  polyphase  currents  are 
sing^e^phase  available,  and  hence  the  design  of  polyphase  induction 
motors.  motors   is   comparatively   speaking   simple.      If    we 

disconnect  two  of  the  phases  of  a  three  phase  induction  motor 
when  running,  it  will  continue  to  run,  but  the  stator  current  in 
the  phase  still  in  circuit  will  be  three  times  as  large  as  it  was 
before  the  other  circuits  were  broken.  In  this  case  we  have  the 
rotor  revolving  in  an  oscillating  magnetic  field.  Now  if  4>  be  the 
flux  produced  by  the  alternating  current  in  the  active  phase  of  the 
stator  winding,  we  can,  by  the  principles  developed  in  Vol.  I,  replace 
the  oscillating  field  <I>  by  two  rotating  fields,  the  magnitudes  of 
which  are  <E>/2  revolving  in  opposite  directions.  The  field  ro- 
tating in  the  same  direction  as  the  rotor  will  act  like  the  original 
rotating  field  on  the  rotor  constraining  it  to  revolve ;  its  magni- 
tude however  is  only  one-third  that  of  the  original  field  for  the 
same  current  in  the  phases.  If  the  new  rotating  field  therefore  is 
to  be  equal  to  the  old,  the  new  current,  assuming  that  the  flux 
and  current  are  proportional,  must  increase  three  times.  The 
mean  value  of  the  torque  produced  by  the  field  rotating  in  the 
opposite  direction  to  the  rotor  is  very  small.  We  see  that  if  in 
an  oscillating  magnetic  field  the  rotor  be  brought  up  to  speed 
it  will  operate  in  much  the  same  way  as  it  would  in  a  rotary  field. 
We  shall  now  discuss  the  theory  of  single  phase  motors  in  greater 
detail. 

Let  us  suppose  that  we  have  an  alternating  magnetic  field 
fixed  in  space  and  that  its  intensity  is  given  by  B  sin  Wi^.  Con- 
sider a  coil  of  wire  having  n  turns,  placed  so  that  it  can  revolve 
about  an  axis  through  its  centre  perpendicular  to  the  lines  of 
force  of  the  field  and  perpendicular  also  to  the  axis  of  the  coil. 
Let  S  be  the  mean  area  of  the  turns  of  wire,  then  if  ©a  is  the 
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angular  velocity  with  which  the  coil  revolves,  and  <f>  is  the  flux 
embraced  by  the  coil  at  the  time  t,  we  have 

<!>  =  BS  sin  ©1^ .  sin  (a>Jt  —  a) 
=  (5/S/2)  [cos  {(©i  -  ©a)  «  +  a}  -  cos  {(©i  +  ©g)  «  -  a}], 

where  a  is  a  constant.  Thus  the  torque  produced  is  the  same  as 
if  the  coil  were  fixed  and  we  had  two  magnetic  fields  rotating 
with  angular  velocities  (©i  — ©a)  and  (©i  +  ©a)  respectively  in 
opposite  directions,  the  intensity  of  each  of  the  rotating  fields 
being  B/2, 

Let  r  be  the  resistance,  and  I  the  self  inductance  of  the  coil. 
Let  ei  and  ii  be  the  electromotive  force  and  the  current  due  to  it 
induced  in  the  coil  by  the  field  which  is  rotating  with  an  angular 
velocity  ©i  —  ©j.     We  have 

^1  =  —  nd(f>ldt  =  (nBSI2)  (©i  —  ©a)  sin  {(©i  -  ©a)  *  +  a}, 
and  thus 

ii  =  (nBS/2Zi)  (©1  —  ©a)  sin  {(©i  —  ©a)  ^  +  a  —  ySi}, 
where 

Zi  =  {r2  +  (©i-©a)»Z2ji/2,  and  cos/8i  =  r/Zi. 

If  Gi  be  the  average  value  of  the  torque  due  to  this  rotating 
field,  we  have 

Gi  (©1  -  ©a)  =  (n^B'^/SZ^)  (©1  -  ©a)»  cos  /3i, 
and  thus      G^  =  (n«iB«^/8)(©i  -  ©aVfr^  +  (©^  -  ©a)^/^}. 

Similarly  we  can  show  that  if  Ga  be  the  torque  due  to  the  other 
rotating  field,  we  have 

G,  =  (n«5«iSV/8)(©,  +  ©a)/{r2  +  (©^  +  ©a)«P}. 
Hence  if  G  be  the  resultant  torque  on  the  rotor,  we  have 
G^Gi-G, 

=  (n^B'^14^)  r©a  {to^^  -  r«  -  <P)/{(g)i'P  -  r^  -  ®a«Z*>'  +  4©a"ZV*}. 
This  formula  shows  us  at  once  that  the  torque  vanishes  when  ©a  is 
zero  and  that  it  vanishes  again  when  ©a  equals  V©i^  —  r^/Z*.  Now, 
just  as  in  a  polyphase  motor,  the  mechanical  power  given  to  the 
rotor  is  (r©2,  and  its  electrical  efficiency  is  therefore  1  —  «  where  s 
is  the  slip.     For  economical  working  8  ought  to  be  as  small,  and 
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therefore  o),  ought  to  be  as  large,  as  possible.  Hence  a  first 
essential  condition  for  a  good  single  phase  motor  is  that  the  ratio 
of  r  to  Z(i>i  should  be  very  small.  If  this  ratio  is  greater  than 
unity,  the  motor  will  not  work  at  all  as  the  torque  will  always  act 
so  as  to  prevent  rotation.  If  r  is  less  than  (oJ,y  then  as  ©a  increases 
the  torque  G  increases  to  a  maximum  value,  it  vanishes  when  ©j 
equals  s/co^  —  r'^jl^  and  becomes  negative  for  values  of  ©3  greater 
than  this.  The  angular  velocity  of  the  rotor  therefore  can  never 
attain  synchronism  with  either  of  the  rotary  components  of  the 
oscillating  field.  We  have  seen  that  the  nearer  it  can  approach 
to  synchronism  the  greater  will  be  its  efficiency. 

Let  us  now  suppose  that  Wa  is  constant,  and  that  we  vary  r. 
We  find  by  differentiating  Q  with  respect  to  r  and  equating  to 
zero  that  the  torque  has  a  maximum  value  Gnun.  when  r  is 
given  by 

r  =  V2a)i«Z«-o)a'i^-  ©xZ, 

and  since  ©a  =  a>i  (1  —  s\ 


this  becomes  r  =  ©iZ  {Vl  -\-28  —  s^  —  1}. 

When  r  has  this  value  we  get 

and  P^.  =  (n^B'S'ayJl  61)  (1  -  «)^ 

where  Pnun.  is  the  greatest  possible  value  of  the  mechanical  power 
given  to  the  rotor  when  the  slip  is  8,  When  8  is  small  the  value 
of  r  which  makes  the  mechanical  power  a  maximum  is  nearly 
equal  to  scoil.  If  r  were  less  than  this,  then,  adding  resistance 
to  the  rotor  would  increase  the  speed  and  thus  increase  the 
efficiency  of  the  machine. 

We  can  easily  draw  curves  to  illustrate  how  the  torque  varies 
with  the  slip.     For  instance,  let  the  ratio  of  r  to  cdiI 
examphs*        b®  ^s  1  to  10.     Then  if  8  be  the  slip  for  which  the 
torque  is  a  maximum  for  this  value  of  r,  we  have 

VI  +  25 -s^- 1=1/10, 
and  thus  1  +  2^  -  5^  =  1-21, 

and  5  =  011  approximately. 
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In  Fig.  173  the  curve  A  represents  the  torque  due  to  the  field 
rotating  in  the  same  direction  as  the  rotor  and  the  curve  B  repre- 
sents the  negative  torque  due  to  the  field  rotating  in  the  opposite 
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Fig.  173.    The  cnrve  C  gives  the  torque  on  the  rotor  of  a  single  phase  machine. 
The  curves  A  and  B  give  the  torques  due  to  the  two  rotary  components  of  the 
oscillating  magnetic  field.     These  torques  act  in  opposite  directions  and  C  is  their 
resultant. 

direction.     The  curve  G  represents  the  resulting  torque,  and  is 
constructed  by  subtracting  the  ordinate  of  the  curve  B  from  that 
of  A,  and  making  this  length  the  ordinate  of  (7. 
The  equation  to  the  curve  A  is 

yi  =  100  (10- «;)/{! +(10-^)'}, 
and  the  equation  to  the  curve  B  is 

ya  =  100(10  +  ^)/{l+(10  +  a:)»}. 
The  equation  to  the  curve  G  is 

The  maximum  value  of  the  torque  occurs  when  the  slip  is  about  ten 
per  cent.,  and  the  torque  vanishes  when  the  slip  is  the  half  of  one 
per  cent,  and  when  it  is  unity,  that  is,  when  the  rotor  is  at  rest. 
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For  single  phase  motors  special  starting  devices  are  generally 
necessary,  since  the  torque  is  zero  when  the  angular 
vSes^for  ^*  velocity  of  the  rotor  is  zero.  Small  motors  can  be 
motora*'^***  started  by  hand,  a  pull  at  the  belt  being  all  that  is 
required.  They  may  be  started  in  either  direction 
as  they  work  equally  well  in  the  two  cases.  Motors  of  large  size 
generally  have  a  secondary  winding  on  the  stator.  During  the 
start  a  current  which  is  out  of  phase  with  the  current  in  the 
primary  winding  is  sent  through  this  winding,  so  that  a  rotating 
field  is  produced  in  addition  to  the  alternating  field. 

There  are  many  methods  employed  in  practice  for  obtaining 
currents  which  will  differ  in  phase.  One  method  is  to  employ 
static  or  electrolytic  condensers  in  the  starting  circuit.  Another 
method  employed  by  de  Kando  is  to  produce  an  unsymmetrical 
field  by  cutting  out  during  the  start  some  of  the  windings  in  the 
circuit  of  one  pair  of  quadrants.  Heyland  has  suggested  having 
two  stator  windings  in  parallel.  One  of  these  windings  is  divided 
into  two,  which  are  put  in  series  during  the  process  of  starting  and 
then  put  in  parallel  for  the  normal  working.  By  this  means  we 
get  during  the  start  two  branched  circuits  with  different  induct- 
ances and  resistances,  and  hence  the  currents  are  out  of  phase  and 
a  rotary  component  is  superposed  on  the  oscillating  field. 

We  have  seen  that  when  the  resistance  r  of  the  rotor  circuit  is 
given  by 

r  =  ft)iZ(VH-2s-52-l), 

the  torque  is  a  maximum.  If  the  angular  velocity  of  the  rotor  is 
very  small,  8  is  practically  unity,  and  r  is  0*41 4a)i?.  Thus,  in  order 
to  get  the  maximum  starting  torque,  r  should  have  this  value. 
Arno  inserts  resistance  into  the  rotor  circuit  by  means  of  slip  rings 
on  the  rotor  shaft,  and  adjusts  the  external  resistance  so  that  the 
starting  torque  is  a  maximum.  The  resistance  is  then  gradually 
diminished  as  the  speed  increases.  As  the  torque  is  zero  when 
the  rotor  is  at  rest,  an  initial  impulse  has  to  be  given  to  the  rotor. 
It  is  found  possible  to  start  single  phase  motors  of  large  size  by 
this  method. 

Steinmetz  employs  a  second  winding  with  its  axis  inclined  at 
60°  to  the  axis  of  the  first  winding  and  with  its  terminals  in 
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series  with  a  condenser.  This  enables  the  motor  to  start  when 
there  is  no  load  on  it,  and  it  increases  the  power  factor  of  the 
stator  circuit. 

It  will  be  seen  that  in  all  these  methods  the  motor  has  to  start 
on  a  loose  pulley. 

In  the  special  case  when  the  motor  drives  a  dynamo  for 
charging  accumulators,  it  can  easily  be  brought  up  to  speed  by 
driving  the  dynamo  as  a  motor  from  the  accumulators.  When  the 
speed  of  the  single  phase  motor  coupled  to  the  shunt  wound 
dynamo  is  suflSciently  high  the  switch  for  the  alternating  current 
is  closed.  The  armature  of  the  d3niamo  is  now  driven  at  increased 
speed,  the  current  in  the  battery  circuit  reverses  and  the  accumu- 
lators are  charged. 

In  polyphase  induction  motors  the  starting  torque  is,  as  a  rule, 
The  starting  Small  owiug  to  the  Small  power  factor  of  the  stator 
of  induction        circuit  whcn  the  rotor  is  at  rest.      From  the  circle 

motors  having 

a  rotating  diagram  (Fig.  160)  we  see  that  the  power  factor,  in 

many  cases,  ought  to  be  about  0*7,  if  the  starting 
torque  is  to  be  a  maximum.  This  can  be  arranged  by  inserting 
resistances  in  the  rotor  circuit.  To  do  this  the  rotor  must  have  a 
coil  winding  and  be  provided  with  slip  rings  and  brushes.  In 
practice  it  is  generally  arranged  that  the  starting  torque  is  twice 
as  great  as  the  full  load  torque,  and  hence  the  starting  current  is 
approximately  equal  to  twice  the  full  load  current.  The  starting 
resistances  are  cut  out  of  the  rotor  circuit  as  the  speed  increases. 

Let  us  consider  the  case  of  a  three  phase  induction  motor 
having  a  star-connected  rotor  provided  with  slip 
h^d^ction***  rings  for  inserting  the  star  resistances.  Suppose 
S^ha'if^^Md*^  ^^^^  ^^^  ^^*^^  ^®  running  with  angular  velocity  Oa 
and  that  we  raise  one  of  the  brushes  pressing  on  the 
slip  rings.  There  is  now  only  a  single  circuit  for  the  current  in 
the  rotor  windings  and  the  frequency  of  this  current  is 

i>(®i-«2)/27r. 
The  flux  produced  by  it  will  therefore  be  an  oscillating  flux.     We 
may  resolve  it  into  two  components  rotating  in  opposite  directions 
with  angular  velocities  +  (©i  —  cDg)  relatively  to  the  rotor.    But  the 
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rotor  is  rotating  with  an  angular  velocity  ©j,  and  thus  the  actual 
angular  velocities  of  the  rotor  fields  in  space  are  ©3  +  (oi  —  0D2), 
that  is,  toj  and  2a)2  —  ©i  respectively.  If  the  rotor  start  from  rest 
with  one  brush  raised,  it  will  run  in  stable  equilibrium  as  a 
synchronous  motor  (p.  397)  when  ©a  equals  a>i/2.  If  this  brush 
be  now  put  in  contact  with  the  slip  ring,  the  rotor  will  speed  up 
until  its  angular  velocity  is  nearly  ©i.  If  we  again  raise  the  brush, 
it  will  in  general  continue  to  run  with  the  angular  velocity  ©1,  but 
if  the  retarding  torque  be  great  it  may  slow  down  to  half  speed. 


The  device  illustrated  in  Fig.  174  which  is  due  to  Fischer- 
Hinnen  is  found  effective  in  starting  motors.  The 
starting  resistances  X  (Fig.  174)  are  shunted  by  the 
inductive  coils  R,  When  the  rotor  is  at  rest,  the 
frequency  of  the  currents  in  it  equals  the  frequency 
of  the  applied  potential  difference,  and  thus  the  impedance  of 
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Fig.  174.    Fischer-Hinnen  starting  device  for  three  phase  induotion  motors. 


a  coil  R  is  high  compared  with  the  resistance  X.  When  however 
the  rotor  is  running  nearly  at  synchronous  speed,  the  frequency  of 
the  rotor  currents  is  very  low,  and  thus  the  impedance  of  a  coil  R 
is  low  compared  with  the  resistance  X.     The  resistance  of  the 
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rotor  circuits  is  thus  high  during  the  start  and  is  very  small  when 
full  speed  is  attained,  the  resistances  X  being  practically  short 
circuited  by  the  resistances  R, 

The  starting  device  due  to  A.  P.  Zani  is  similar  to  the  above. 
During  the  start  the  external  non-inductive  resistances  are  shunted 
by  the  inductive  coils  shown  in  Fig.  175.  Instead,  however,  of 
rel)dng   on  the   diminished  impedance   at   low   frequencies,  the 


Fig.  176.    A.  P.  Zani's  starting  device  when  revolving  slowly. 

reluctance  of  the  magnetic  circuits  is  automatically  considerably 
increased  when  the  speed  attains  a  given  value  less  than  the 
lowest  working  speed.  The  reactance  of  the  coils  is  thus  made 
negligibly  small,  and  the  starting  resistances  are  practically  short 
circuited.  This  is  effected  by  means  of  centrifugal  force  (Fig.  176), 
the  pole  pieces  flying  apart  and  so  increasing  the  reluctance  very 
considerably.  High  efficiencies  have  been  obtained  with  this  type 
of  motor. 

In  several  types  of  starting  device,  Steinmetz  makes  use  of 
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the  electrical  properties  of  magnetite.  Magnetite  and  materials 
similar  to  it  have  a  high  resistance  at  ordinary  temperatures  but 
become  good  conductors  at  high  temperatures.  Hence,  if  magnetite 
resistances  be  inserted  in  the  rotor  circuits,  they  oflfer  a  gradually 
diminishing  resistance  to  the  currents  during  the  start,  and  thus 
they  act  in  a  similar  manner  to  starting  devices  which  auto- 
matically switch  out  resistance.  Steinmetz  also  uses  magnetite 
in  the  construction  of  squirrel  cage  rotors.     The  rotor  conductors 


Fig.  176.    A.  P.  Zani's  starting  device  when  running  at  full  speed. 

are  in  electrical  contact  with  the  short  circuiting  rings  only  through 
magnetite  washers,  the  fastening  bolt  being  insulated  both  from 
the  washer  and  the  ring.  The  resistance  of  the  rotor  circuits  is 
thus  large  at  the  start  owing  to  the  resistance  of  the  washers,  but 
when  the  washers  get  hot  their  resistance  is  negligible.  When 
the  rotor  stops  the  washers  cool  rapidly,  being  in  contact  with  a 
metal  ring,  and  so  the  motor  can  safely  be  restarted  almost 
immediately. 
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We  have  seen  that  when  the  rotor  of  an  induction  motor  is 
driven  at  a  speed  greater  than  that  coiTesponding  to 
generate  °"*  Synchronism  it  gives  power  to  the  stator.  A  motor 
of  this  kind,  driven  by  an  engine,  can  therefore  be 
used  to  aid  the  polj^hase  alternator  in  supplying  power.  As  the 
speed  of  the  rotor  has  no  effect  on  the  frequency  of  the  supply 
current,  such  a  machine  is  called  an  asynchronous  generator. 

In  the  Leblanc  system  of  distribution  an  ordinary  polyphase 
alternator  is  used  in  conjunction  with  a  number  of  asynchronous 
machines  which  can  all  be  put  in  parallel  with  the  bus  bars.  The 
frequency  of  the  alternating  currents  in  the  stator  circuits  is  the 
same  whatever  may  be  the  speed  of  the  rotors.  It  depends  merely 
on  the  speed  of  the  polyphase  alternator  which  is  always  running. 
Leblanc  compares  the  rSle  of  this  machine  to  that  of  a  chef 
d'orchestre  as  it  controls  the  frequency  of  the  currents  in  the 
stators  of  all  the  other  machines.  Each  of  the  asjnichronous 
machines  works  practically  at  constant  power,  the  regulating 
alternator  governing  the  pressure  between  the  bus  bars  as  well  as 
the  frequency.  These  machines  can  be  put  in  and  taken  out  of 
circuit  as  readily  as  ordinary  direct  current  dynamos,  and  irregu- 
larities in  the  speed  of  the  engines  driving  them  have  very  little 
effect  on  the  supply. 
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In  discussiDg  the  theory  of  the  induction  motor  we  have  supposed 
^Sliding  mag-  *^^^  *^®  distribution  of  the  magnetic  flux  in  the  air- 
netic  fields.  gg^p  foUows  the  harmonic  law.  In  many  practical 
cases  formulae  obtained  on  this  assumption  are  found  to  be  very 
approximately  true,  and  they  are  helpful  to  the  electrician.  In 
some  cases,  however,  phenomena  arise  which  are  due  to  the  distri- 
bution of  the  magnetic  flux  not  following  the  harmonic  law.  It 
is  therefore  necessary  to  consider  the  effect  of  the  presence  of 
harmonics  in  the  magnetic  flux  on  the  working  of  the  machine. 

When  adjacent  coils  of  a  phase  winding  of  the  stator  are 
wound  in  opposite  directions,  we  shall  assume  that  the  number  of 
<joils  is  2p  and  that  the  distance  between  their  centres  is  a.  When, 
however,  the  coils  are  all  wound  in  the  same  direction,  so  that  the 
winding  is  hemitropic,  we  shall  assume  that  p  is  the  number  of 
coils  and  that  2a  is  the  distance  between  the  centres  of  adjacent 
coils.  We  shall  also  assume  that  the  minimum  distance  between 
consecutive  coils  which  are  wound  the  same  way  equals  the 
breadth  of  the  narrowest  turn  of  a  coil  (see  Fig.  40,  p.  77).  If  the 
field  be  sine  shaped  we  can  write 

hi=H  cos  cot  cos  (prxja). 

In  this  formula  Hco^fot  is  the  induction  density  in  the  air- 
gap,  due  to  the  current  in  No.  1  phase  winding,  at  points  on  a  fixed 
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line  parallel  to  the  axis  of  the  rotor  through  the  centre  of  the  face 
of  a  coil.  The  intensity  of  the  field  due  to  the  current  in  this 
phase,  at  all  points  whose  distance  from  the  fixed  line,  measured 
along  the  air-gap,  equals  a?,  is  given  by  Aj.  If  r  be  the  inner 
radius  of  the  stator,  we  have  2pa  =  27n\  and  therefore  w/a  =p/r. 

Let  h  be  the  resultant  intensity  of  the  field  at  a  point  at 
a  distance  x  from  the  fixed  line,  and  let  the  motor  be  three  phase. 
Then,  since  at  every  instant  we  have  ^=^1  +  ^3  +  ^8,  we  may 
write 

A  =  £f  cos  (ot  cos  (px/r)  +  H  cos  {(ot  -  27r/3)  cos  {pxjr  —  27r/3) 
-h  H  cos  {tot  —  47r/3)  cos  {pxjr  —  47r/3) 
=  (3/2)  H  cos  {tot  -  pxir). 

Thus  h  will  always  have  its  maximum  value  (3/2)  H  at  points 
whose  abscissae  equal  {(orlp)t.  In  general,  we  see  that  at  all 
points  on  any  line  which  moves  round  the  air-gap  with  a  constant 
linear  velocity  (or/p,  that  is,  2a/T,  the  flux  density  is  constant. 

Let  us  now  consider  the  magnetic  field  produced  by  a  simple 
wave-winding  having  one  slot  per  pole  and  per  phase 
by  a  wave-         (sco  Fig.  38,  p.  75).    The  field  due  to  one  phase  will  be 
^^  *°*^'  a  curve  fff. . .  which,  with  the  axis  O'JT,  makes  up  a 

series  of  rectangles  (Fig.  177).  By  Fourier's  theorem  this  curve 
may  be  represented  by 

y  =  (4/7r)  h  { sin  {irx/a)  +  (1/3)  sin  {Sirx/a)  -h  . . . } (1), 

when  the  origin  is  at  0\  Changing  the  origin  to  0,  the  middle 
point  of  the  base  of  one  of  the  rectangles,  we  get 

y  =  (4/7r)  h  { cos  {TTx/a)  -  (1/3)  cos  {37rx/a)  -h  . . .  } (2). 

In  this  equation  y  is  the  value  of  the  field  due  to  the  current 
in  No.  1  phase  winding  at  points  which  have  x  for  abscissa,  and 
h^H  cos  tot  We  have  seen  above  that  the  resultant  field  Fi, 
due  to  the  first  harmonic  terms,  is  given  by 

Fi  =  (4/7r)  (3/2)  H  cos  {a>t  -px/r)  =  (G/tt)  H  cos  {tot  -  m-x/a). 

Hence  the  amplitude  of  this  field  is  (6/7r)  H,  and  it  rotates  in  the 
positive  direction  with  an  angular  velocity  w/p, 
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The  field    Fj,  due  to  the  third  harmonic  terms,  at  points 
distant  a?  from  the  axis  is  given  by 

Fs  =  -  (4^/37r)  [cos  at  cos  {^irxja) 

+  cos  {(ot  -  27r/3)  cos  {(37r/a)  {x  -  2a/3)} 

+  cos  (g)«  -  47r/3)  cos  {(37r/a)  (x  -  4a/3)}]  =  0. 

Thus  the  resultant  field  due  to  the  third  harmonic  terms  is  zero. 
In  three  phase  motors,  therefore,  which  have  a  wave-winding,  the 
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Fig.  177.    The  magnetic  field  in  the  air-gap  produced  by  a  simple 
wave- winding. 


third  harmonic  term  in  the  resultant  flux  in  the  air-gap  is  always 
absent.  Similarly  this  flux  will  contain  no  harmonic  term  the 
order  of  which  is  3n. 

The  field  Fj,  due  to  the  fifth  harmonic,  at  points  distant  x 
from  the  axis  is  given  by 

Fb  =  (^H/Bir)  [cos  a)t  cos  {hirxja) 

-h  cos  {<ot  -  27r/3)  cos  [(oir/a)  (x  -  2a/3)} 

-h  cos  (wt  -  47r/3)  cos  {(Stt/o)  (x  -  4a/3)}] 

=  {6H/57r)  cos  (cot  -h  hirxja). 

Hence  the  maximum  value  of  the  field  due  to  the  fifth 
harmonic  is  QH/^TTy  and  it  rotates  backwards  with  an  angular 
velocity  (o/5p.  We  also  see  that  the  breadth  of  the  bands  of  flux 
of  opposite  polarity  in  the  magnetic  distribution  due  to  the  fifth 
harmonic  is  a/5.  Similarly  we  can  show  that  the  field  due  to  the 
seventh  harmonic  rotates  forwards  with  angular  velocity  a>/7p  and 
that  its  amplitude  is  QHIIir. 

The  following  table  gives  the  amplitudes,  the  angular  velocities, 
and  the  polar  breadths  of  the  harmonics  of  the  resultant  magnetic 
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field  in  the  air-gap  of  a  three  phase  induction  motor  which  has 
a  stator  with  a  wave-winding: 


Order  of  the  harmonic 

6r-l 

6r+l 

Amplitude 

6H/{{&r-l)n} 

eH/{(6r+l)n} 

Angular  velocity 

-a,/{(er-l)p} 

»/{(6r+l)i,} 

Polar  breadth 

a/(6r-l) 

a/(6r+l) 

It  will  be  seen  that  all  harmonics  of  the  orders  5,  11,  17,... 
6r— 1, ...  produce  fields  which  rotate  backwards. 


Lap-windinfi^s. 


When  we  have  a  lap- winding  (Fig.  16,  p.  32)  with  2m  slots 
per  coil,  we  may  assume  in  approximate  work  that 
the  curve  representing  the  intensity  of  the  flux  is 
*  stepped.*  For  instance,  if  we  had  four  slots  per  coil  (Fig.  168, 
p.  363),  the  stepped  curve  has  the  form  fff  shown  in  Fig.  178. 
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Fig.  178.     The  shape  of  the  magnetic  flux  due  to  the  currents  in  one  phase 
of  a  three  phase  machine  which  has  four  slots  per  coil. 


The  Fourier  series  for  the  general  case  can  be  found  as  follows. 
Writing  x  +  h  iov  x  in  (1),  we  get 

y  =  (4/7r)  h  [sin  {(7r/a)  {x  -h  h)]  +  (1/3)  sin  {(37r/a)  (a:  +  6)}  -h  . . .  ] , 

and  writing  —  a?  for  a?  in  this  equation,  we  have 

y  =  -  (4/,r)  A  [sin  {(7r/a)  {x  -  6)}  -h  (1/3)  sin  {(37r/a)  {x^h)] +  ...]. 

25—2 
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The  equation  to  the  resultant  curve  (Fig.  179)  got  by  adding  these 
two  curves  together  is 

y  rs  (8/7r)  h  [  sin  (irb/a)  cos  (irxja) 

+  (1/3)  sin  (Sirb/a)  cos  {^Trxja)  +  ...}. 

The  maximum  height  of  this  curve  is  2A ;  reducing  it  to  A,  the 
equation  becomes 

y  =  (4/7r)  h  { sin  {irbja)  cos  {irxja) 

+  (1/3)  sin  {^Trhja)  cos  (Sirx/a)  +  . . . } (3). 

The  breadth  of  the  rectangular  waves  (Fig.  179)  represented  by 
(3)  is  26,  and  the  minimum  distance  between  them  is  a  —  26. 
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Fig.  179.    Beotangular  waves. 


Let  US  first  suppose  that  the  winding  has  four  slots  per  coil. 
In  this  case  6  will  equal  5a/12  for  the  inner  winding  and  7a/12  for 
the  outer  winding.  If  A/2  be  the  value  of  the  flux  density  in  the 
air-gap  produced  by  each  winding,  the  resultant  flux  density  is 
given  by 

y  =  (2/7r)  A  [{ sin  (57r/12)  +  sin  (77r/12)}  cos  (7ra?/a) 

+  (1/3)  { sin  3  (57r/12)  +  sin  3  (77r/12)}  cos  \^irx\a)  +  . . .  ] 
=  (4/7r)  h  [sin  (57r/12)  cos  (7ra?/a) 

-(l/3)sin(7r/4)cos(37ra;/a)+...] (4). 

When  there  are  six  slots  per  coil,  the  values  of  6  for  the  windings 
are  7a/18,  9a/18,  and  lla/18.  In  general  if  there  are  2m  slots  per 
coil,  the  values  of  6  for  the  windings  are 

{(2m  +  l)/(6m)}a,  {(2m  +  3)/(6m)}a, ...  {(4m  -  l)/(6m)}a. 
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In  this  case  the  coefficient  of  cos(7rx/a)  in  the  expansion  of  y 
equals 

(4/7r) h  (1/m)  [sin  {(2m  +  l)/(6m)}7r  +  sin  {(2m  +  3)/(6m)}  tt  +  . . .  ], 
and  this  equals  (^/tt)  h/{  2m  sin  (7r/6m)} . 

Calculating  the  coefficients  of  the  other  terms  of  the  expansion 
in  the  same  way,  we  find  that  the  flux  density  y  at  any  point  in 
the  air-gap,  due  to  the  current  in  a  phase-winding,  when  there  are 
2m  slots  per  coil,  is  given  by 

y  =  (4/7r)  h  [{l/2m  sin  (7r/6m)}  cos  (irx/a) 
—  {l/3m  sin  (7r/2m)}  cos  (Siros/a) 
+  {1/lOm  sin  (57r/6m)}  cos  {birxja) 

+  {l/14m  sin  (lir/em)]  cos  (lirx/a)  -  . . .  ]     (5). 

When  m  is  large  we  may  write 

l/{2m  sin  (7r/6m)}  =  S/tt, 
since   the  sine  of  a  small   angle  is  approximately  equal  to   its 
circular  measure.     Similarly 

l/{Sm  sin  (7r/2m)]  =  2/37r,  etc., 
and  thus  we  find  that,  in  this  case, 

y  =  (24/71^)  h  [(1/2)  cos  (Tr^c/a)  -  (l/3«)  cos  (Sirwla) 

+  {1/(2. 5«)}  cos (57r^/a)-|-...] (6), 

approximately. 

If  we  integrate  equation  (3)  we  find  that 


y,=  |    ydx 
Jo 


=  (4/7r*)  ah  { sin  (7rb/a)  sin  {irxja) 

-h  (1/3*)  sin  (37r6/a)  sin  (Sirx/a)  +...}. 

The  shape  of  this  curve  is  shown  in  Fig.  180.  Changing  the 
origin  &  (Fig.  180)  to  the  point  0  (a/2,  0),  we  write  x  +  a/2  for  x 
in  this  equation,  and  thus 

Vi  =  (^j/tt")  oA  { sin  {irhja)  cos  (irx/a) 

-  <l/3»)  sin  (37r6/a)  cos  {^irxja)  +...}. 

Finally  writing  y6  for  yj,  so  that  the  maximum  value  of  y  is  A, 
we  get 

y  =  (4/7r*)  (a/6)  A  { sin  {irhja)  cos  (irxfa) 

-  (l/3«)  sin  (37r6/a)  cos  (Sirxla)  +  . . . } (7). 
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The  lengths  of  the  two  parallel  sides  of  the  trapezium  (Fig.  180), 
bisected  by  OF,  are  a  and  a  —  26  respectively,  and  the  height  of 
the  trapezium  is  h 


Fig.  180.    Shape  of  the  flux  wave  in  the  air-gap  of  a  three  phase  machine  due 
to  the  current  in  one  phase  when  there  is  an  infinite  namber  of  slots. 

The  curve  fff**»  shown  in  Fig.  180  is  a  useful  one.  By  giving 
various  values  to  b  we  get  trapeziums  of  all  shapes.  For  instance 
when  h  is  zero  we  get  the  series  of  rectangles  shown  in  Fig.  177, 
and  the  equation  (7)  simplifies  to  (2).  When  6  =  a/6,  the  equa- 
tion (7)  is  the  same  as  (6),  and  when  h  =  a/2  we  get  the  series  of 
triangles  the  equation  to  which  is 

y  =  (8A/7r2)  { cos  {Trxja)  +  (1/3^)  cos  (SiroD/a)  +...}. 

Since  the  permeability  of  iron  is  very  large  compared  with  the 
permeability  of  air,  we  may,  in  getting  approximate 
SiYflu*Jln°*^  formulae,  suppose  that  it  is  infinite.  Let  us  suppose 
sTiIi^ere  turns.  ^^^^  ^/^  ^®  ^^^  number  of  tums  in  a  stator  coil  when 
the  adjacent  coils  of  one  phase  are  wound  in  opposite 
directions,  and  that  n  is  the  number  of  turns  when  they  are  wound 
in  the  same  direction.  In  either  case  pn  is  the  number  of  tums 
and  2pn  the  number  of  conductors  per  phase,  since  we  suppose 
that  the  number  2p  of  coils  in  the  former  case  is  double  that  in 
the  latter. 

Let  the  current  in  No.  1  phase- winding  be  I  cos  a>t,  and 
let  d  be  the  radial  depth  of  the  air-gap.  Let  also  S  be  the 
mean  cross-sectional  area  of  the  path  of  the  flux  0  linked  either 
with  two  adjacent  coils  belonging  to  one  phase  or,  when  the 
winding  is  hemitropic,  with  one  side  of  a  coil.  Since,  on  our 
assumption,  2d//S  is  the  mean  reluctance  of  the  magnetic  circuit 
of  0,  we  have  (Vol.  I,  p.  51) 

0  =  (47r/10)  nl  cos  a>t .  (S/2d). 
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Hence,  if  Bi  denote  the  maximum  value  at  any  instant  of  the  flux 
density  due  to  the  current  in  No.  1  phase,  we  have 

Bi  =  Tml/Sd. 

If  the  wave-shape  of  the  flux  be  rectangular  (Fig.  177),  and 

if  the  rotor  be  running  at  synchronous  speed,  the 

electromotive      instautancous  value  6]  of  the  flux  density  due  to  the 

stator"****         current  in  No.  1  phase,  at  all  points  in  the  air-gap 

winding.  which  have  x  for  their  abscissa,  is  given  by 

6i  =  (4/7r)  (ttw/  cos  (ot/5d)  {cos (irx/a)  —  (1/3)  cos  {^irxja)  +...}. 

If  b  therefore  be  the  value  of  the  flux  density  at  the  given  points, 
due  to  the  currents  in  the  three  phases,  we  get 

b  =  {V^nljd)  {cos  {tot  —  Trxja)  +  (1/5)  cos  {tot  +  oirx/a) 

—  (1/7)  cos  (cot  -  Ittx/o)  -...}, 

Hence  we  see  that  the  flux  can  be  resolved  into  a  series  of  waves 
gliding  with  velocities  ©a/Tr,  —  (oa/57r,  coa/^ir, .... 

The  value  ei  of  the  back  electromotive  force  developed  in  a 
conductor  at  the  point  where  x  equals  a/2,  by  the  bands  of  flux 
gliding  with  velocity  ©a/Tr,  is  given  (p.  15)  by 

Bi  =  {l'2nl/d) sin (ot*l  * {(oajir) .  lO"®  volts, 

where  I  is  the  length  of  the  conductor.     Similarly  we  have 

es  =  (l-2n//5d) sin  tat.  I.  {(oajbir) .  10-«  volts, 

where  e^  is  the  back  electromotive  force  developed  in  the  con- 
ductor by  the  bands  of  flux  of  breadth  a/5,  which  glide  backwards 
round  the  air-gap  with  velocity  coa/oir.  If  e  denote  the  total  back 
electromotive  force  developed  in  this  conductor,  we  have 

e=-{l'2nllaa>/7rd)  (1  +  l/o^-h  l/7«-|-  1/1P  + 1/13^+  ...)eiuo)t.  IQ-^. 

Now  7rV8  =  2l/(27n- 1)S  and  thus  dividing  each  side  of  this 
1 

equation  by  3^  and  subtracting  the  result  from  the  original 
equation,  we  see  that  7r^/9  is  the  sum  of  the  series  within  the 
brackets.     Hence, 

e  =  (l'27r/9d)  nllaay  sin  tot  •  10""^ 
=  0-419  (nl/d)  lacD  sin  cdt .  lO"®. 
Since  there  are  2pn  conductors  per  phase,  the  effective  value 
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V  of  the  back  electromotive  force  developed  per  phase  winding  is 
given  by 

F=  V2  . 0-419  {pa^Ijd)  laa> .  10-« 
^S'72  (pn'Ild)laf.lO-\ 

where/ is  the  frequency. 

Let  us  now  suppose  that  there  are  2m  slots  per  coil.  If  Bi 
denote  the  flux  density  at  points  inside  the  narrowest  turn  of 
a  coil,  we  have,  as  before, 

JBi  =  7ml/5d, 

Thus  the  equation  to  the  flux,  which  will  be  shaped  like  the 
stepped  curve  shown  in  Fig.  178,  is,  by  (5), 

6i  =  (4/7r)  (iml  cos  totjbd)  [{l/2m  sin  (tt/G  w)}  cos  (Trx/a) 

—  {l/3m  sin  (•7r/2m)}  cos  (Sirw/a)  +...]. 
Hence  we  find  that 

b  =  (0'6nl/dm)  {{1/siji  (7r/6m)}  cos  (wt  —  irx/a) 

+  {1/5  sin  (57r/6m)}  cos  {cot  +  bTrx/a) 

+  {1/7  sin  {lirl^m)]  cos  {wt  - 1  Trx/a)  +...]. 

The  amplitude,  therefore,  of  the  field  gliding  round  the  air-gap, 
with  velocity  (oa/ir  is  k^nljdy  where  k^  equals  0'6/m  sin  (7r/6m). 

The  following  tiible  shows  how  ^i  varies  for  diflferent  values 
of  m: 


m 

1 

2 

3 

4 

5 

6 

00 

k. 

1-200 

1-169 

1-152 

1-149 

1-148 

1-148 

1-146 

If  ksfil/d  denote  the  amplitude  of  the  fifth  harmonic  field, 
we  have 

ks  —  (ki/S)  { sin  (7r/6m)/sin  (57r/6m)}. 

Similarly  we  may  write 

h  =  (A^/7)  { sin  (7r/6m)/sin  (77r/6m)} ,  etc. 

When  m  equals  unity,  k^  is  the  fifth  part  of  kj.  When  m 
equals  2,  k^  equals  0'054]fci,  and,  when  m  is  infinite,  A?5  equals  0*04A?i. 
Similarly  we  can  show  that  when  m  is  greater  than  unity,  the 
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amplitudes  of  the  seventh  and  higher  harmonic  fields  are  small 
compared  with  ki.  The  higher  harmonic  fields,  also,  glide  much 
more  slowly  than  the  fundamental  field.  The  electromotive  forces, 
therefore,  which  they  develope  in  the  various  wires  will  be  much 
smaller,  and  so  in  approximate  work  they  can  be  neglected.  Hence 
h  is  given  approximately  by  the  equation 

h  =  {0'6/m  sin  (7r/6m)}  (nl/d)  cos  {a)t  —  irw/a). 

The  abscissae  of  the  axes  of  the  slots  in  which  are  embedded 
the  conductors  of  the  coil  which  has  the  origin  at  the  centre  of  its 
polar  face  are 

±  { (2m  +  l)/6m} a,  ±  { (2m  +  3)/6m}  a,  ...  ±  { (4m  -  l)/6m}  a, 

and  the  number  of  conductors  in  a  slot  is  n/m.  Hence  since  the 
band  of  flux  is  gliding  with  a  velocity  (oa/ir,  the  instantaneous 
value  e  of  the  back  electromotive  force  developed  in  No.  1  phase 
winding  is  given  by 

e=p (n/m) { O'G/m sin (7r/6m)} (nl/d)  [cos  {(ot -  (2m  +  1) 7r/6m} 

-  cos  { (ot  +  (2m  +  1)  7r/6m}  +  . . .  ]  Z  (oa/Tr) .  IQ-^ 

=  l'2p(n^lm^)(l(oa/w){l/dsin  (7r/6m)}78ino)e[sin{(2m+  l)7r/6m} 
+  . . .  +  sin  {(4m  - 1)  7r/6m}] .  lO'^ 

=  2'4fplaf(nJ'lmr)  {l/d  sin  (7r/6m)}  /sin  cot 

[sin  (7r/2)  sin  (7r/6)/8in  (7r/6m)]  .  lO-^. 

Hence  the  effective  value  V  of  the  back  E.M.F.  per  phase  is 
given  by 

V=^l3.(pn^I/d)laf.lO'-\ 

where  /3  =  0*6  V2/{m^  sin^  (7r/6m)} 

=  0-849/{m2sin2(7r/6m)}. 

When  m  is  unity,  y8  equals  3*39.  We  have  shown  on  p.  392  that 
its  true  value  in  this  case  is  3*7  2.  Hence  the  error  introduced  in 
this  case  by  neglecting  the  higher  harmonics  is  less  than  ten  per 
cent.  When  there  are  four  slots  per  coil,  ^  is  approximately  317, 
and  when  m  is  large  ^  is  approximately  310. 

If  Ao  be  the  magnetising  current  per  phase  at  synchronous 

speed,  we  have  /  =  J.©  V2,  and  thus  Aq  is  given  by  the  formula 
^0  =  {d/V2)  {m^ sin^ (7r/6m)}  VIO^ (pn'laf). 
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and  since  RAq  is  generally  negligible  compared  with  F,  we  may 
assume  in  this  formula  that  V  is  the  applied  P.D.  Hence,  on  our 
assumptions,  we  see  that  the  magnetising  current  per  phase  at 
synchronous  speed  varies  directly  as  the  radial  depth  of  the  air- 
gap  and  the  applied  P.D.,  and  inversely  as  the  frequency,  the  mean 
cross-sectional  area  of  the  coils,  the  number  of  coils  and  the  square 
of  the  number  of  turns  per  coil. 

We  shall  now  consider  the  magnetic  field  in  the  air-gap  of 
Two  phase  ^  ^wo  phase  induction  motor  which  has  two  separate 
^®'*^'  windings.     Let  us  suppose  that  the  winding  of  one 

phase  is  similar  to  that  shown  in  Fig.  57,  p.  98,  but  let  us  suppose 
that  there  are  2m  slots  per  coil.  We  shall  also  suppose  that 
there  are  n  turns  per  coil.  There  will  be  m  steps  in  the  flux 
curve  (Fig.  178),  due  to  the  current  in  one  phase.  If  the  distance 
between  the  centres  of  consecutive  coils  of  one  phase  be  2a,  and  if 
bi  and  6a  be  the  values  of  the  flux  densities  at  the  points  whose 
abscissae  are  x,  due  to  the  currents  in  the  two  phases,  we 
have,  by  (5), 

6i  =  (4/7r)  (ttw/cos  (ot/bd)  [{ l/2m  sin  (7r/6m)}  cos  (irx/a) 

—  { l/3m  sin  (7r/2m)}  cos  {Sirx/a)  +  . . .  ] 
and 

62  =  (4/7r)  { irnl  cos  (tot  -  7r/2)/5ci}  [{ l/2m  sin  (7r/6m)}  cos  (Trx/a  -  7r/2) 
-  { l/3m  sin  (7r/2m)}  cos  (Sirx/a  -  37r/2)  -h  . . .  ] . 

Thus,  if  b  is  the  value  of  the  resultant  flux  at  points  the  abscissae 
of  which  equal  x,  we  get 

6  =  6j  +  6j 

=  (4/7r)  (7m//5d)[{l/2m  sin  (ir/Qm)}  cos  (a>t  -  ttx/o) 
-  { l/3m  sin  (7r/2m)}  cos  {cot  +  Sirx/a) 
+  { 1/lOm  sin  (57r/6m)}  cos  (tot  -  5wx/a)  +...]. 

We  may  therefore  suppose  that  the  flux  is  the  resultant  of  a 
series  of  waves.  If  the  order  of  the  wave  be  4r  -  1,  it  glides 
backwards  with  angular  velocity  a)/(4r— 1),  and  the  breadth  of 
the  band  of  flux  is  a/(4r-  1).  If  the  order  of  the  wave  be  4fr  -h  1, 
it  glides  forwards  with  angular  velocity  ft)/(4r  H- 1),  and  its  breadth 
is  a/(4r  + 1). 
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It  is  to  be  noticed  that  this  case  is  unlike  the  corresponding 
problem  for  three  phase  fields,  for  here  none  of  the  harmonics 
cancel  out.  In  three  phase  fields  we  only  have  harmonics  of  the 
order  6r  +  1.  In  two  phase  fields  we  may  have  all  the  harmonics 
of  the  order  2r  +  1,  and,  in  general,  the  third  harmonic  cannot 
be  neglected.  The  calculation  of  the  back  e.m.f.  in  the  stator 
windings  when  the  rotor  is  running  at  synchronous  speed  can  be 
made  in  the  same  way  as  for  three  phase  motors. 


In  this  chapter  we  have  assumed  that  the  currents  in  the 
stator  windings  follow  the  harmonic  law,  and  that 
rotor  currents  there  are  no  rotor  currents.  We  have  also  assumed 
but*iono?thc  *^^*  ^^^  hysteresis  and  eddy  current  losses  are 
hl*thTaii-"a**  negligible.  Our  results  are  approximately  correct 
when  the  rotor  is  running  at  synchronous  speed,  or 
when  the  brushes  are  lifted  from  the  slip  rings  so  that  the  rotor 
windings  are  on  open  circuit.  We  shall  now  consider  how  the 
rotor  currents  modify  our  results. 

Let  (f)  be  the  total  flux  linked  with  a  stator  winding  at  a 
particular  instant,  and  let  e  be  the  applied  potential  difference, 
then,  when  the  resistance  of  the  stator  windings  can  be  neglected, 
we  have 

e  =  d(l>/dt  (1). 

Now  when  the  slip  is  appreciable  we  may  regard  0  as  the 
resultant  of  two  component  fluxes  <^i  and  <^2>  where  <f>i  is  the 
flux  due  to  the  currents  in  the  stator  windings  and  <^2  is  the  flux 
due  to  the  rotor  currents.  Equation  (1)  shows  us  that  we  always 
have 

<f>l  +  <l>2=<t>8y 

where  <^,  is  the  flux  due  to  the  currents  in  the  stator  windings  at 
synchronous  speed.  Hence  the  resultant  field  in  the  air-gap  of  an 
induction  motor,  when  the  resistance  of  the  primary  windings  is 
negligible,  will  have  the  same  shape  and  the  same  magnitude 
at  all  loads.  We  can  therefore  apply  the  theorems  concerning 
the  harmonics  of  the  field  and  the  back  E.M.F.  induced  in  the 
rotor-windings,  which  we  have  proved  above,  to  machines  under 
load. 
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When  the  stator  has  a  simple  rectangular  winding  and  there 
Influence  of  ^  ^^  Overlapping,  the  shape  of  the  resultant  field 
ofthem«*net?c  ^  ^^®  air-gap  is  roughly  similar  to  the  rectangles 
field  on  the         shown  in  Fig.  177.     If  the  resistance  of  the  stator 

v^orkin^  of  ,       ,  , 

induction  windings  be  negligible,  this  will  also  be  the  shape  at 

mo  era.  ^j  loads.     If  the  stator  be  supplied  with  sine  shaped 

currents,  there  is  no  third  harmonic,  and  the  amplitude  of  the 
fifth  is  only  equal  to  the  fifth  part  of  that  of  the  first,  and  it 
rotates  backwards  with  an  angular  velocity  ©i/Sp.  Now,  when  the 
motor  is  loaded,  the  slip  is  only  two  or  three  per  cent.,  and  so  the 
angular  velocity  of  the  rotor  is  only  slightly  less  than  cojp.  Hence 
the  slip  of  the  rotor  relative  to  the  fifth  harmonic  of  the  flux  will 
be  nearly  equal  to  (ft)i/5p  +  oi>i/p)l{(0i/5p),  that  is,  6.  We  see  from 
Fig.  160,  p.  347,  that  the  backward  torque  produced  at  this  slip 
will  be  very  small,  and,  since  the  amplitude  of  the  fifth  harmonic  is 
only  one-fifth  that  of  the  first  harmonic,  its  effect  on  the  working 
of  the  machine  will  be  negligible.  The  slip  of  the  rotor  relative 
to  the  seventh  harmonic  which  rotates  in  the  forward  direction  is 
{(Oi/7p  —  a)i/p)/(a)i/7p),  that  is,  —  6.  As  its  amplitude  is  only  one- 
seventh  that  of  the  first,  the  effect  produced  will  be  less  than  that 
produced  by  the  fifth  harmonic.  The  effects  of  the  11th,  13th, 
17th...  harmonics  will  be  still  more  minute.  In  this  case,  there- 
fore, when  finding  approximate  formulae,  the  sine-curve  assump- 
tion is  permissible. 

When  the  stator  windings  of  an  induction  motor  are  connected 
in  star  and  the  neutral  point  is  insulated,  there  can 

Stator  con-  ,  .    ,   ,  ...  i.         , 

nected  in  four-  be  uo  third  harmouics  m  the  current  waves,  for  the 
sum  of  the  instantaneous  values  of  the  three  currents 
to  the  neutral  point  must  always  be  zero.  When,  however,  the 
neutral  point  is  connected  to  the  fourth  wire  of  a  four-wire  three- 
phase  system,  the  third  harmonics  in  the  current  waves  will  be 
large,  owing  to  hysteresis  (see  p.  252).  These  harmonics  will  tend 
to  magnetise  the  stator  ring  in  such  a  way  that  the  inner  surface 
at  any  instant  will  have  one  polarity  and  the  outer  surface  the 
other  polarity,  and  there  will  be  a  considerable  leakage  of  flux  in 
the  air  between  the  inner  and  the  outer  surfaces  of  the  stator  or 
even  from  the  outer  surface  of  the  stator  to  the  rotor.     We  should 
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expect,  therefore,  that,  as  in  the  case  of  a  star  connected  three- 
phase  transformer,  connected  in  four- wire  star,  the  magnetising 
current  would  be  large  and  would  contain  a  large  third  harmonic 
(see  p.  271). 

When  the  current  waves  in  the  stator  windings  are  not  sine 
shaped,   the   amplitudes   of    the   third   and   higher 

Current  waves  '■         ,  •/.ii»i  •  i 

not  sine  harmouic    magnetic   fields  in   the   air-gap   may   be 

*  *^*  '  large.     In   this  case,  therefore,  when  the  rotor  is 

speeding  up,  we  should  expect  that  it  would  sometimes  run  in 
stable  equilibrium  at  speeds  which  are  submultiples  of  its  syn- 
chronous speed.     This  sometimes  happens  in  practice. 

When  the  rotor  has  a  three  phase  winding  and  slip  rings  for 
inserting  resistance  into  the  rotor  windings,  we  can 
raising  a  rotor  make  it  ruu  at  halfspccd  by  preventing  one  of  the 
rotor  brushes  making  contact  before  and  after  the 
start.  This  phenomenon,  however,  is  not  due  to  the  presence  of 
harmonics  in  the  magnetic  field  of  the  air-gap,  and  can  be  ex- 
plained simply  by  the  properties  of  rotating  and  oscillating 
magnetic  fields.  At  half-speed  the  frequency  of  the  alternating 
currents  induced  in  the  closed  phase  winding  of  the  rotor  is  only 
half  that  of  the  stator  currents.  The  oscillating  magnetic  field 
due  to  it  can  be  resolved  into  two  rotary  fields,  one  of  which  will 
have  an  angular  velocity  in  space  equal  to  the  angular  velocity  of 
the  stator  field,  and  the  other  will  be  fixed  in  direction  (p.  380). 
At  this  speed  (a)i/2)  the  frequency  of  the  rotor  currents  is 
(_pa)i/2)/(27r).  Hence  the  rotor  is  rotating  synchronously  with 
the  pulsations  of  the  current  in  its  windings  and  acts  as  a 
synchronous  motor. 
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In  an  ordinary  direct  current  self-exciting  motor,  if  we  reverse 
the  connections  of  its  terminals  with  the  mains,  the 
moTore"******^  direction  of  the  magnetomotive  force  in  the  field 
coils  and  the  direction  of  the  current  in  the  armature 
windings  are  both  reversed.  If,  therefore,  the  new  magnetic 
force  acting  on  the  field  magnets  be  greater  than  the  coercive 
force,  the  field  flux  will  be  reversed,  and  hence  the  torque  will 
still  be  in  the  same  direction.  It  is  well  known,  in  practice,  that 
in  order  to  make  the  motor  run  in  the  opposite  direction,  it  is 
necessary  to  reverse  the  direction  of  the  current  either  in  the 
field  magnet  windings  or  in  the  armature,  but  not  in  both.  Revers- 
ing both,  by  altering  the  polarity  of  the  motor  terminals,  has  no 
practical  effect  either  on  the  direction  of  rotation  or  on  the 
efficiency  of  the  machine.  It  follows,  therefore,  that  at  very  low 
frequencies,  every  direct  current  self-exciting  motor  when  supplied 
with  alternating  currents  will  tend  to  act  as  a  motor,  as  the 
torque  always  acts  in  the  same  sense  in  whichever  direction  the 
current  is  flowing.  With  high  frequencies  it  is  easy  to  see  that 
the  effects  of  eddy  currents  in  screening  the  magnetising  force  due 
to  the  currents  in  the  field  windings  from  the  interior  of  the 
field  magnets  may  considerably  modify  the  action  of  the  motor. 
With  ordinary  direct  current  field  magnets  the  loss  due  to  eddy 
currents  would  be  excessive,  and  so  it  is  essential  that  the  field 
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magnets  be  built  up  of  thin  iron  plates.  When  this  is  done,  both 
series  and  shunt  motors  will  work  when  supplied  from  alternating 
current  mains,  and  if  the  necessary  modifications  in  their  design 
be  made  and  suitable  devices  employed  to  prevent  excessive 
sparking,  etc.,  their  efficiency  will  be  high.  Both  of  these  are 
types  of  *  commutator  motors '  and  we  shall  now  give  an  elementary 
theory  of  their  action. 

The  motor  shown  in  Fig.  181  is  similar  to  an  ordinary  direct 
current  series  motor  with  a  ring  armature.  The 
field  magnets  are  laminated  and  Mi  and  M2  are 
connected  through  a  suitable  starting  resistance 
with  constant  potential  supply  mains.  In  order  to  simplify  the 
theory  we  shall  assume  for  the  present  that  the  permeability  of 


Alternating^ 
current  series 
motor. 


Fig.  ISl.    Alternating  current  series  motor. 


the  iron  is  constant ;  the  field  flux  will  then  be  in  phase  with  the 
supply  current.  The  flux  will  therefore  vanish  twice  during  the 
period  of  the  alternating  current,  and  the  torque,  also,  will  vanish 
twice.  In  direct  current  motors  the  armature  reaction  produces  a 
transverse  magnetisation  of  the  field.  A  similar  distortion  of  the 
field  will  be  produced  by  alternating  currents.  One  way  of  neutral- 
ising the  transverse  field  is  to  use,  as  in  direct  current  machines, 
a  special  series  winding,  the  plane  of  which  is  at  right  angles  to 
the  axis  of  commutation.     If  the  machine  have  no  compensating 
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windings,  the  sparking  at  the  brushes  will  be  violent,  as  the  coils 
short  circuited  by  the  brushes  will  have  large  currents  induced  in 
them.  This  effect  can  be  reduced  by  means  of  carbon  brushes. 
This,  however,  lowers  the  efficiency  of  the  machine,  as  at  full  load 
the  brushes  heat  excessively  and  absorb  an  appreciable  amount 
of  power. 

Let  us  now  consider  the  two  pole  machine  shown  in  Fig.  182. 

Let  us  suppose  that  the  brushes  BiB^  are  rubbing  on 
le^riesmotor.*      *  Commutator  and  that  the  line  joining  them  passes 

through  the  axis  of  the  armature  and  makes  an 
angle  a  with  OY  which  is  perpendicular  to  the  line  OX  joining 
the  centres  of  the  polar  faces.     We  shall  assume  that  the  radial 


Fig.  182.    Armature  of  alternating  current  series  motor. 

distribution  of  the  flux  round  the  ring  armature  follows  the  cosine 
law,  having  its  maximum  density  at  the  points  opposite  the 
middle  points  of  the  polar  faces  and  being  zero  at  points  on  the 
vertical  line  through  0.  Owing  to  the  high  permeability  of  iron 
we  need  only  consider  the  radial  component  of  the  flux.  Let  0  be 
the  angle  which  the  plane  of  one  of  the  armature  windings  makes 
with  OX.  Then,  if  <^i  be  the  flux  embraced  by  this  winding,  and 
4>  sin  nt  be  the  total  flux  entering  the  armature,  we  have 
<^i  =  (4>/2)sinmsin(9, 
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since  at  any  instant  the  flux  through  any  winding  varies  as 
/J  cos  OdO,  that  is,  as  sin  0,  and  we  suppose  that  the  flux  divides 
equally  along  each  half  of  the  armature.  It  is  to  be  noticed  that 
f2/2'7r  is  the  frequency  of  the  supply  current. 

We  shall  suppose  that  the  angular  velocity  ta  of  the  armature 
is  constant.  If  e^  denote  the  electromotive  force  developed  in  the 
winding,  we  have 

^1  =  —  d<f>i/dt 
=  -  (4)/2)  {ft  cos  ft^ .  sin  ^  +  ©  sin  fl^ .  cos  0}, 

since  d0/dt=(a. 

If  we  suppose  that  the  windings  N2  are  uniformly  distributed 
over  the  ring  armature,  the  number  of  them  included  within  the 
angle  d0  will  be  {N^j^ir)  d0,  and  thus,  if  we  suppose  in  addition 
that  the  number  of  commutator  segments  is  infinite,  the  total 
back  electromotive  force  developed  between  the  brushes  Bi  and  £,, 
is  given  by 

/ir/2+a 
e^d0 
-ir/2+a 

=  (i^2*/27r)  {ft  sin  a .  cos  ft^  +  ©  cos  a .  sin  ft^}. 
Putting  tan  8  =  (ft/o)  tan  a, 

we  get 

e  =  {©ft  (i^a^/27r)  sin  (fte  +  S)}/(ft»  cos^  S  +  ©^  gin'  8)i . .  .(3). 

This  formula  shows  us  that  the  angle  of  time  lag  between  e 
and  the  flux,  and  therefore,  since  we  are  assuming  that  the 
permeability  is  constant,  between  e  and  the  current,  is  —  S.  Also 
since  the  frequency  of  e  is  ft/27r,  it  equals  the  frequency  of  the 
supply  current. 

It  is  easy  to  see  from  first  principles  that  the  frequency  of  the 
back  electromotive  force  e  will,  on  our  assumptions,  be  equal  to 
the  frequency  of  the  flux  or  of  the  applied  alternating  potential 
diflference.  We  have  assumed  that  the  angular  velocity  of  the 
commutator  is  constant,  that  the  armature  is  perfectly  symme- 
trical, and  that  the  number  of  segments  of  the  commutator  is 
infinite.  It  follows  that  at  the  times  t,t+T,  t  +  2T, ...  the  back 
electromotive  force  between  the  brushes  must  be  the  same,  for 
the  fluxes  and  the  currents  are  identical  at  these  instants.  The 
R.  II.  26 
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frequency,  therefore,  of  the  back  electromotive  force  is  the  same 
as  that  of  the  applied  potential  difference.  In  practice,  the 
number  of  commutator  segments  is  finite,  and  there  are  generally 
slots  on  the  armature,  so  that  the  reluctance  of  the  magnetic 
circuit  varies  periodically  with  the  angular  velocity  of  the  rotor. 
For  both  these  reasons,  harmonics,  the  periods  of  which  depend 
on  ©,  will  be  introduced  into  the  expression  for  e  and  this  is 
found  to  be  the  case  in  actual  working.  In  making  a  first  rough 
calculation,  however,  we  can  neglect  these  higher  harmonics  as 
their  amplitudes  are  rarely  large.  In  addition,  a  harmonic,  the 
period  of  which  equals  the  period  of  rotation  of  the  rotor,  is  some- 
times introduced  owing  to  the  axis  of  the  rotor  being  slightly  out 
of  truth. 

In  the  particular  case  when  a  is  zero,  formula  (3)  becomes 

e  =  (a>i^2/27r)<I>sinn^. 

The  back  electromotive  force,  therefore,  is  simply  proportional  to 
the  product  of  the  angular  velocity  and  the  flux.  It  is  also  in 
exact  opposition  in  phase  to  the  current.  This  formula  may  be 
used  for  machines  furnished  with  compensating  windings. 

In  the  general  case,  when  a  is  not  zero,  the  phase  difference 
between  e  and  the  current  i  is  S,  where  tan  S  =  (Cl/o))  tan  a.  In 
Fig.  182  we  have  made  a  positive,  the  brushes  being  displaced  in 
the  diiection  of  rotation.  In  this  position  the  magnetomotive 
force  of  the  armature  currents  tends  to  strengthen  the  field. 
Similarly,  when  a  is  negative,  that  is,  when  the  brushes  are 
moved  backwards,  the  armature  reaction  tends  to  demagnetise 
the  field,  and  the  phase  difference  between  e  and  i  is  less  than  tt. 

If  we  denote  the  current  i  by  Zsinft^,  the  formula  (3)  for  e 
may  be  written  in  the  form 

e  =  (iVa<E>/27r/)  (w  cos  a .  i  +  sin  a .  di/dt), 

and  therefore        e  s=  Mm  cos  a .  i  +  il/  sin  a .  di/dt (4), 

where  M  =  N^^j^irl. 

When  the  rotor  is  at  rest,  that  is,  when  ©  is  zero,  the  only 
E.M.F.  induced  in  each  half  of  the  rotor  winding  is  due  to  the 
effects  of  the  mutual  induction  between  the  field  magnet  wind- 
ings and  the  armature  coils.     Since  we  have  supposed  that  the 
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permeability  of  the  iron  is  constant,  and  we  are  neglecting 
hysteresis  and  eddy  currents,  there  will  be  a  constant  mutual 
inductance  coefficient  between  the  field  magnet  coils  and  either 
half  of  the  armature  windings  between  the  brushes.  Putting 
ft)  equal  to  zero  in  equation  (4)  we  see  that  the  mutual  inductance 
is  Jfsino.  It  vanishes  with  a,  and  is  positive  or  negative 
according  as  a  is  positive  or  negative,  that  is,  according  as  the 
brushes  are  moved  forwards  or  backwards  from  their  normal 
position. 

By  means  of  formula  (4)  we  can  easily  find  formulae  for  the 
working  of  the  alternating  current  series  motor, 
the  aitemat*-*^  We  shall  assumc  that  the  applied  potential  difife- 
scries"  motor.  reuco  wave  can  be  represented  by  E  sin  ([It +  13)  and 
that  the  resistance  of  the  electric  circuit  between  the 
main  terminals  of  the  machine  is  12,  so  that  R  includes  the 
resistance  of  the  field  coils,  the  resistances  of  the  halves  of  the 
rotor  winding  in  parallel  and  the  resistance  introduced  by  the 
brushes  and  connecting  leads.  Let  ij  and  L^  be  the  self  induct- 
ances of  the  field  magnet  coils  and  of  the  halves  of  the  rotor 
circuit  which  are  in  parallel  between  the  brushes.     The  equation 

to  find  the  current  i  is 

di  dt  dt 

^sin  (ft«  + /3)  =  i?i  +  ii  ^  +  ilf  sin  a  ^  +  i,  ^  +  e, 

and  therefore  by  (4) 

^sin  (fie  + /8)  =  (iJ  +  Jfft)  COS  a)  i  +  (ii  +  ia  +  2Jf  sin  a)  27 

di 

where  p  =  -B  + Jfft)COsa,  and  X  =  ii  +  ia+2-3f  sinou 
Solving  this  equation  we  find  that 

i={^sin(fte  +  /3-7)}/(/o^  +  vn^)i (5), 

where  tan7  =  \Q//o,  or  cos  7  =  ^/(p^  +  Vli*)^. 

If  V  and  A  denote  the  effective  values  of  -Ssin(Iie  +  y8)  and  i, 
we  have 

and  Tf  =  FA  cos  7  =  A^p  =  A^R  +  AWft)  cos  a, 

where  W  is  the  total  power  given  to  the  motor. 

26—2 
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On  our  assumptions,  the  total  power  given  to  the  motor  is 
expended  in  heating  the  conductors  (A^R)  and  in  turning  round 
the  rotor.  If  G  denote  the  average  value  of  the  torque  produced 
by  the  electrical  forces  acting  on  the  rotoy,  Geo  will  be  the  measure 
of  the  average  power  given  to  it.     Thus  we  have 

A^R  +  A^M(o  cos  a  =  A^R  +  Ga>, 
and  hence  G  =  Mco8a.A^  (6). 

The  torque  is  therefore  proportional  to  the  square  of  the  current 
and  to  the  cosine  of  the  angle  a.  Since  the  cosine  of  a  small 
angle  diflfers  little  from  unity,  we  see  that  moving  the  brushes 
through  a  small  angle  on  either  side  of  the  central  position  does 
not  appreciably  alter  the  value  of  the  torque  for  a  given  current. 
This  torque,  however,  is  a  maximum  when  a  is  zero,  that  is,  in  the 
central  position. 

The  power  factor  cos  7  of  the  motor  circuit  is  given  by 

cos7  =  p/(p2  +  X*ft«)* 

={R+Ma>cosa)l[(R+Ma>coaay+(Li+L^+2Msinayn^}i, .  .(7). 

It  continually  increases,  therefore,  as  the  angular  velocity  (o  of  the 
armature  increases.  For  a  given  value  of  ©,  however,  any  increase 
in  the  frequency  of  the  supply  current  will  diminish  the  power 
factor. 

The  efficiency  rj  of  the  motor  is  given  by  the  formula, 

rj=^G(Dl{A^R  +  G(D) 
=  Md)  cos  a/(i2  +  Mo)  cos  a)     (8). 

Hence  the  efficiency,  also,  increases  as  the  angular  velocity 
increases. 

The  power  taken  from  the  mains  is  VA  cos  7  and  this  may  be 
written  in  the  form 

V^  (R  +  Mo)  cos  a)/[{R  +  ifw  cos  a)^  +  (L^  -\-L^-\-^M  sin  a)^  ft*}. 

If  V  remain  constant  and  ©  vary,  this  expression  has  its 
maximum  value  when 

R  +  Mw  cos  a  =  (Xi  +  ia  +  ^M  sin  a)  ft. 

The  maximum  value  of  the  power  taken  from  the  mains,  is, 
therefore, 

F V{2  (ii  +  is  +  2ilf  sin  a)  ft}, 
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and  the  power  factor  in  this  case  is  1/V2,  that  is,  0*71  nearly. 
The  efficiency  17,  also,  at  this  load  is  given  by 

17  =  1  -  ii/{(ii  +  ^2  +  2Jf  sin  a)  fl}. 

The  following  equations  give  expressions  for  the  useful  power 
Geo  given  to  the  rotor.     We  have 

0(o  =  M(o  cos  a .  A^ 

=  V^M(o  cos  a/{(R  +  M(o  cos  a)*  +  (ii  +  L^  +  2if  sin  a)^  O"]. 

Thus,  if  V  remain  constant  and  o)  vary,  the  useful  power  has  its 
maximum  value  when 

B'  +  iLi  +  L^+iMsinaya^^M^ay^cos^a (9), 

that  is,  when  the  impedance  between  the  terminals  Of  the  machine 
with  the  rotor  at  rest  equals  the  apparent  increase  in  the  resistance 
of  the  circuit  due  to  the  action  of  mutual  induction.  The  maximum 
value  of  the  useful  power  equals  V^/2  (jR+ Jfwcosa),  where  if©  cos  a 
is  found  from  (9).     The  power  factor  cos  7,  in  this  case,  is  given  by 

cos  7  =  {(R  +  McD  cos  a)/(2MoD  cos  a)}^, 

where  Mco  cos  a  is  determined  by  (9). 

In  the  particular  case  when  R  is  zero,  the  efficiency  is  100  per 
cent,  at  all  loads.  The  power,  in  this  case,  has  its  maximum 
value  V^/2M(ocosa,  when  o)  is  given  by 

o)  =  (Xi  +  ia  +  2M  sin  a)  il/M  cos  a, 

and  the  power  factor  is  1/V2.  In  general,  when  R  is  not  zero,  the 
useful  power  attains  its  maximum  value  at  a  higher  speed  than 
that  at  which  the  power  taken  from  the  mains  is  a  maximum. 
The  efficiency  is,  therefore,  higher  in  the  former  case,  and  the 
power  factor  is  greater  than  1/V2. 

Since  the  current  continually  increases  as  the  speed  diminishes, 
the  torque,  which  is  proportional  to  the  square  of  the  current, 
continually  increases  also,  attaining  its  maximum  value  when  the 
rotor  is  at  rest.  There  is  little  fear,  therefore,  of  the  machine 
being  pulled  up  by  a  temporary  increase  on  the  load,  and,  owing 
to  the  inductance  of  the  circuit,  there  is  much  less  risk  of  it  being 
damaged  by  a  temporary  overload  than  in  the  case  of  the  direct 
current  machine. 
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An  instructive  method  of  studying  the  working  of  the  series 
Circle  motor  is  by  means  of  the  circle  diagram  shown  in 

diajrram.  pjg^  J 33     XJsing  our  previous  notation,  we  have 

Hence,  if  Ox  represent  V,  Op  represent  pA  and  xp  represent  Xft-4., 
Opx  will  be  a  right-angled  triangle  and  the  locus  of  p  will  be  the 


Fig.  1S3.  Diagram  of  the  theoretical  series  motor.  Oa;=F=the  applied  p.d. 
Op  represents  {R + Mta  cos  a)  A,  As  the  speed  of  the  armature  increases  p  moves  np 
the  semicircle  Opx  from  its  initial  position  p^.  If  the  angle  a;0«=the  angle  xp'O, 
08  is  proportional  to  the  angnlar  velocity. 

circle  described  on  Ox  as  diameter.  Make  Op'  =  Mw  cos  a .  -4,  then 
pp'  =  i2 .  il,  for  p  =  iZ  +  Mfo  cos  a.  The  tangent  of  the  angle  xp'p 
is  \il/R,  the  angle  is  therefore  constant,  and  thus  the  angle  xp'O 
is  constant  and  the  locus  of  p'  is  also  a  circle.  The  angle  xOp  is 
the  phase  difference  between  the  applied  p.d.  and  the  current. 
When  the  rotor  is  at  rest,  p  ia  a,t  po,  Opo  is  a  tangent  to  the  circle 

Op'x,  and  the  power  factor  is  i2/(i2^ -h  \W)*.  As  the  angular 
velocity  increases,  p  moves  along  the  circle,  and  when  the  angular 
velocity  is  very  great,  p  will  be  close  to  x. 
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Now,  it  is  easy  to  find  lines  on  this  diagram  the  lengths  of 
which  are  proportional  to  the  magnitudes  of  the  variable  quantities 
we  have  to  consider.  Draw  pn  and  p'n'  perpendicular  to  Ox,  and 
make  the  angle  xOs  equal  to  the  angle  xp'O,  Produce  ayp^  to 
meet  Os  in  5,  and  draw  pk  at  right  angles  to  Op  to  meet  Ox 
in  k.     Then,  it  is  easy  to  prove  the  following  relations. 

The  power  factor       =  Op  (1/  F).     The  current  =  xp  (l/\ft). 

The  torque  =  am  (  Fif  cos  a/X^n^)     xhe  input  =jpn(  F/XH). 

The  output  =pV  (  F;/\n).     The  efficiency  =  Ok  (1/  F). 

The  angular  velocity  ==  Os  {(i?  -f  vn2)i/if  Fcos  a}. 

The  variables  are  therefore  proportional  to  the  lengths  of  the  lines 
given  outside  the  brackets  on  the  right  hand  side  of  these  equations. 
We  see  at  once  from  the  diagram  that  the  torque  continually 
diminishes  as  the  angular  velocity  increases.  We  also  see  that 
the  input  is  a  maximum  when  n  coincides  with  the  centre  of  the 
circle.  In  this  case  the  power  factor  is  obviously  1/V2.  The 
output  which  is  proportional  to  p'v!  is  a  maximum  when  v!  is  at 
the  centre  of  the  circle,  and  the  power  factor  and  the  angular 
velocity  are  both  greater  than  in  the  preceding  case.  The 
efficiency  Ok  also  continually  increases  as  the  angular  velocity 
increases. 

In  order  to  get  the  corresponding  approximate  equations  for 

the  direct  current  series  motor,  we  only  need  to  put 

^e"direct*  ^^^     ^   cqual   to   zcro   in   the   above  formulae.      Since 

motor".***""      ^  =  47riVi7/10(B,  where  (R  is  the  reluctance  and  / 

the    current   in   amperes,   we   find   that   M  equals 

IfiNz/oSi.     Hence,  if  E  be  the  applied  p.d.  we  have 

E  =  RI-\-MIa)  cosa 

=  RI  +  (N.N^bdt)  /o)  cos  a. 

Therefore  o)  =  (SdtlN.N,  cos  a)  {(E  -  RI)/I]. 

Again,  since  G=^Mcosa,A^ 

we  have  0  =  (N^N^  cos  a/5(B)  I\ 

Provided  that  Ifil  is  large  so  that  the  iron  is  saturated,  (S  may  be 
considered  constant,  and  these  equations  are  a  rough  guide  in 
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practical  work.  It  must  be  noticed  that  no  account  has  been 
taken  of  armature  reaction  which  can  only  be  wholly  neglected 
in  a  few  cases.  The  value  of  ^,  and  therefore  also  of  M,  depends 
on  the  angle  cr.  When  a  forward  lead  is  given  to  the  brushes, 
the  armature  reaction  magnetises  the  field,  and  when  the  brushes 
are  moved  backwards,  that  is,  in  the  opposite  direction  to  the  rota- 
tion, from  the  normal  position,  the  field  is  partially  demagnetised. 
Hence,  as  we  move  the  brushes  forward,  ^  and  M  increase,  and 
as  we  move  them  backwards  ^  and  M  diminish.  The  assumption 
that  these  quantities  are  constant  is  therefore  sometimes  inad- 
missible. If  the  motors,  however,  whether  for  direct  or  alternating 
current  work,  have  suitable  compensating  windings,  the  armature 
reaction  is  negligible  and  the  above  formulae  are  approximately 
correct. 

In  finding  the  formula  for  the  torque  of  an  alternating  current 
The  formula  Diotor,  WO  made  the  assumption  that  the  field  flux 
for  the  torque,  ^as  in  phase  with  the  current.  Let  us  now  consider 
the  problem  a  little  more  closely.  In  actual  machines  the  field 
flux  does  not  vanish  when  the  current  vanishes,  owing  to  the 
remanent  magnetism,  and  the  current  attains  an  appreciable  value 
before  the  polarity  is  reversed.  Hence  the  current  and  the  flux 
are  not  in  phase  with  one  another.  We  must  therefore  consider 
what  effect  this  has  on  the  torque.  There  are  also  appreciable 
backward  torques  due  to  eddy  currents,  friction  of  the  bearings 
and  brushes,  and  air  friction.  It  is  permissible  however  to  neglect 
these  when  obtaining  approximate  formulae. 

If  we  assume  that  the  current  and  the  flux  follow  the  harmonic 
law,  we  may  write  /sinfl^  for  the  current,  and  express  the  flux  0 
by  the  equation  (p.  244) 

^  =  —  ^y  cos  fli  +  ^  sin  nt 

Hence,  proceeding  as  on  p.  401,  we  find  that  the  back  electromotive 
force  developed  between  the  brushes  is  given  by 


J  =  {N^I^tt)  I  q)  cos  a  (-  ^r  cos  11^  +  ^  sin  Hi) 


-I-  sin  a  ;;^  (—  ^r  cos  fl^  +  ^  sin  Q.t)\ , 


'W 
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Now,  if  we  suppose  that  the  power  ei  given  to  the  rotor  is  wholly 
expended  in  producing  the  useful  torque  gw,  we  have 

go)  =  ei. 
But  Q)  is  practically  constant,  and  thus,  taking  mean  values  over 
a  whole  period,  we  obtain 

GcD  =  (iVa^^/^Tr)  ft>  cos  a  +  {N^^rll^ir)  H  sin  a, 
and  therefore 

G  =  (N',A^/27rI)  (l/a>)  cos  (a  -  yS)  {a>^4>V^.  4-  (H^  -  a)«)  ^r'Y^ 
where  ^^ai.  =  (*'  +  ^rj^  a^d  tan  y3  =  n^r/(w^). 

If  a  be  zero,  the  torque  equals  (iMV27r7)  (^,^.  -  ^^2)1/2^  and 
thus  the  greater  the  value  of  the  remanent  flux  <l>y,  for  given 
values  of  ^mai.  and  A,  the  smaller  will  be  the  torque.  On  the 
other  hand,  if  a  be  positive,  that  is,  if  the  brushes  be  displaced  in 
the  direction  of  the  rotation,  the  remanence  increases  the  torque 
at  the  speed  o)  provided  that  tan  /3  be  less  than 
2tana/(a)V^'-tan«a). 

In   Fig.   184  are  shown  the  connections  of  a  simple  shunt 
wound  motor.     In  practice,  if,  and  M^  are  connected 

Alternating  .    i  i  •  1  •/» 

current  shunt  with  constant  potential  supply  mams,  and  so,  if  we 
"^°  °^'  neglect  the  armature  reaction,  the  magnetic  field  is 

practically  constant  at  all  loads.  As  the  shunt  circuit  acts  like  a 
choking  coil,  the  current  in  it  will  lag  by  nearly  a  quarter  of 
a  period  behind  the  applied  p.d.  Since  the  armature  circuit 
is  in  parallel  with  the  windings  of  the  field  magnets,  the  current 
in  it  at  the  start  will  be  a'J)proximately  in  phase  with  the  field 
flux,  provided  that  the  armature  acts  like  a  choking  coil.  The 
initial  torque,  therefore,  in  this  case  will  be  high.  If,  on  the 
other  hand,  the  current  in  it  be  approximately  in  phase  with  the 
applied  p.d.  the  initial  torque  will  be  very  small. 

Hence  if  the  power  factor  of  the  machine  be  high,  the  torque 
will  be  small  and  vice  versd.  We  can  also  see  from  Fig.  184  that 
there  will  be  excessive  sparking  at  the  brushes,  as  the  coils  short 
circuited  by  them  are  in  a  rapidly  varying  magnetic  field.  For 
commercial  working,  therefore,  we  must  modify  the  machine  so  as 
to  raise  its  power  factor.  We  must  also  devise  means  to  prevent 
sparking  at  the  brushes. 
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One  method  of  raising  the  power  factor  of  a  shunt  motor  is  to 
put  a  condenser  of  suitable  capacity  in  series  with  the  shunt 
windings  so  that  resonance  ensues  and  the  current  in  the  field 
windings  is  approxiipately  in  phase  with  the  applied  p.d.  The 
diflSculty  of  this  method,  which  was  used  by  Stanley  and  Kelly, 
is  that  small  changes  in  the  frequency  upset  the  relation  between 
the  capacity  K  and  the  self  inductance  L  which  is  required  for 


Fig.  184.    Alternating  current  shnnt  motor. 

resonance,  namely,  a}^LK  =  l.  Small  changes  in  the  shape  of  the 
wave  of  the  applied  P.D.  also  produce  considerable  effects  in 
the  working  of  this  type  of  motor. 

An  ordinary  shunt  motor  will  work  satisfactorily  when  the 
current  for  the  armature  is  supplied  from  a  pair  of  the  mains 
of  a  two  phase  system  of  supply  and  the  current  for  the  shunt 
from  another  pair,  the  mains  being  chosen  so  that  the  applied 
potential  differences  differ  in  phase  by  ninety  degrees. 

The  principle  of  the  repulsion  motor  is  illustrated  in  Fig.  185. 
Repulsion  ^^^  polcs  of  the  stator  are  made  of  iron  stampings  and 

motor.  are  excited  by  an  alternating  current  got  from  the 

supply  mains.  The  rotor  is  practically  an  ordinary  direct  current 
armature  with  a  ring  winding,  and  a  commutator  on  which  slide 
two  short  circuiting  brushes  Bi  and  B^.     Let  us  suppose  that  the 
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planes  of  the  short  circuited  coils  make  angles  of  45°  with 
the  direction  of  the  magnetic  field.  In  this  position  the  induced 
currents  will  produce  forces  which  tend  to  move  the  coil  from  a 
stronger  to  a  weaker  region  of  the  magnetic  field.  The  torque 
produced  will  thus  be  in  the  direction  of  the  arrowhead.  An 
objection  is  sometimes  urged  against  this  tj^pe  of  motor  on  the 
ground  that  only  part  of  the  armature  windings  is  utilised.  Since, 
however,  the  coils  are  only  traversed  by  intermittent  currents,  the 
average  heating  is  much  less  than  if  they  were  always  in  the 
circuit.     The  permissible   intensity  of  the  current  in  the  con- 


Fig.  185.  Repulsion  motor.  B^  and  Bg  are  short  circuiting  pieces  pressing  on 
the  commutator.  If  B^  and  Bg  be  joined  by  a  wire,  the  machine  will  act  as  an 
induction  commutator  motor  and  will  rotate  in  the  opposite  direction. 

ductors  is  therefore  higher.  The  mere  fact  that  all  the  conductors 
are  not  carrying  current  at  the  same  time  is  thus,  from  the  point 
of  view  of  the  manufacturer,  not  a  serious  matter. 

If  we  place  a  copper  ring  in  an  oscillatory  magnetic  field 
due  to  an  alternating  current  in  a  coil  of  wire,  and  if  some  of 
the  lines  of  force  are  linked  with  the  ring,  the  phase  difierence 
between  the  current  induced  in  it  and  the  magnetic  field  will, 
in  general,  be  nearly  180"".  The  induced  currents  will  be 
practically  in  opposition  in  phase  to  the  inducing  currents,  just  as 
the  primary  and  secondary  currents  in  a  transformer  are,  when 
the  secondary  is  on  short  circuit.  By  imagining  the  coils  replaced 
by  their  equivalent  magnetic  shells,  we  see  that  there  will  be  repul- 
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sion  between  them,  the  opposing  faces  being  practically  always  of 
the  same  polarity.  It  is  also  easy  to  see  that  there  is,  in  general, 
a  couple  tending  to  turn  the  ring  so  that  its  plane  is  parallel 
to  the  direction  of  the  field.  When  it  is  in  this  position,  there 
will  be  no  induced  currents,  and  therefore,  no  electromagnetic 
forces  acting  on  it.  If  we  displace  it  slightly  so  that  it  embraces 
part  of  the  oscillatory  field,  the  induced  currents  always  produce 
a  torque  tending  to  make  the  flux  embraced  by  the  ring  a 
minimum. 

Let  us  suppose  that  we  have  a  circular  loop  of  wire  placed 
so  that  its  planQ  makes  an  angle  d  with  the  lines  of  force  in  an 
oscillatory  magnetic  field.  If  Hco^ilt  represent  the  strength 
of  the  field,  R  and  L  the  resistance  and  the  inductance  of  the 
loop  of  wire  and  8  its  area,  and  if  it  be  prevented  fi:om  turning, 
we  have 

j^{HSsmecosat)  =  Ri-\-Lj^, 

where  i  is  the  current  in  the  wire.  Thus,  solving  the  equation, 
we  get 

i  =  -  HSn  sin  6  sin  {Hi  -  ayiR"  +  Lm^)^y 

where    tan  a  =  Lil/R, 

Replacing  the  loop  of  wire  by  its  equivalent  magnetic  shell, 
we  see  that  the  mean  value  0  of  the  torque  on  the  loop  is 
proportional  to  the  mean  value  of  H cos cot.i. cos  0,  and  thus 

G  =  kHSn  sin  6  cos  6  sin  a/iR"  +  Dn^f, 

where  A  is  a  constant.     This  may  be  written  in  the  form 

G  =  (A:/2)  HSLa^  sin  2^/(iJ»  +  DSl^). 

The  torque  is  therefore  a  maximum  when  0  is  45°. 

When  the  amplitude  of  the  alternating  magnetic  field  is  not 
the  same  at  all  points,  we  have,  in  addition  to  the  torque  on  the 
coil,  acting  so  as  to  make  the  flux  embraced  by  it  a  minimum, 
forces  acting  which  tend  to  move  the  coil  from  places  where  the 
field  is  strong  to  places  where  it  is  weak. 

This  can  easily  be  seen  by  imagining  the  coil  replaced  by  its 
equivalent  magnetic  shell.  The  electromagnetic  repulsion  will 
obviously  be  greater  on  the  side  on  which  the  field  is  stronger. 
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Let  us  now  consider  the  efiFect  produced  by  joining  the  brushes 
Induction  ^^  ^^^  ^^  ^  ^^8-  185  by  a  conductor.     It  will  be 

Commutator  gecu  that  elcctromotive  forces  will  be  generated  in 
each  half  of  the  ring  and  the  resultant  voltage 
between  the  brushes  will  only  be  zero  when  the  rotor  is  at  rest 
and  the  line  joining  the  brushes  is  at  right  angles  to  the  line 
joining  the  middle  points  of  the  polar  faces.  In  general,  therefore,, 
there  will  be  a  current  in  each  half  of  the  ring  and  in  the  con- 
ductor. The  induced  polarities  in  each  half  of  the  ring  will  be 
pointing  in  the  same  direction  and  will  be  opposite  to  the  polarity 
of  the  inducing  magnet.  Hence  there  will  be  attraction,  and  the 
ring  will  rotate  in  the  opposite  direction  to  that  indicated  by  the 
arrow  in  the  figure.  The  induced  currents  in  the  coils  short 
circuited  by  the  brushes  will,  as  in  the  last  form  of  motor,  produce 
a  torque  opposing  the  motion,  and  this  will  lower  the  efficiency  of 
the  machine.  Special  precautions,  therefore,  have  to  be  taken  to 
prevent  the  currents  in  the  coils  short  circuited  by  the  brushes 
from  attaining  large  values.  For  this  reason,  in  some  cases  the 
windings  are  connected  with  the  commutator  by  means  of  strips 
of  high  resistance  metal,  or  the  brushes  are  laminated  in  such  a 
way  that  they  oflfer  a  great  resistance  to  the  transverse  flow  of 
current  across  them. 

Making  the  usual  assumptions,  it  is  easy  to  obtain  approximate 

equations   for  the  working  of  this   type  of  motor.     The  e.m.f. 

developed  in  the  rotor  by  induction  and  rotation,  as  in  the  case 

of  the  series  motor,  may  be  written  in  the  form 

di 
ifa)Cosa.i.+if sina-TT  , 
at 

where  the  symbols  have  their  usual  meaning  (p.  402).  The  equa- 
tion for  the  current  in  the  rotor  or  secondary  circuit  is  therefore 
of  the  form 

0  =  Mo)  cos  a .  ii  +  if  sin  ^-n  +  ^h  +  ^a  ^t^     (a), 

where  B^  is  the  resistance  of  the  conductor  connecting  the- 
brushes,  in  series  with  the  windings  of  each  half  of  the  armature 
in  parallel,  and  l^  is  the  self-inductance  of  this  circuit.  The 
equation  for  the  current  in  the  magnetising  circuit  is 

e  =  RrH  +  h^  +  Msmaf^ (6). 


414  ALTERNATING  CURRENT  THEORY  [CH. 

where  e  denotes  the  applied  P.D.  Equations  (a)  and  (6)  may  be 
taken  as  the  required  approximate  equations. 

Multiplying  (a)  by  i,  and  (fc)  by  i^,  adding  the  equations 
together  and  taking  mean  values,  we  get 

Fill  cos  7  =  RiA^  +  RJL^  +  Mod  cos  a .  A^^A^  cos  Oj  2 , 

where  Oij  is  the  phase  difiference  between  A^  and  A^,  If  we 
neglect  hysteresis  and  eddy  current  losses,  the  power  VA^co^'y 
given  to  the  motor  will  be  expended  in  heating  Rt^Ai^-^-R^A^,  and 
in  giving  mechanical  power  (?©  to  the  rotor.    We  have,  therefore, 

Ota  =  Mod  cos  a .  AiA^  cos  ttj  g , 
and  thus  (?  =  Jfcosa.  J-iiljCosaj  3. 

If  we  make  the  assumption  that  e  obeys  the  harmonic  law, 
complete  solutions  of  the  linear  equations  (a)  and  (6)  can  easily  be 
obtained.  To  a  first  approximation  they  represent  the  working 
of  the  motor  for  a  given  position  of  the  brushes.  Owing  to 
armature  reaction,  however,  if  we  vary  a,  we  also  vary  M,  and  this 
effect  is  very  noticeable  in  practice.  It  may  be  reduced  by  means 
of  special  windings  which  neutralise,  to  a  considerable  extent,  the 
field  produced  by  the  armature  currents.  Slits,  parallel  to  the 
axis  of  the  rotor,  are  sometimes  made  in  the  poles  so  as  to  increase 
the  transverse  reluctance,  and  thus  diminish  the  intensity  of  the 
transverse  field  produced  by  armature  reaction.  In  most  motors 
of  this  class  the  power  factor  is  low  at  all  loads,  and  for  a  given 
output  they  are  much  heavier  than  induction  motors.  The  start- 
ing torque,  however,  is  large. 

The  Arnold  motor  is  partly  a  repulsion  motor  and  partly  an 
induction  motor.  It  starts  as  a  repulsion  motor  and, 
o/motor.™*  once  it  has  attained  a  suitable  speed,  the  commu- 
tator is  automatically  short  circuited  and  the 
machine  runs  as  an  ordinary  single  phase  induction  motor.  A 
good  starting  torque  is  thus  secured,  and  the  efficiency  when 
loaded  is  satisfactory.  The  power  factor  is  also  much  higher  than 
for  the  repulsion  motor. 

The  Latour  motor  is  virtually  a  combination  of  a  repulsion 
motor  and  a  series  motor.  The  separate  field  magnet  coils  of 
the  ordinary  repulsion  motor  are  replaced  by  a  distributed  wave 
winding   embedded   in  slots.     After   passing  through   the  wave 
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windings  the  current  passes  through  the  rotor  by  means  of 
brushes,  the  line  joining  which  is  at  right  angles  to  the  line 
joining  the  brushes  jBi  and  Bj  in  Fig.  185.  This  motor  has  a  high 
efficiency  and  a  high  power  factor. 

The  principle  of  the  Winter-Eichberg  motor  is  practically  the 
same  as  that  of  the  Latour  motor.  Instead,  however,  of  letting 
the  main  current  pass  through  the  rotor,  an  auxiliary  current 
is  obtained  from  the  secondary  terminals  of  a  transformer,  the 
primary  of  which  is  connected  with  the  mains,  and  this  current 
is  led  into  the  rotor  by  means  of  brushes  pressing  on  a  commu- 
tator, in  a  similar  manner  to  the  way  the  main  current  is  led  into 
the  rotor  of  the  Latour  motor.  The  speed  of  the  rotor  can  easily 
be  varied  within  wide  limits  by  regulating  the  pressure  applied 
to  the  rotor  brushes. 
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lower  pressures  and  converted  into  direct  current  for  transmitting 
power  to  electric  tramways  or  for  lighting.  One  great  advantage 
of  converting  the  alternating  into  direct  current  is  that  we  can 
use  accumulators  for  storing  the  electric  energy  and  thus  easily 
diminish  the  fluctuations  of  the  load  and  so  raise  the  load  factor. 
The  conversion  may  be  done  by  means  of  motor  generator  sets 
(see  p.  176)  either  with  or  without  intermediate  transformers. 
The  motor  part  of  the  set  may  consist  of  a  three-phase  syn- 
chronous or  induction  motor,  and  the  generator  is  simply  an 
ordinary  direct  current  dynamo.  The  efficiency  of  the  combina- 
tion is  ^1^2  >  where  rji  is  the  efficiency  of  the  motor  and  rj2  is  the 
efficiency  of  the  dynamo. 

Instead  of  having  two  separate  machines  to  convert  the 
alternating  into  direct  current,  we  can  place  the  alternating  and 
direct  windings  on  one  armature.  The  alternating  current  neces- 
sary to  drive  the  machine  as  a  motor  can  be  supplied  through 
slip  rings  on  the  shaft  of  the  armature,  and  the  direct  current 
collected  from  a  commutator  on  the  same  shaft.  A  still  further 
simplification  can  be  made  by  combining  the  two  windings  into 
one  so  that  the  alternating  and  the  direct  currents  flow  in  the 
same  conductors.  The  winding  of  the  armature  is  practically  the 
same  as  that  of  a  direct  current  machine  and  the  commutator 
bars  are  connected  with  it  in  the  same  way.  The  slip  rings  are 
connected  with  armature  conductors  whose  angular  distances  fi:om 
one  another  equal  360°/^^,  where  2p  is  the  number  of  poles,  and  q 
the  number  of  phases.  A  machine  of  this  type  is  called  a  rotary 
converter. 

We  shall  first  consider  the  single  phase  rotary  converter.  Let 
„.    ,    V  us  suppose  that  we  have  a.  direct  current  bipolar 

Single  phase  •         .  .  . 

rotary  con-  dynenno  with  a  ring- wound  armature  (Fig.  186)  and 
that  two  commutator  bars  at  an  angular  distance 
apart  of  180°  are  connected  with  two  slip  rings  on  the  shaft. 
This  machine  will  be  a  simple  form  of  rotary  converter.  Let  us 
suppose  that  the  brushes  pressing  on  Si  and  S^  are  connected  with 
the  alternating  current  mains.  Let  us  also  suppose  that  the 
field  magnets  are  separately  excited  by  direct  current.  If  the 
frequency  of  the  supply  be  Q)/27r,  the  machine  will  run  as  a 
R.  II.  27 
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synchronous  motor  at  the  speed  <d  (Chapter  iv).  For  instance,  if 
the  frequency  were  60,  the  armature  would  make  (ft)/27r)  60,  that 
is,  3000  revolutions  per  minute  when  the  machine  ia  running  as 
a  synchronous  motor.  In  this  case,  if  the  armature  reaction  and 
the  resistance  of  the  armature  windings  be  negligible,  the  applied 
p.D.  has  its  maximum  value  when  ab  (Fig.  186)  is  vertical  and  is 
zero  when  ah  is  horizontal.  As  the  armature  rotates,  an  electro- 
motive  force  is   developed  between  the  brushes  Bi  and  B^  in 


Fig.  186.  Simple  form  of  siDgle  phase  rotary  converter.  Alternating  currents 
are  supplied  by  the  slip  rings  8^  and  82  and  direct  currents  are  taken  from  B^ 
and  Bo. 


exactly  the  same  way  as  in  a  direct  current  machine.  If  the 
number  of  the  commutator  segments  be  infinite,  this  electromotive 
force  E  will  be  constant,  and  will  equal  the  maximum  value  of 
the  applied  potential  diflference.  Hence,  if  the  applied  potential 
difference  e  follow  the  harmonic  law,  we  may  write 

e  =  Ecosa)ty 

when  we  reckon  t  from  the  instant  when  ab  is  vertical.  If  V 
denote  the  effective  value  of  e,  we  have 

F/^«=l/V2  =  0-707,  nearly    (1). 
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We  see  that,  when  the  applied  wave  is  sine  shaped,  the  voltage 
on  the  direct  current  side  got  from  a  rotary  converter  is  about 
forty  per  cent,  greater  than  the  eflfective  value  of  the  applied 
alternating  voltage. 

In  the  above  proof  we  have  neglected  the  effects  of  armature 
reaction.  In  getting  approximate  formulae  we  may  neglect  the 
eflfects  of  armature  reaction,  but  we  shall  see  later  on  that  in  the 
case  of  the  single  phase  rotary  converter,  the  armature  reaction 
is  appreciable.  It  not  only  distorts  the  wave  of  the  P.D.  between 
the  slip  rings  but  it  also  introduces  an  alternating  current  com- 
ponent into  the  direct  current  side. 

Let  us  suppose  that  the  brushes  B^  and  jBj  (Fig.  186)  are 
joined  through  a  resistance.  A  direct  current  will  now  flow  in 
the  armature  windings,  in  addition  to  the  alternating  current, 
and  will  magnetise  it  in  such  a  way  that  the  magnetic  forces 
produced  by  the  direct  current  component  of  the  field  will  tend  to 
stop  its  motion.  The  direct  currents  therefore  flow  in  the  same 
direction  as  they  do  when  the  machine  is  acting  as  a  dynamo. 
When  the  alternating  current  is  in  phase  with  the  applied 
electromotive  force,  we  see  that  the  alternating  current  component 
in  the  windings  will  always  be  flowing  in  opposition  to  the  direct 
current  component,  as  the  former  component  produces  the 
rotation. 

Let  A  be  the  effective  value  of  the  alternating  current,  G  the 
direct  current,  cos  ylr  the  power  factor  and  t)  the  efficiency  of  the 
converter.  The  power  expended  on  the  machine  is  VA  cos  yjr  and 
its  output  is  EG.     Hence 

V  =  EGKYA  cos  '>^)  and  A  =  EG /(vVcoa  ylr). 

If  the  current  and  the  potential  difference  waves  follow  the 
harmonic  law  and  if  the  voltage-drop  in  the  armature  windings 
be  negligible  when  compared  with  F,  we  have 

/={2/(,co8^)}0    (2), 

where  /  is  the  maximum  value  of  the  current. 

We  see  therefore  that  /  will  be  greater  than  2(7.  In  practice 
it  is  possible  for  rj  to  be  as  great  as  0*95  and  for  cos  i|r  to  be  within 
about  one  per  cent,  of  unity. 

27—2 
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We   shall   suppose   that  there  are   2m   coils   evenly   spaced 
round   the  circumference  of  the  ring,  so   that   the 
veioped  in  the     plaues  of  consocutive  coils  make  an  angle  irjm  with 
*""* "  each  other.     Let  us  first  consider  the   power  ex- 

pended in  heating  the  various  coils.  When  a6  is  in  the  position 
shown  in  Fig.  186,  the  current  %  in  the  coil  c  will  be  given  by 

i  =  (7/2) cos  (wt -it)-  C/2, 

where  cos  y^  is  the  power  factor  of  the  load  and  the  coil  c  is  to  the 

right  of  the  brush  B^.     When  it  is  to  the  left  of  this  brush 

we  have 

i  =  (7/2)  cos  (cot  -it)+  C/2. 

When  t  is  zero  the  line  ab  is  vertical.  Let  us  suppose  that  the 
plane  of  the  coil  c  makes  an  angle  7r/2m  with  ab  at  this  instant. 
The  current  i  in  the  coil  will  be  given  by 

I  =  (7/2)  cos  (cot  -it)-  0/2, 

from  t  =  0tot  =  T/2-  T/4m, 

and  i  =  (7/2)  cos  (cot  -  i/r)  +  (7/2, 

from  «  =  T/2  -  r/4m  to  T/2, 

Hence  if  r  be  the  resistance  of  this  coil,  the  mean  value  of  ri^  for 
the  half  of  a  period,  and  therefore,  the  mean  value  Wi  of  the  power 
expended  in  heating  the  coil  is  given  by 


rT/2-'T/4an  rT/2 

W,  =  (2r/T)  %\U+(^r/T)  i^dt 

Jo  J  Tli-TI*M 

rT/2 

=  (2r/y)J      {(I'/4,)coa''{wt-^ft)  +  C'/4,]dt 

(  l-T/i-Tlim 

-  (ICr/T)  j  j  cos  (at  - 1^)  dt 

—  I  cos{(ot  —  ^b-)dt> 

JTIi-T/4m  ) 

=  r  (/V8  +  CV4)  - (r/7r) sin  (7r/2m  +  ^|r).IC 

=  r  (G/2Y  {1  -  (4/7r)  sin  (7r/2m  +  yjr) .  (I/C)  +  (1/2)  (I/O^}. 

Similarly  if  TTj  denote  the  mean  power  expended  in  the  coil  d 
(Fig.  186),  we  get 

W,  =  r  (C/2y  {1  -  (4/7r)  sin  (37r/2m  +  ^) .  (I/C)  +  (1/2)  (I/Cy). 
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When  yft  is  less  than  7r/2  —  7r/m,  that  is,  in  the  normal  condition 
of  working,  we  see  that  TTj  is  less  than  TTi  and  therefore  the 
heating  of  the  coil  d  will  be  less  than  that  of  c.  When  yjt  is 
zero,  the  nearer  the  coil  is  to  a  segment  connected  with  a  slip  ring 
the  hotter  will  be  the  coil.  This  result  is  well  known  in  practical 
work. 

The  average  value  Wm  of  the  power  expended  in  heating  the 
mth  coil  is  given  by 

W^^r  (C/2y  {1  -  (4/7r)  sin  {(2m  -  1)  7r/2m  +  f} .  (I/C) 

+  (1/2)  (I /cy} 

=  Wi  +  (2/7r)  rIC  cos  (7r/2m)  sin  i/r. 
Hence  Tf„»  is  only  equal  to  Wi  when  -^  or  C  is  zero. 

In  Fig.  186,  the  heating  of  the  coils  e  and/ will  be  a  minimum 
and  the  heating  of  the  coils  c  and  h  a  maximum,  when  yfr  is  very 
small.  In  general,  the  coils  for  which  sin  {(2p  —  1)  Qrr/2m)  +  ^Ir]  is 
smallest  are  the  coils  which  heat  most,  and  the  coils  for  which 
{2p  —  1)  (7r/2m)  +  i/r  is  nearest  to  7r/2  are  the  coils  which  heat 
least.  A  maximum  value  to  the  power  expended  in  heating  a  coil 
is  r  ((7V4  +  P/S)  and  a  minimum  value  is  r  (CV4  +  I^/S  -  CI/tt). 

If  W  denote  the  mean  value  of  the  total  power  expended  in 
heating  the  armature,  we  have,  since  the  heating  of  the  two  sides 
of  the  armature  is  obviously  symmetrical, 

W=2(W^+W2+  ...  +  Wm) 

=  2mr  (C/2y  [1  -  (4/7r)  cos  ylt/{m  sin  (7r/2m)} .  (I/G) 

+  (1/2)  (I/Cy] .(3). 

Now  m  sin  (ir/2m)  increases  as  m  increases,  and  thus  the  total 
heating  is  greater  the  more  we  distribute  the  windings  on  the 
armature.  The  increase  of  the  heating,  however,  due  to  this 
cause  is  very  small  as  m  sin  (7r/2m)  only  increases  by  about  three 
per  cent,  as  m  increases  from  4  to  infinity. 

If  the  voltage  drop  in  the  armature  windings  be  negligible 
compared  with  F,  we  have  by  (2)  and  (3) 

W  =  2mr  (0/2)2  j-j  _  Sl{irr)m  sin  (ir/2m)]  +  2/rf  cos»  i/r]. 
Hence,  when  m  is  large,  we  have 

W  =  2mr  ((7/2)'  [1  -  IQ/it^r)  +  2/rf  cos^  i/r] (4). 

The  power  expended  in  heating  the  armature,  if  the  machine 
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were  acting  merely  as  a  dynamo  giving  the  same  output,  would 
be  2mr  (C/2y,  and  since  7)  cos  yfr  is  less  than  unity  we  see  that  the 
heating  of  the  armature  of  the  converter  will  be  greater  than  this. 
If  7)  and  cos  yjt  are  each  equal  to  unity  we  have 

Tr=l-38,2mr(a/2)« 
and  if  they  are  both  equal  to  0*9,  we  have 

Tr=2-25.2mr(C/2)^ 

Notice  that  2mr  is  the  resistance  of  all  the  armature  windings  in 
series  and  mr  is  the  resistance  of  each  half  of  the  armature 
windings. 

The  above  formulae  could  also  be  proved  as  follows.  We  can 
regard  the  current  in  every  coil  as  the  resultant  of  two  alternating 
currents,  one  of  which  (1/2)  cos  (cot  —  yft)  follows  the  harmonic  law 
and  the  other  ±  (7/2  is  rectangular  in  shape.  Now  by  Volume  I, 
p.  151,  the  phase  difiFerence  yjt^  between  a  rectangular  shaped  wave 
and  a  sine  shaped  wave,  when  the  time  lag  between  them  is 

-  7r/2  +  (2|)  -  1)  (7r/2m)  +  i/r, 
is  given  by 

cos  yft'  =  -  (2\/2/7r)  cos  {-  7r/2  +  (2p  -  1)  7r/2m  +  yfr} 
=  -  0-9003  sin  {(2p  -  1)  ir/2m  +  yfr}. 
Hence  we  find  at  once  that 

TTp  =  r  [/yS  +  CV4  -  2  (//2V2)  (a/2)  (2\/2/7r) 

sin{(2p-l)'7r/2w  +  i;r}], 
and  proceeding  as  before  we  get  the  same  formula  for  W. 

Since,  on  the  alternating  current  side,  a  rotary  converter  acts 
Armature  ^^^^  ^  synchrouous  motor,  it  runs  at  exactly  the  same 

reaction.  spood  at  all  loads.     If  o)/27r  be  the  frequency  of  the 

supply,  the  angular  velocity  of  a  bipolar  machine  will  be  co.  We 
shall  now  calculate  the  magnetising  forces  due  to  the  currents 
in  the  armature  windings  of  the  machine  shown  in  Fig.  186.  We 
shall  assume  that  the  currents  in  each  half  of  the  armature 
windings  are  equal.  Let  us  first  consider  the  eflfect  of  the 
alternating  current  (1/2)  cos  (cot  —  '^).  At  the  time  t,  ah  in 
Fig.  186  makes  an  angle  tot  with  the  vertical,  and  thus,  if  a  current 
%  flowing  in  each  half  of  the  ring  produces  a  magnetising  force 
2ki  in  the  direction  ah,  where  A?  is  a  constant,  we  see  that  the 
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vertical  component  of  the  magnetising  force  at  the  time  t  will 
be  2Id  cos  cot  and  the  horizontal  component  will  be  2ki  sin  cot 
Hence,  substituting  (1/2)  cos  (a>t  —  yjt)  for  i  and  taking  the  mean 
value  of  2ki  cos  cot  from  t  equal  to  zero  to  t  equal  to  T/2,  we 
get  for  the  mean  value  of  the  vertical,  that  is,  the  transverse 
component  J^\  of  the  magnetising  force,  due  to  the  alternating 
current,  the  equation 

J^\  =  (k/2)  I  cos  ylr, 
and  similarly  we  have 

J^'  =  (A/2)/sin^, 

where  ^'  is  the  mean  value  of  the  direct  component  of  the 
magnetising  force. 

The  magnetising  force  due  to  the  direct  current  in  the 
armature  windings  will  act  in  the  vertical  direction,  and  its 
magnitude  will  be  —  kCy  since  it  must  act  in  the  direction  opposite 
to  that  of  the  magnetising  force  due  to  the  alternating  currents. 
If,  therefore,  St  and  ^  are  the  mean  values  of  the  transverse  and 
direct  components  of  the  magnetising  forces  due  to  both  the 
direct  and  the  alternating  currents,  we  have 

and  ^=i(//2)sm^,  J  ^^^• 

By  (2)  we  see  that  ^9^t  is  also  given  by 

^t  =  {(l-v)/v]lcC (6). 

If  7f  were  unity  the  transverse  component  would  vanish,  and  if 
it  were  0*8,  we  would  have  S't  =  &C/4.  If  rf  were  0*5,  S^t  would 
be  equal  to  kC,  and  for  smaller  values  of  the  efficiency  it  would 
be  greater  than  kC.  Unless  therefore  the  efficiency  of  a  rotary 
converter  be  very  low  the  transverse  magnetisation  of  the  field  is 
much  smaller  than  when  the  machine  is  acting  as  a  direct  current 
dynamo  having  the  same  output. 

In  Fig.  187  a  diagram  is  shown  of  the  magnetising  forces 
acting  on  the  field.  If  yft  is  lagging  S'  acts  in  the  same  direction 
as  the  magnetising  force  due  to  the  field  magnet  ampere  turns 
(see  p.  137).  Now  by  diminishing  the  value  of  the  direct  current 
exciting  the  field  we  increase  yjty  and  thus  increase  the  magnetising 
eflfect  of  the  armature  reaction.     Some  machines  in  which  the 
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armature  reaction  is  large  will  run  with  no  direct  current  excita- 
tion at  all.  In  this  case,  however,  yjt  is  large,  and  so  the  efficiency 
is  low. 

In  practice,  rotary  converters  are  worked  at  the  excitation 
which  makes  the  alternating  current  a  minimum.  In  this  case 
the  transverse  magnetisation  is  small,  and  so  the  sparking  at 
the  commutator  brushes  is  slight  even  in  machines  which  spark 
considerably  when  working  as  dynamos. 


kiooa  ^ 


Field-magnet  ampere  turns. 


Aj^ain^ 


kC 


Pig.  187.    Magnetising  forces  prodaoing  the  magnetic  field  of  a  rotaiy 
isonverter.    The  resultant  transverse  component  is  almost  zero. 

In  the  preceding  section  we  have  considered  the  mean  eflfects 
of  the  armature  reaction  over  half  of  the  period 
current  com-  of  revolution  of  the  rotor.  Hence  any  eflfect  the 
d?rect  current  period  of  which  is  this  half  period  or  any  submultiple 
voltage.  ^£  ^^  ^^jjj  hsive  Cancelled  out.     We  shall  now  show 

that  there  is  an  important  component  that  has  to  be  taken  into 
consideration  in  the  case  of  a  single  phase  converter. 

The  field  produced  by  the  alternating  currents  is  an  oscillating 
one,  and  is  fixed  relatively  to  the  armature.  Owing  to  the  varia- 
tion of  the  reluctance  of  the  path  of  the  magnetic  lines  due  to  the 
magnetomotive  force  of  the  armature  currents,  this  oscillating 
field  does  not  necessarily  follow  the  harmonic  law  even  when  the 
currents  are  sine  shaped.  In  order,  however,  to  simplify  the 
problem,  we  shall  suppose  that  it  does.  In  this  case  the  oscillating 
field  can  be  resolved  into  two  component  fields  rotating  in  opposite 
directions.  The  magnitude  of  each  of  the  component  fields  is 
half  that  of  the  amplitude  of  the  oscillating  field.  One  of  the 
component  fields  will  be  fixed  in  space,  its  direction  making  an 
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angle  -^  with  the  vertical,  and  its  magnitude  will  be  proportional 
to  7/2.  Hence,  as  we  saw  in  the  preceding  section,  the  transverse 
and  the  direct  components  of  the  field  due  to  armature  reaction 
are  proportional  to  (1/2)  cos  -^  —  0  and  (1/2)  sin  yfr  respectively. 

The  other  rotary  component  of  the  oscillating  field  rotates 
with  double  the  angular  velocity  of  the  armature.  Hence  in  the 
half  period  it  will  have  glided  once  round  the  air-gap,  and  there- 
fore will  introduce  a  component  electromotive  force  into  the 
direct  current  side.  If  we  neglect  the  distortion  of  the  field 
produced  by  the  magnetising  effect  of  the  armature  currents  and 
suppose  that  the  excitation  is  adjusted  until  the  power  factor  is 
unity  (-^  =  0),  the  voltage  between  the  brushes  is  of  the  form 
E  +  a.Isin2a)t,  where  a  is  a  constant.  The  effective  value  of  the 
voltage  between  the  brushes  is  (E^  4-  a^iy2)'^  and  hence  it  varies 
with  the  load.  In  single  phase  converters,  therefore,  when  the 
armature  reaction  is  appreciable,  the  ratio  of  the  alternating  to  the 
direct  voltage  is  not  a  constant  even  when  the  resistance  of  the 
armature  windings  is  negligible. 

The  presence  of  the  alternating  component  in  the  direct 
voltage  can  be  shown  by  connecting  a  magnetic  and  a  hot  wire 
voltmeter  in  parallel  across  the  commutator  brushes.  The  diffe- 
rence between  their  readings  will  increase  with  the  load.  The 
weaker  the  exciting  field  the  more  marked  will  be  this  eflfect. 

We  shall  now  consider  the  case  of  a  two  pole  polyphase  rotary 
converter.     Let  us  suppose  that  the  machine  (Fiff. 

Two  pole  .  ^  ^  ,  ^  •    J  • 

polyphase  188)  has  a  ring  armature  with  a  Gramme  winding 

(Fig.  186),  and  let  n  be  the  total  number  of  turns  in 
one  phase ;  for  instance,  the  number  of  turns  between  A  and  J5. 
Let  there  be  q  phases  and  let  qn  =  2m,  so  that  7r/m  is  the  angle 
between  the  planes  of  consecutive  turns.  Let  ei  be  the  maximum 
electromotive  force  developed  in  one  turn  and  let  B  be  the  direct 
current  electromotive  force  between  the  commutator  brushes. 
Then,  neglecting  the  resistance  of  the  windings,  we  have 

E  =  ei  sin  ('rr/m)  +  ei  sin  (27r/m)  +  . . .  +  «i  sin  [(m  —  1)  ir/m} 
=  ei  cos  (7r/2w)/sin  (ir/2m). 

If  V  be  the  potential  difference  between  the  slip  rings  connected 
with  A  and  B,  and  if  the  plane  of  the  winding  connected  with  A 
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make  an  angle  (ot  with  the  vertical,  we  have,  when  the  resistance 
is  negligible, 

v  =  ei  sin  <ot  -f  e^  sin  {tot  +  irjm)  +  , . .  +  61  sin  {©f  +  (n  —  1 )  (irjm)] 
*=  61  sin  {(ot  +  (n  —  1)  (7r/2m)}  sin  (w7r/2m)/sin  (ir/^m) 
=  -ff  sin  {o)^  +  (n  - 1)  (ir/2m)}  sin  (w7r/2/n)/  cos  (7r/2m). 
Hence,  if  F  be  the  eflfective  value  of  v,  we  have 
F=  (^/V2)  sin  (n7r/2m)/cos  (7r/2m)  =  (iV\/2)  sin  (7r/g)/cos  (7r/2m). 

In  practice  m  is  very  large  and  so  we  can  write  unity  for 
cos  {it /2m).     Hence,  we  find  that 

F=(^/V2)sin(7r/2) (7). 

In  Fig.  188  the  windings  are  connected  in  mesh.  If  we 
construct  a  regular  polygon  of  q  sides  each  equal  to  F,  these  sides 
will  represent  the  mesh  voltages  in  magnitude  and  phase.     The 
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Fig.  188.     Two  pole  rotary  converter  for  eight  phases.     Slip  rings  and 
connections  for  one  phase  only  are  shown. 


star  voltages  of  the  system  will  be  represented  by  the  lines  joining 
the  centre  of  this  polygon  to  the  angular  points.  If  Vg  denote 
the  eflfective  value  of  the  star  voltage,  we  have 

F,=  F/{2sin(7r/g)}  =  ^/(2V2) (8). 

Hence  the  star  voltage  is  the  same  whatever  may  be  the  number 
of  phases. 
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In  practice,  the  machines  are  generally  multipolar.  The 
general  arrangement  of  the  brushes  and  slip  rings  in  this  case 
will  be  understood  from  Fig.  189.  On  the  direct  current  side, 
brushes  of  like  sign  are  connected  in  parallel,  and  on  the  alter- 
nating current  side,  circuits  of  the  same  phase  are  connected  in 
parallel  between  the  same  pair  of  slip  rings. 


Fig.  1S9.    Field  magnets,  direct  current  brushes,  commutator  and  slip  rings 
of  multipolar  three  phase  rotary  converter. 

Let  E  be  the  direct  voltage,  and  let  C  be  the  direct  current 
in  the  main  joined  to  one  set  of  brushes.  The  direct  current 
output  will  be  EG,  If  V  be  the  mesh  voltage  of  the  supply  and  A 
the  effective  value  of  the  alternating  current  in  each  of  the  three 
mains,  the  electric  power  received  by  the  machine  is 

VS  F^cosi/r. 

Hence  if  r)  be  the  efficiency 

EG  =  'n^JlVAco^^, 

and  thus  A  =  EC/(rf'^  Fcos  f). 

If,  therefore,  we  can  neglect  the  effect  of  the  resistance  of  the 
windings  on  the  ratio  of  E  to  V,  we  get,  by  (7) 

^  =  \/2  C/{v^S  sin  (tt/S)  cos  yjt}  =  2^/2G/(Sv  cos  yft)  . .  .(9). 
When  there  are  q  phases,  we  have 

A,^A/{2sm(T/q)}     (10), 

where  Ai  is  the  current  in  each  main  and  A  is  the  current  in 
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each  winding.  The  power  given  to  the  rotary  and  expended  on 
the  q  phases  equals  ^F^iCOS'^,  and  hence,  it  equals 

qVA  cos '</r/{2  sin  (7r/q)}. 

We  have,  therefore, 

EC  =  173  VA  cos  yfr/[2  sin  (ir/q)}, 

and  thus  by  (7) 

^  =  2^20/(317  cos  i/r)    (11), 

and  /  =  4(7/(^77  cos  i|r)    (12), 

where  /  denotes  the  maximum  value  of  the  alternating  current 
in  a  main.  For  given  values  of  rf  and  cos  yjt,  we  see  that  qA  is 
independent  of  the  number  of  phases,  and  thus  the  weight  of 
the  copper  used  in  the  mains  is  the  same  whatever  be  the  number 
of  phases  we  adopt. 

The  following  table  is  calculated  by  means  of  formulae  (7),  (8), 
(10)  and  (11).  Va  is  the  star  voltage  and  V  the  mesh  voltage 
of  the  supply.  A  is  the  current  in  the  main,  and  Ai  is  the  current 
in  the  winding  of  a  mesh  connected  armature. 


Slip  rings 

2 

3 

4 

6 

^ 

00 

V./E 

0-364 

0-354 

0-354 

0-354 

1/2  »J2 

0-354 

VIE 

0-707 

0-612 

0-500 

0-354 

sin  (ir/q)/^ 

0 

rjA  COS  yjr/C 

1-414 

0-943 

0-707 

0-471 

2^f2/q 

0 

r)AiCOa\lr/C 

0-707 

0-544 

0-500 

0-471 

V%8in(7r/^) 

0-450 

From  the  expression  given  above  (p.  426)  for  the  applied 
Heating  of  potential  difference  v  between  the  slip  rings>  we 
of  a^p'SJJphMc  deduce  that  the  current  i  in  the  winding,  when 
converter.  i}^q  angle  of  lag  is  yjt  and  the  converter  is  bipolar, 

is  given  by 

i  =  {1/2  sin  {ir/q)}  sin  {(ot  -  yfr  +  (n  -  1)  (ir/2m)}  ±  (7/2. 
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Let  us  suppose  that  t  is  zero  when  the  coil  of  the  winding  in 
connection  with  A  (Fig.  188)  is  immediately  under  the  top  brush. 
The  expression  for  the  current  in  this  coil  of  wire  is  got  by 
prefixing  the  negative  sign  to  (7/2,  in  the  above  formula,  for  the 
first  half  of  the  period,  and  the  positive  sign  for  the  second  half  of 
the  period.  Thus  if  TTi  denote  the  power  expended  in  heating 
the  coil,  we  get 

W,  =  r  [/ V{8  sin«  (tt/?)}  +  0/4  -  2  {CI/  4V2'sin  (ir/q)}  (2\/2/7r) 

cos  {{n  —  1)  7r/2m  —  i|r}]. 

Hence,  making  use  of  the  approximate  equation  (12),  we  find  that 

TTj  =  r  ((7/2)2  [1-16  cos  {irjq  -  7r/2m  -  ^)l[irqr)  cos  i/r  sin  (tt/^)} 

+  8/{g'V  cos^  i/r  sin'^  (W?)}]* 
since  nirj^m  =  irjq. 

Similarly,  if  W^  denote  the  power  expended  in  heating  the 

next  turn  of  wire,  we  have 

Tfj  =  r  (0/2)2  [1  _  16  cos  {irjq  -  37r/2m  -  yfr)/{'7rqri  cos  i/r  sin  (tt/j)} 

+  8/{9V  cos2  f  sin^  (Tr/q)}]. 

If  yjt  be  zero,  we  see  that  the  coils  directly  connected  with 
the  slip  rings  get  heated  most.  As  formerly,  however,  when  the 
current  is  lagging  or  leading  this  is  not  the  case.  For  instance, 
when  yft  equals  ir/q  —  7r/2m,  the  power  expended  in  heating  a  turn 
of  the  winding  increases  continuously  as  we  pass  from  one  slip 
ring  connection  to  the  next.  It  is  also  easy  to  see  that  for 
a  given  number  of  turns,  the  greater  the  number  of  phases, 
the  lower  will  be  the  temperature  of  the  coil  subjected  to  the 
maximum  heating. 

If  W  denote  the  total  heating  of  the  armature,  then 

W  =  2mr  (G/2y  [1  -  16/{7rqvn  sin  (7r/2m)} 

+  8/{g'V  cos*  i|r  sin*  (ir/q)}]. 
When  m  is  large  we  can  write  7r/2m  for  sin  (7r/2m),  and  thus 
W=R  (0/2)«  [1  -  16/(7r*7;)  +  8/{3V  cos* yjt  sin*  (ir/q)}] . . .(13). 

where  It  is  the  resistance  of  the  whole  armature  winding.  Putting 
q  equal  to  2,  we  see  that  (13)  reduces  to  (4).  It  has  to  be 
remembered  that  for  a  two  phase  converter  q  equals  4. 
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When  both   17  and  cos'^  are  unity,  we  get  from   (13)   the 
following  numerical  values. 


Number  of  phases,  q 

2 

3 

4 

6 

00 

(Armature  lieating)/{5  ((7/2)2} 

1-38 

0-564 

0-37 

0-26 

0-19 

The  ratio  of  W  to  R(C/2y  increases  very  rapidly  as  7}  and 
cos-^  diminish.  For  example,  when  the  number  of  phases  is 
infinite,  let  us  suppose  that  7)  and  cos  yjr  are  each  equal  to  0*9,  then, 
W  is  equal  to  0'43-B(O/2)^  and  when  rf  and  cosyfr  are  each  equal 
to  0-8,  W  is  equal  to  0-95ie(O/2)».  In  the  latter  case  the  heating 
of  the  armature  is  practically  the  same  as  when  the  machine  is 
acting  as  a  direct  current  dynamo  or  motor  only.  In  this  case 
also  for  a  three  phase  converter  IT  equals  l'76R(C/2y.  It  will 
be  seen  that  the  heating  of  the  armature  of  a  three  phase  converter 
is  less  than  the  heating  of  the  armature  of  a  direct  current  dynamo 
having  the  same  output  only  when  the  eflSciency  and  the  power 
factor  are  high. 

When  a  converter  is  running  with  the  direct  current  circuit 
open,  it  takes  a  certain  amount  of  power  from  the  alternating 
current  mains.  This  power  is  expended  in  overcoming  friction 
and  the  torque  due  to  hysteresis  and  eddy  current  losses.  If  we 
assume  that  this  is  approximately  constant  at  all  loads,  we  may 
write 

q VA  cos  i|r/{2  sin  (tt/^)}  =  EG  +  qVA^  cos ^^l[2  sin  (tt/j)}, 

where  Aq  is  the  current  on  no  load.  Substituting  for  E  its  value 
from  (7)  we  get 

ulcOSi;r  =  2V2%  +  AcOSl|ro (14), 

and  7;  =  2  V2  0/(2  V2  0  +  y^o  cos  i|ro). 

This  approximate  equation  for  t)  shows  us  that  at  small  loads  the 
efficiency  will  be  small.  An  approximate  value  of  the  heating 
of  the  armature  at  any  load  can  be  found  by  calculating  rj  by  this 
formula  and  then  substituting  for  77  in  equation  (13). 
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The  voltage  ratio  for  three  phase  converters  in  practice  does 
not  differ  much  from  the  value  0*612  we  found 
ratior°***^*  above  by  making  several  assumptions.  The  poles 
(Fig.  188)  of  a  bipolar  converter  only  embrace  a 
fraction  of  the  armature  surface  and  the  flux  under  the  poles 
is  concentrated  in  a  fairly  uniform  manner.  Outside  the  air-gaps 
under  the  polar  faces  there  are  practically  no  lines  of  force,  and 
the  induced  electro-motive  force  in  a  turn  is  almost  zero  as  soon 
as  it  leaves  the  extremity  of  a  polar  face.  In  general  therefore 
the  sine  curve  hypothesis  is  only  roughly  approximate.  It  is 
found  by  experiment  that  the  ratio  of  F  to  ^  in  polyphase  con- 
verters varies  with  the  ratio  of  the  polar  arc  to  the  polar  step. 


Volts  800 


"6000      8000     10000    12000  14000 
Excitation  in  ampere  turns 
Fig.  190.    Alternating  and  direct  current  voltage  in  a  150  kilowatt  four  pole 
three  phase  rotary  converter  for  different  excitations.    The  ratio  F/E =0*605  both 
for  increasing  or  diminishing  excitations. 


The  results  of  a  test  by  de  Marchena  on  a  150  kilowatt  three- 
phase  rotary  converter  are  shown  in  Fig.  190.  The  air-gap  of  this 
machine  which  has  four  poles  is  0*55  cm.  and  the  ratio  of  the  polar 
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arc  to  the  polar  step  is  075.  The  figures  obtained  show  that, 
within  the  limits  of  experimental  error,  the  ratio  of  F  to  ^  is 
constant  and  equal  to  0*605,  whether  the  excitation  is  being 
increased  or  being  diminished.  This  ratio  is  only  about  one 
per  cent,  less  than  that  obtained  on  the  sine  curve  h)rpothesis. 
A  similar  test  on  a  250  kilowatt  four  pole  three  phase  converter 
gave  the  ratio  as  0*615,  which  is  almost  in  exact  agreement  with 
the  theoretical  number.  The  air-gap  of  this  machine  is  0*35  cm. 
and  the  ratio  of  the  polar  arc  to  the  polar  step  0*7  6. 

We  shall  now  consider  the  armature  reaction  of  polyphase 
converters.  In  order  to  simplify  the  theory,  we  shall 
reartton'ln  assume  that  the  reluctance  of  the  paths  of  the 
?onvertc«.  magnetic  flux  due  to  the  magnetising  forces  of  the 
armature  currents  is  constant,  and  that  these  paths 
are  symmetrically  situated  relatively  to  one  another.  We  shall 
also  suppose  that  the  number  of  windings  is  infinite,  and  that 
the  currents  in  them  follow  the  harmonic  law.  If  the  number  of 
poles  be  2p,  a  magnetic  field  will  be  produced  gliding  backwards 
in  the  air-gap  with  an  angular  velocity  wjp.  The  field  produced 
therefore  will  be  fixed  in  space  and,  as  in  the  analogous  case  of  the 
bipolar  single  phase  converter,  we  find  that 

^,  =  A;{(5//4)cosi^-C}, 
and  3^  =k  (ql/4t)  sin  yfr, 

where  S^t  is  the  transverse  and  ^  the  direct  reactive  magnetic 
force  acting  on  a  pole,  and  /  is  the  maximum  value  of  the  alter- 
nating current  in  one  of  the  supply  mains.  If  the  efficiency  of 
the  converter  be  77,  we  have,  by  (12), 

(37/4)  cos  yfr  =  C/rj, 
and  thus 

.9^t  =  k{(l-v)MC. 

Hence  if  the  efficiency  be  100  per  cent,  ^t  is  zero.  If  in  addition 
the  power  factor  cos  yjt  be  unity,  ^  will  also  be  zero.  A  perfect 
rotary  converter,  therefore,  acts  like  a  synchronous  motor  in  which 
the  transverse  magnetisation  of  the  field  is  zero.  If  the  current 
be  lagging,  the  field  is  strengthened  by  the  armature  reaction  ^, 
and  if  it  be  leading,  the  aimature  reaction  weakens  the  field. 
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If  the  efficiency  of  the  machine  were  90  per  cent.,  the  transverse 
magnetisation  would  only  be  one-ninth  of  the  value  it  would 
have  if  there  were  only  the  direct  current  G  in  the  armature. 
If  the  efficiency  were  80  per  cent.,  it  would  be  a  quarter  of  that 
which  the  direct  current  acting  alone  would  produce. 

In  practice,  instead  of  having  an  infinite  number  of  windings 
symmetrically  arranged,  we  have  a  finite  number 
i^g%omponent  arranged  in  coils.  Thus  the  magnitude  of  the 
voltage?"^*  field  produced  by  the  armature  currents  is  not 
independent  of  its  angular  position  in  space,  and 
therefore  a  perfect  rotary  field  will  not  be  produced.  In  this 
case  the  greater  the  number  of  phases,  the  higher  will  be  the 
frequency,  and  the  smaller  the  amplitudes  of  the  alternating 
current  components  due  to  this  eflFect. 

In  a  g  phase  system,  for  instance,  there  will  be  q  slip  rings 
and  q  windings  connected  with  them.  We  may  suppose  that  the 
q  windings  are  exactly  similar  to  each  other,  and  hence,  after  an 
interval  Tjq,  the  potential  diflFerences  between  the  direct  current 
brushes  will  be  exactly  the  same  as  at  the  beginning  of  the 
interval.  The  period  of  the  alternating  component  of  the  voltage 
on  the  direct  current  side,  therefore,  will  be  the  qth.  part  of 
the  period  of  the  applied  potential  diflFerence.  These  pulsations 
may  cause  loss  due  to  the  eddy  currents  they  produce  in  the 
field  magnets.  Thus  it  is  advisable  to  have  a  large  number 
of  commutator  bars  and  to  make  the  field  magnets  of  laminated 
iron  stampings. 

In  practice  the  number  of  slip  rings  employed  is  3,  4,  6  or  12. 
Single  phase  converters  are  rarely  used  in  practical  work  as,  on 
heavy  loads,  some  of  the  coils  usually  heat  excessively,  and  there 
is  sparking  at  the  brushes  due  to  the  variations  in  the  flux  in  the 
armature  caused  by  the  armature  reaction.  When  6  or  12  slip 
rings  are  used,  the  amplitudes  of  the  pulsations  of  the  flux  are 
inappreciable.  It  is  to  be  noticed  that  a  six  phase  converter  can  be 
operated  from  three  phase  mains.  If  the  slip  rings  be  denoted  by 
] ,  2,  3,  4,  5  and  6,  then  1,  3  and  5  will  form  a  three  phase  system 
and  so  also  will  2,  4  and  6.  If  therefore  we  have  a  three  phase 
transformer  with  two  distinct  secondaries  mesh- wound,  and  having 
R.  II.  28 
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terminals  a,  b,  c  and  a',  b\  d  respectively,  we  can  run  the  converter 
by  connecting  a,  h  and  c  with  1,  3  and  5,  and  a\  V  and  c'  with 
4,  6  and  2. 

The  general  shape  of  the  characteristic  curve  of  a  rotary 
Finding  the  Converter  is  shown  in  Fig.  191.  The  armature  is 
armature  driven  at  coustaut  speed  and  the  excitation  is  varied, 

reaction  from  ,  .    •■■  , 

the  character.     Simultaneous  readings  being  taken  of  the  alternating 
curv  .         voltAge  V  between  the  slip  rings  and  of  the  exciting 
direct  current.     In  the  figure  PN  is  the  value  of  V  corresponding 
to  the  exciting  ampere  turns  ON. 


Volts 


O  N'  N        Excitation 

Fig.  191.  The  open  circuit  characteristic  curve  of  a  rotary  converter.  The 
armature  is  driven  at  a  constant  speed,  and  PN  gives  the  voltage  when  the  excita- 
tion is  ON, 

Let  V  denote  the  value  of  V  when  the  machine  is  loaded,  and 
let  P'N'  (Fig.  191)  equal  V\  Then  ON'  is  the  eflFective  value  of 
the  exciting  ampere  turns  and  thus 

k'I&myfr=^NN\ 

where  k'  is  a  constant  and  cos  -^/r  is  the  power  factor.  If  therefore 
we  know  the  characteristic  curve  and  the  values  of  /,  yfr,  V  and  V\ 
we  can  find  k\  We  are  thus  able  to  predetermine  the  value  of  V, 
and  therefore  also  the  value  of  E,  for  any  given  current  and  power 
factor.  The  constant  k'  therefore  can  easily  be  determined  experi- 
mentally. Its  value  depends  on  the  breadth  of  the  pole^ 
number  of  phases,  the  number  and  width  of  the  slots,  etc.,  anci  ^^ 
it  would  be  very  difficult  to  find  it  by  pure  calculation. 
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The  field  magnets  of  a  rotary  converter  may  have  their  wind- 
Com  oundin  ^°^®  Connected  in  shunt  between  the  direct  current 
a  rotary  brushcs,  OF  they  may  have   a  compound   winding. 

If  the  effective  value  of  the  potential  diflference 
applied  to  the  slip  rings  is  absolutely  constant,  that  is,  if  the 
resistance  and  self  inductance  of  the  mains  supplying  current  to 
the  rotary  converter  are  zero,  then  the  regulation  is  perfect  We 
can  in  this  case  annul  or  even  reverse  the  excitation  without 
sensibly  altering  the  voltage  on  the  direct  current  side. 

To  alter  the  voltage  on  the  direct  current  side  we  must  alter 
the  voltage  applied  to  the  slip  rings.  This  may  be  done  by  means 
of  a  variable  choking  coil  inserted  in  the  alternating  current  circuit, 
or  by  a  transformer  or  booster  which  has  a  variable  ratio  of  trans- 
formation. Let  us  suppose  that  the  excitation  is  adjusted  so  that 
we  have  a  power  factor  of  unity  on  no  load,  then,  when  we  alter 
the  applied  potential  difference,  the  power  factor,  as  a  rule,  will  no 
longer  be  unity  and  the  excitation  will  have  to  be  altered.  It  is 
important  that  this  be  done  automatically.  We  shall  therefore 
consider  what  the  resistance  per  turn  of  the  shunt  circuit  should 
be,  and  also  the  number  of  turns  of  the  series  windings,  in  order 
that  the  power  factor  may  be  unity  when  the  direct  current  circuit 
is  open,  and  also,  that  it  should  be  unity  when  the  direct  current 
voltage  is  E  and  the  current  C, 

Let  r  be  the  resistance  per  turn  of  the  shunt  winding,  so  that 
Ejr  gives  the  ampere  turns  of  excitation  due  to  the  current  in  the 
shunt  winding  when  E  is  the  direct  voltage.  Let  also  Wi  be  the 
number  of  turns  in  the  series  winding.  When  the  direct  current 
is  G  the  excitation  of  the  machine  is 

nfi  +  Ejr  +  F  V2^  sin  '^, 

where  A  is  the  effective  value  of  the  alternating  current,  and  k'  is 
a  constant  Now  by  hypothesis  -^  is  to  be  zero,  and  by  (7)  V  equals 
(El's/2)  sin  (tt/j),  and  thus  the  excitation  equals 

n,C  +  \/2V/{r  sin  (ir/q)}. 

From  the  chai-acteristic  curve  (Fig.  191)  we  can  find  the  excitation 
X  which  produces  the  voltage  F,  and  hence 

n,C-\-\/2V/{rsm{7rlq)]=X    (a). 

28—2 
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If  Xq  be  the  excitation  which  produces  the  no-load  voltage  F©, 
we  have 

V2Fo/{rsin(7r/9)}-^o    {b). 

Equation  (b)  determines  the  value  of  r,  and  from  (a)  we  can  then 
find  Til. 

If  we  put  an  inductive  coil,  or,  as  it  is  generally  called,  a 
reactance  coil,  in  the  circuit  of  the  leads  connecting  a  single  phase 
rotary  converter  with  the  supply  mains,  it  is  found  that  we  can 
both  raise  and  lower  the  potential  difierence  between  the  slip  rings 
by  altering  the  excitation  of  the  converter.  When  the  excitation 
of  the  converter  is  greater  than  that  required  for  the  maximum 
value  of  the  power  factor,  the  armature  reaction  tends  to  de- 
magnetise the  field,  and  so  the  phase  of  the  armature  current  is 
in  advance  of  the  phase  of  the  potential  difierence  between  the 
slip  rings.  The  reactance  coil  and  the  armature,  therefore,  act 
like  an  inductive  coil  and  a  condenser  in  series,  and  partial 
resonance  (Vol.  I,  p.  81)  occurs.  In  this  case  the  voltage  V 
across  the  slip  rings  can  be  greater  than  the  potential  difierence 
between  the  supply  mains.  Since  the  ratio  of  F  to  j^  is  nearly 
constant,  it  will  be  seen  that  we  can  vary  F,  and  therefore  also  E, 
through  an  appreciable  range  by  varying  the  excitation  of  the 
machine.  With  polyphase  converters  when  an  inductive  coil  is 
placed  in  each  lead  connecting  a  main  with  a  slip  ring,  a  similar 
regulating  efiect  on  E  is  produced  by  altering  the  excitation. 

Experimental  results  obtained  by  de  Marchena  are  shown 
graphically  in  Figs.  192  to  195.  The  machines  experimented  on 
had  outputs  of  150  and  300  kilowatts  respectively.     In  Fig.  192, 
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Fig.  192.  A  is  the  open  circuit  characteristic  of  a  150  kilowatt  three  phase 
converter.  B  shows  the  variation  of  the  voltage  with  the  load,  shunt  excitation 
only  being  used.  C  shows  the  variation  of  the  voltage  with  the  load  with  compound 
excitation. 
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the  curve  A  shows  how  the  voltage  on  the  direct  current  side  on 
open  circuit  varies  as  the  excitation  of  the  150  kilowatt  converter 
is  altered.  In  this  test  the  only  reactance  in  the  circuit  was  that 
of  the  transformer  which  supplied  the  converter.     The  curve  B 
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Fig.  193.    Efficiency  curve  of  a  160  kilowatt  converter.     The  normal  full 
load  is  250  amperes. 


shows  the  variation  of  j&  as  the  load  is  increased  when  a  shunt 
winding  only  is  employed.  The  curve  C  shows  the  variation  of  E 
with  the  load  when  the  compound  winding  is  used. 

In  Fig.  193  the  efficiency  curve  of  this  machine  is  shown,  and 
in  Fig.  194  the  V  curve  at  no  load. 
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Fig.  194.    V  curve  at  no-load  of  a  150  kilowatt  converter. 
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In  a  test  of  a  300  kilowatt  machine,  the  results  of  which  are 
shown  in  Fig.  195,  a  choking  coil  was  put  in  the  main  circuit. 
The  voltage  drop  across  the  terminals  of  this  choking  coil  at  full 
load  was  ten  per  cent,  of  the  total  applied  voltage.  Curve  A 
shows  how  the  voltage  on  the  direct  current  side  varied  with  the 
load  when  the  series  winding  was  connected  so  that  the  ampere 
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Fig.  195.  Load  characteristics  of  a  300  kilowatt  rotary  converter  having  a 
choking  coil  in  the  main  circnit.  A  is  the  characteristic  with  compoand  winding. 
B  is  the  characteristic  with  shunt  winding  alone.  C  is  the  characteristic  with 
compound  winding  when  the  series  windings  are  reversed. 


turns  due  to  it  increased  the  total  excitation.  Curve  C  shows 
how  the  direct  voltage  varied  with  the  load  when  the  current 
passed  through  the  series  coil  in  the  reverse  direction,  so  that  the 
excitation  diminished  as  the  load  increased.  Curve  B  shows  the 
result  of  a  test  with  the  series  coils  short  circuited. 

The  voltage  could  be  varied  from  512  to  584  volts  at  full 
load,  and  from  555  to  605  at  no-load,  by  means  of  the  regulating 
inductive  coils  in  the  mains.  By  altering  the  regulating  resist- 
ance in  the  shunt  coil,  when  the  series  coil  was  short  circuited,  the 
voltage  could  be  varied  from  512  to  595  at  full  load,  and  from  544 
to  640  at  no  load.     The  curve  A  shows  that  this  machine  can  be 
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compounded  so  as  to  give  almost  a  straight  line  for  the  curve  of 
the  voltage  on  the  direct  current  side  at  all  loads. 

A  converter  can  be  started  from  either  the  direct  or  the 
alternating  current  side.  If  we  start  it  from  the 
converters,  direct  Current  side,  it  is  started  in  the  same  way  as 
a  direct  current  motor.  Some  synchronising  device  is 
employed  to  indicate  when  it  has  obtained  the  proper  speed  and 
also  the  proper  moment  to  close  the  main  switch.  When  it  is 
started  from  the  alternating  current  side,  polyphase  currents  are 
taken  from  the  mains  by  means  of  a  pressure  reducing  transformer, 
and  pass  into  the  armature  by  the  slip  rings.  A  rotating  magnetic 
field  is  produced,  and  the  torque  due  to  the  eddy  currents  and  the 
hysteresis  in  the  iron  is  sufficient  to  start  the  armature  rotating. 
The  voltage  between  the  brushes  on  the  direct  current  side  now 
excites  the  field,  and  the  armature  finally  falls  into  step  with  the 
rotating  magnetic  field,  the  machine  acting  like  a  synchronous 
motor. 

During  the  start  the  field  magnet  windings  act  like  the 
secondary  circuit  of  a  transformer,  and  very  high  voltages  may 
be  generated  which  may  spark  across  and  break  down  the  insula- 
tion of  the  field  magnet  windings.  For  this  reason  the  field 
magnet  windings  are  sometimes  divided  into  four  sections  which, 
by  means  of  a  *  break  up'  switch,  are  on  open  circuit  during 
the  start  and  are  closed  when  the  speed  approaches  synchronism. 
When  the  machine  is  running  it  may  be  found  that  the  polarity 
of  the  field  magnets  has  been  reversed.  It  is  best  to  have  a 
double  pole  reversing  switch  in  the  main  circuit  so  as  to  obviate 
the  necessity  of  making  a  new  start  when  the  polarity  is  found  to 
be  reversed.  A  pole  indicator  or  a  suitable  voltmeter  will  show 
at  a  glance  whether  the  connections  need  to  be  reversed. 

Rotary  converters  as  a  rule  work  well  in  parallel ;  the  rotating 

parts  are  lighter  than  in  motor  generators,  and  thus 

Parallel         ^jjj^y  respoud  more  quickly  to  the  regulating  forces. 

When  the  loads  are  very  variable,  as  in  traction  work, 

the  converters  are  generally  compound  wound.     In  this  case  care 

must  be  taken  to  connect  the  series  windings  by  equalising  cables 
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in  exactly  the  same  way  as  ordinary  compound  direct  current 
machines  are  connected. 

Sometimes  phase  swinging  is  set  up  by  a  sudden  variation  in 
the  load.  A  variation  of  the  current  in  the  series  windings  alters 
the  ampere  turns  of  excitation,  but  the  flux  is  not  instantaneously 
modified.  Hence  some  machines  may  respond  more  quickly 
than  others,  and  thus  the  voltages  of  the  various  machines  may 
differ  and  current  oscillations  be  started.  To  prevent  this  effect, 
the  pole  pieces  are  sometimes  made  of  solid  metal  and  their  ends 
connected  with  copper  bridges,  thus  forming  closed  conducting 
circuits  which  tend  to  damp  out  oscillations  of  the  magnetic  field 
(p.  191).  This  procedure,  however,  lowers  the  eflBciency  of  the 
converters. 

When  a  rotary  converter  is  used  to  convert  direct  current  into 
alternating  it  is  called  an  inverted  rotary.   The  formulae 
rotary  found  earlier  in  the  chapter  still  apply  if  we  write  l/rj 

era.  ^^^  ^  .^  them,  and  notice  that  the  direct  current  side 
now  acts  as  the  motor  and  the  alternating  current  side  as  the 
generator.  Since  the  speed  of  a  direct  current  motor  depends  on 
the  excitation  of  the  field  magnets,  it  will  vary  with  the  magnitude 
and  the  power  factor  of  the  load.  If  the  load  be  inductive  the 
armature  reaction  will  weaken  the  field  (Fig.  17,  p.  33).  Hence 
the  speed  of  the  rotor  will  increase  and  so  also  will  the  firequency. 
If  /  sin  ylr  be  large  the  speed  may  be  dangerously  high.  For  this 
reason  a  separate  exciter  is  sometimes  fitted  on  the  shaft  of  the 
rotor,  so  that  if  the  speed  quicken  the  increased  current  in  the  field 
magnet  windings  may  neutralise  to  a  certain  extent  the  armature 
reaction  of  the  alternating  currents.  Inverted  rotaries,  however, 
are  Dot  often  used,  motor-generators  being  preferred. 

The  following  data  of  a  200  kilowatt  three  phase  converter, 
Data  of  a  made  by  the  General  Electric  Co.  of  America  and 

?Star^°^^"        installed  in  the  Brookljm   electric  station,  are  in- 

converter.  gtructivC. 

Number  of  revolutions  perminute  376 

Number  of  poles 8 

Frequency  of  the  alternating  current  (375  x  8)/(60  x  2)  i.e,  25 

Alternating  current  in  amperes  at  full  load   1500 
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Applied  alternating  voltage  82*8 

Direct  voltage  125 

Diameter  of  the  armature  in  cms 122 

Breadth  of  the  armatm^  in  cms 17*8 

Air-gap  in  centimetres    0*635 

Nimiber  of  slots  240 

Number  of  conductors  per  slot 2 

Number  of  commutator  bars     240 

Diameter  of  the  commutator  in  cms 92 

Number  of  rows  of  brushes    8 

Number  of  carbon  brushes  per  row 9 

Surface  of  contact  of  each  brush  in  sq.  cms 8 

Flui  per  pole  in  C.G.s.  units    4-38x10® 

Flux  density  in  the  field  magnets  at  full  load    1 2000 

Flux  density  in  the  air-gap  at  full  load 8000 

Flux  density  in  the  teeth  between  the  slots  at  full  load  21000 

Flux  density  in  the  armature  at  full  load   9500 

(polar  arc)/(polar  step) =0*637. 
(alt.  voltage)/(direct  voltage)=  7/^=0*633. 

The  following  table  gives  the  losses  and  the  maximum  rise  of 
temperature  of  this  machine  when  running  at  full  load  as  a  con- 
verter and  as  a  direct  current  dynamo. 

Converter  Dynamo 
C'^R  losses  in  watts                                 3500  6005 

Total  losses  in  watts  6500  9130 

Temp,  rise  of  the  armature  27**  C.  47"  C. 

Temp,  rise  of  the  commutator  36*  C.  52^*  C. 

If  we  assume  that  rj  =  1*00  and  cos  i^  =  1,  and  that  the  currents 
follow  the  harmonic  law,  the  ratio  of  the  C^R  losses  when  working 
as  a  converter  to  the  G^R  losses  when  working  as  a  direct  current 
dynamo  would  be  0'564j.  The  ratio  found  from  the  above  test  is 
0*583.  The  curve  of  the  applied  potential  difference  was  more 
peaky  than  a  sine  wave,  and  the  heating  losses  in  the  converter 
are  therefore  greater  than  they  would  be  if  the  wave  were  a  pure 
sine  curve.  As  a  rule,  the  flatter  the  wave  the  less  will  be  the 
heating  of  the  armature  windings  of  the  converter. 

When  the  rotor  of  a  converter  is  driven  mechanically,  we  have 

an  alternating  electromotive  force  developed  between 

current  the    slip  rings,   and   a   constant    potential    difference 

genera  ors.     j^^ij^ggji  the  brushcs.     It  cau   therefore  supply  both 
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direct  and  alternating  current  at  the  same  time.  A  machine 
constructed  on  this  principle  is  called  a  double  current  generator. 
These  machines  are  useful  when  a  power  station  has  to  supply 
a  constant  load  in  its  neighbourhood  and  a  variable  load  at  some 
distance  away.  It  combines  the  economy  of  a  direct  current 
supply  on  a  three  wire  system  and  the  economy  with  which 
power  can  be  transmitted  to  considerable  distances  by  high 
voltage  electric  current.  We  shall  only  consider  the  case  of 
polyphase  double  current  generators,  as  single  phase  arrangements 
are  rarely  used  in  practice. 


Fig.  196. 


Part  of  the  commutator  and  two  of  the  slip  rings  of  a  four  pole 
three  phase  doable  current  generator. 


The  theory  of  such  machines  is  almost  identical  with  that 
of  rotary  converters.  The  most  notable  diflFerence  is  that  in  the 
double  current  generator,  the  alternating  current  side  is  acting 
like  a  generator  and  not  like  a  motor.  The  alternating  currents 
in  the  armature  windings  therefore  will  generally  be  flowing  in 
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the  same  direction  as  the  direct  current,  and  hence  the  heating 
of  the  armature  and  the  transverse  magnetisation  of  the  field  will 
be  greater  than  for  a  rotary  converter. 

Part  of  the  commutator,  two  of  the  slip  rings,  two  brushes  and 
one  coil  of  a  three  phase,  four  pole,  double  current  generator  are 
shown  in  Fig.  196.  If  we  make  the  assumption  that  the  shape 
of  the  alternating  current  wave  in  a  winding  is  a  sine  curve,  and 
that  the  direct  current  wave  is  a  rectangle  (Fig.  197),  we  get, 


Fig.  197.    Current  waves  in  the  armature  of  a  double  current  generator. 

using  the  same  notation  as  in  the  corresponding  problem  of  the 
polyphase  rotary  (p.  429), 

F,  =  r  [/ V{8  sin«  {irjq)]  +  074 

+  0//{2  V2  sin  {irlq)] .  (2  V2/7r) .  cos  {irjq  -  7r/2m  -  ^)], 
Tf 2  =  r  [/ V{8  sin^  (tt/j)}  +  0  V4 

+  GZ'/{2  V2  sin  (tt/?)}  •  (2  V2/7r) .  cos  {irjq  -  37r/2m  -  i/r)] . 


Let  us  first  consider  the  case  when  -^  is  zero.  In  this  case 
the  smaller  7r/gr,  the  greater  will  be  the  heating  in  the  first  coil. 
The  coils  in  connection  with  the  slip  rings  are  the  least  heated, 
and  those  midway  between  them  are  the  most  heated.  In  the 
particular  case,  however,  when  -^  equals  irlq  —  7r/2m,  the  heating 
of  the  coils  connected  with  the  slip  rings  is  a  maximum.  We  also 
see  that  for  a  given  number  of  turns,  the  power  factor  being  unity, 
the  greater  the  number  of  phases  the  greater  will  be  the  heating 
of  the  coils.  The  greater  the  number  of  phases,  however,  the 
more  evenly  will  the  heat  developed  be  distributed  over  the  coils. 
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If  Wh  denote  the  total  heating  of  the  armature,  we  have 

=  2mr  [074  +  (CJ/tt)  cos  -^/{n  sin  (7r/2m)} 

+  /V{8  8in«(7r/3)}]. 

In  this  formula  /  is  the  maximum  value  of  the  current  in  a  main 
connected  with  a  slip  ring.  If  A  be  the  effective  value  (//V2)  of 
this  current,  and  if  m  be  large,  so  that  we  can  write  n7r/2m  or  ir/q 
for  n  sin  (7r/2m),  we  find  that 

Fa  =  iJ  (0/2)«  [1  +  (4  V2/7r«)  ?  cos  ^ .  (A/C) 

+  {llsin^i7r/q)}{AICy] (15), 

where  R  is  the  resistance  of  the  whole  armature  winding. 

We  see  at  once  from  this  formiila  that  if  A  and  C  remain  con- 
stant, the  heating  of  the  armature  is  a  maximum  when  the  power 
factor  is  unity  and  is  a  minimum  when  the  power  factor  is  zero. 

Let  us  suppose  that  the  power  generated  on  the  alternating 
current  side  is  p  times  the  power  generated  on  the  direct  current 
side,  so  that  qVAiCoaylr=:pEC.  By  (10),  2-4isin(7r/g')  =  -4,  and 
by  (7),  F=(J5;/V2)sin(7r/?).  Hence  AIG^2p'\/2l{qcosyfr\  and 
substituting  this  value  in  (15)  we  get 

Fa  =  iJ  (G/2y  [1  +  (16Mi>  +  8pV{9'  sin^  (ir/q)  cos«  1^}]. 
If  F  be  the  total  output  of  the  machine,  we  have 

C^W/{E(l+p)], 
and  thus 

W   -Ml    1  +  (le/TT')  p  +  8pV{g'  siD»  (TT/g)  COS'  ^r} 

In  the  particular  case  of  a  three  phase  machine,  we  have 
™.  _RW^  1  +  (16/7r'')f)  +  Z2j^l{21  cos"^) 

It  is  easy  to  see  that  for  a  given  output  W,  at  a  given  power 
factor  cos'^,  the  heating  of  the  armature  has  a  minimum  value 
when 

l-S/'ff' 

^     32/27 -8/7r»  + (32/27)  tan"  ^ 
0189 


0-376 +  1-185  tan' f 


,  approximately. 
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The  expression  for  the  minimum  value  of  the  power  expended 
in  heating  the  armature  equals 

_^  [1  _  (1  _  8/^)«/{i  - 16/^  +  32/(27  cos'  .fr)}], 

which  is  approximately  equal  to 

-^^ [1  -  00359/(0-564  +  1-185  tan« i^)]. 

Hence  this  minimum  value  is  not  much  smaller  than  when  the 
machine  is  supplying  W  watts  on  the  direct  current  side. 

The  transverse  armature  reaction  in  a  double  current  generator 
is  much  greater  than  in  a  rotary  converter.  The  formulae  (5)  for 
the  transverse  and  direct  components  of  the  magnetomotive  forces 
due  to  the  currents  in  the  armature  now  become 

^e  =  -*{(//2)cos^  +  a},) 
and  ^=-A;(//2)sin^,  J ^^'^• 

Thus  considerable  distortion  of  the  field  will  be  produced,  and  the 
sparking  at  the  brushes  will  be  worse  than  if  the  machine  were 
acting  as  a  direct  current  generator  having  an  output  EC,  The 
brushes  also  will  require  to  be  adjusted  if  the  load  alters,  unless 
some  compensating  device  be  employed  to  neutralise  partially  the 
distorting  effect  of  the  armature  currents  on  the  field.  Since  the 
machine  is  now  acting  as  a  generator,  the  armature  reaction  due 
to  a  lagging  current  will  tend  to  weaken  the  field  and  a  leading 
current  will  strengthen  it. 

It  is  necessary  to  construct  the  generator  so  that  it  acts 
satisfactorily  both  as  a  direct  current  dynamo  and  as  an  alternator. 
We  must  therefore  construct  it  as  a  high  speed  multipolar  direct 
current  dynamo  and  a  low  frequency  slow  speed  alternator.  The 
mechanical  difficulties  in  the  way  of  a  good  design  are  therefore 
considerable.  The  field  magnets  may  be  separately  excited,  other- 
wise a  shunt  or  a  compound  winding  may  be  used.  Since  the  ratio 
of  the  direct  to  the  alternating  voltage  cannot  be  altered,  it  is 
only  necessary  to  regulate  the  potential  diflerence  on  one  side 
of  the  machine.  This  is  generally  done  from  the  direct  current 
side,  as  the  alternating  potential  diflerence  can  easily  be  regulated 
at  either  end  of  the  transmission  line. 

Double   current   generators   are   obviously   of   great   use   for 
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distributing  power  when  the  direct  and  alternating  current  loads 
do  not  overlap. 

When  double  current  generators  or  rotary  converters  are  used, 
having  star  wound  armatures,  the  middle  main  of  the  three  wire 
direct  current  system  of  distribution  generally  employed  should  be 
connected  with  the  neutral  point  of  the  armature  windings,  and 
the  outer  mains  with  the  direct  current  terminala  It  has  been 
found  that  with  this  arrangement  75  per  cent,  of  the  full  load 
current  can  be  returned  by  the  middle  wire  without  upsetting 
the  balance  of  the  potential  differences  between  the  middle  and 
the  outer  mains  too  much.  This  method  of  distributing  power  has 
much  to  recommend  it. 
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We  shall  now  consider  some  of  the  problems  which  arise  in 
_^  connection  with  the  undereround  mains  and  overhead 

The  trans-  .  i    /.  ,  .     •  r      i  •      i 

mission  of  wircs  uscd  lor  the  transmission  of  electrical  power 
power.  ^^^^  considerable  distances.     We  shall  first  consider 

the  simplified  problems  got  by  neglecting  the  inductance  and  the 
capacity  of  the  lines,  and  then  briefly  indicate  how  approximate 
solutions  may  be  obtained  in  other  cases.  In  order  to  simplify  the 
problepa  as  much  as  possible,  let  us  consider  first  of  all  the  efficiency 
of  a  direct  current  two  wire  system. 

Let  P  and  P'  be  the  terminals  of  the  dynamo  at  the  power 
Direct  current  Station  (Fig.  198),  and  let  D  and  IX  be  the  terminals 
distribution.  ^£  ^Y^Q  motor  at  the  distributing  station.  Let  E  and 
El  be  the  potential  diflFerences  between  the  mains  at  the  power 
and  distributing  stations  respectively.  Let  also  C  be  the  current 
in  each  main  and  R^  the  resistance  of  each  main.  By  Ohm  s  law 
we  have 

E-Ei  =  2RiC  (1), 

and  therefore  EC  =  W+2RiC^ (2), 
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Graphical 
solution. 


for  small  values  of  cos-^  the  power  that  can  be  transmitted  is 
very  small. 

Equation  (6)  may  also  be  written  in  the  form 
Fcos  ^  =  Fi  cos  -^1  +  2RiA, 

This  suggests  a  graphical  solution  of  the  problem,  and 
to  make  our  proof  rigorous  we  shall  suppose  that  the 
electromotive  forces  and  currents  follow  the  harmonic  law.  Let 
OA  (Fig.  199)  be  the  vector  representing  F,  and  let  OC,  CB,  and 
BA  represent  2RiAy  2cd(Z  — if)-4,  and  Fj  respectively.  The 
angle  AOC  will  be  yjr,  the  angle  ANC  will  be  -^i,  and  the  angle 
0GB  will  be  a  right  angle.  We  shall  denote  the  angle  BOO  by  a, 
so  that  tan  a  equals  a>(L  —  M)IB^,  Then  projecting  OAB  on  00 
we  get 

Fcos  -^  —  Fi  cos  -^1  =  2jBi-4. 


Fig.  199.     V  is  the  p.d.  at  the  power  station,  and  V^  is  the  p.d.  at  the 
distributing  station.     OC  =  2RiA ,  BC=2(a(L-M)A. 
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Similarly  Fsin  -^  -  Fj  sin  yjr^  =  2g)  (Z  —  M)  A. 

Thus  we  find  that 

tan  ylr  =  [2(o(L''M)A  +  V^  sin  ylr,}l(2R,A  +  V^  cos  ^i). .  .(9). 

If  we  denote  the  line  OB  in  Fig.  199  hy  2Z  ,A  we  have 

and  V^  =  Fi*  +  4iZ^A^  ^^V^ZA  cos  (fi  -  a) (10). 

If  the  power  factor  cos'^i  of  the  load  equals  cos  a,  then  -^j 
equals  a  and  cos  -^  is  equal  to  cos  '^i.  If  -^i  is  less  than  a,  as,  for 
instance,  when  the  load  at  the  distributing  station  is  non-inductive, 
cos-^  is  less  than  cosi/ri,  and  if  -^i  is  greater  than  a,  cos'^  is 
greater  than  cos-^i. 

When  2Z ,A  (OB  in  Fig.  199)  is  small  compared  with  Vi  we 
have 

F=  Fi  +  2ZA  cos  (-^1  —  a)  approximately. 

Hence  we  see  that  for  given  values  of  F,  -4,  and  a,  Fj  diminishes 
as  -^1  increases  from  zero  to  a.  When  i^i  equals  a,  V^  has  its 
minimum  value  and  Fi  increases  for  greater  values  of  -^^ 

When  the  constants  of  the  line  are  given,  equations  (9)  and 
(10)  enable  us  to  find  F  and  -^  for  given  values  of  Fi  and  -^i. 

If  we  suppose  that  the  mains  are  short  circuited  at  the  dis- 
The  constants  tributiog  Station  we  see  that  2  (Z  —  M)  is  the  self 
of  the  line.  iuductauce  of  the  two  wires  in  series.  Hence,  by 
the  formula  given  on  p.  60  of  Vol.  I,  we  get 

2(L-M)  =  l  {0-00148  logio  (d/a)  +  0*000161  a}  henrys, 
where  I  is  the  distance  between  the  power  and  the  distributing 
station  in  statute  miles,  a  the  radius  of  each  main,  d  the  distance 
between  their  axes,  and  a  is  a  quantity  which,  for  the  frequencies 
used  in  practice,  may  be  taken  equal  to  unity.  If  we  are  calculating, 
however,  the  current  produced  by  a  high  harmonic  in  the  wave  of 
the  applied  P.D.,  a  may  be  appreciably  less  than  unity,  and  for 
very  high  frequencies  it  may  be  taken  equal  to  zero.  In  practice 
the  absolute  value  of  a  has  in  general  very  little  effect  on  the 
accuracy  of  the  calculated  value  of  L  —  M, 

Let  us  suppose  that  the  two  mains  are  each  No.  1  s.w.G.  The 
diameter  of  each  will  be  0*300  inches,  and  the  resistance  per  mile 

29—2 
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(Ri/l)  is  0-64  ohms  nearly,  at  60'' F.  If  we  suppose  that  the 
distance  between  the  axes  of  the  wires  is  18  inches  we  get,  by 
the  formula,  on  putting  a  equal  to  1, 

L-M=  {000074 log (18/015)  +  0-00008}  I 
=  0-0016i. 
When  the  frequency  ad/iir  is  25,  we  have 

w(L^M)^ 0-25 1,  and  R,  =  064^. 

Hence  since  tan  a  =  w  (i  —  if  )/lii  we  find  that  a  is  21*3°  and  the 
impedance  Z  is  0*69  Z. 

Let  us  now  consider  the  case  of  transmission  by  three  phase 
Three  phase  curreuts.  Let  Vi,  Vg,  and  Vs  be  the  potentials  of  the 
transmission,  three  terminals  of  the  line  at  the  power  station,  and 
Vi,  V2,  and  Vz   the  potentials  of  the  corresponding  terminals  at 


P" 


P'  12 

Fig.  200.     Three  Phase  Transmission  Line. 

the  distributing  station.  Using  the  same  notation  as  in  the  last 
section  and  neglecting  the  electrostatic  capacity  we  have 

where  ii,  ig,  and  %  are  the  currents  (Fig.  200)  in  the  mains.  We 
have  supposed  that  the  mains  are  arranged  symmetrically,  so  that 
the  mutual  inductance  between  any  two  of  them  will  be  equal  to 
the  mutual  inductance  between  any  other  two.  If  there  is  no 
fourth  wire  and  no  leakage  of  current  back  by  the  earth,  we 
must  have 

ii  +  ii  +  H  =  0, 
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and  thus 


}    (11). 


and  V,  =  Vs'  +  R,h  +  (L-  M)  ^ 

Now  Viii  +  Vaig  +  Vsis  is  the  power  Wg  being  given  to  the  line  at 
the  power  station  and  Viii  +  v^i^  +  v^i^  is  the  power  W received 
at  the  distributing  station  (see  Vol.  I,  Chap.  xi).  Hence,  multi- 
plying equations  (11)  by  ii,  I'a,  and  i^  respectively,  adding  them 
and  taking  mean  values  we  get 

F^=Tr+A(A^  +  ^«  +  ^^) (12). 

When  the  load  is  balanced 
A^  =  A^  =  A^^A\  Tr^  =  V3Fi.a4cos'f  and  Tr=V3Fi.2'^  cosi^i, 
where   F1.2  and   V^,^  are  the  potential   dififerences  between  the 
mains  1  and  2  at  the  generating  and  distributing  stations  re- 
spectively.    Hence 

VaFi-a^cos-f  =  F+3jBiil« (13), 

and  Fi.2Cosi|r  =  Fi.a'cos^i  +  V3i2i4  (14). 

Solving  the  equation  (13)  we  find  that 

A  =  {1/(2  VSiii)}  {Fi.2Cos  -f  ±  (Fi.2«cos2 -f  -  ^RJVf  ]...{!?>). 
The  efficiency  9;  is  given  by 

7i^WIWg=WI{W+^R^A^) (16), 

or  9;=l-V3iii^/(Fi.aCOS'f) (17). 

Also,  if  A^  and  A^  be  the  two  values  of  the  current  for  which  the 
power  W  transmitted  has  a  given  value,  and  if  ^1  and  9/2  are  the 
corresponding  efficiencies,  we  have 

A,^A,^  (1/V3)  (  V,,^R,)  cos  i/r, 

and  thus  ^^j  +  772  =  1.  The  efficiency  of  the  transmission,  there- 
fore, need  never  be  less  than  50  per  cent. 

From  (15),  we  see  that  the  maximum  value  of  the  power  trans- 
mitted is  Fi.2*cos^  i|r/(4iii).  We  have  found  that  for  a  single  phase 
plant  the  maximum  value  of  the  power  is  F^co8^i|r/(8iii).     Thus 
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by  adding  a  third  wire  we  have  doubled  the  maximum  amount  of 
power  that  can  be  transmitted  to  the  distributing  station.  We 
have  assumed  that  the  voltage  between  the  lines  and  the  power 
factor  is  the  same  in  the  two  cases.  It  should  be  noticed,  however, 
that  the  voltage  between  a  three  phase  main  and  ^arth  is  F1.2/V3, 
that  is  0*577  Fi.a,  while  the  voltage  between  a  single  phase  main 
and  earth  need  only  be  0*5  F. 

By  subtracting  the  second  from  the  first  of  the  equations  (11) 
we  get 

d 


Graphical 
solution. 


V1.2  =  «^i.a'  +  jRi  (ii  -  ia)  +  (Zr  -  Jf  )  ^  (ii  -  ta). 


Denoting  the  currents  in  the  arms  of  the  mesh  load  (Fig.  200)  by 
ixiiyy  and  %  respectively,  we  have 

ii  =  iz  —  iy  and  ia  =  ix  —  iz> 
and  therefore  ij  —  i^  =  2ig  —  4  —  '^  =  Sig,  if  4  +  iy  +  iz  =  0,  that  is,  if 
the  load  be  symmetrical  and  the  current  waves  in  the  arms  of  the 
mesh  contain  no  harmonics  of  frequency  3  (2n  + 1)/.     Hence 

.dig 


Vi-2  =  V1.2'  +  3iZii«  +  3  (i  -  Jlf ) 


dt 


Assuming  that   the   potential    differences   and   the   currents 
follow  the  harmonic  law,  the  diagram  (Fig.  201)  will  represent 


O  N 

Fig.  201.  Fi.a  and  V-^.^  are  the  potential  differences  between  the  mains  1  and 
2  at  the  generating  and  distributing  stations  respectively.  OC  gives  the  phase  of 
the  current  A'  in  the  arm  of  the  balanced  mesh  load  joining  1  and  2. 
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the  effective  values  of  the  various  quantities.     We  have  tan  a 
equal  to  w  (Z  —  M)/Ri  and  it  may  be  shown  that 
tsiJi^|r^{Sa)(L-M)A'  +  V^^ sin ^\ty\|{^R^A'  +  V^.^ cos -f ^j  . ..(18), 

where  i|r  is  the  phase  difference  between  Vi,^  and  the  current  A^ 
in  the  arm  of  the  balanced  mesh  load  at  the  distributing  station 
joining  the  mains  1  and  2,  and  '^^i  is  the  phase  difference  between 
F1.2'  and  A\  Since  we  suppose  that  the  load  is  balanced  and 
neglect  the  electrostatic  capacity  of  the  mains,  the  current  A^  will 
be  equal  to  the  current  in  the  phase  winding  of  the  armature  of 
the  generator  which  joins  the  terminals  2  and  I. 

We  also  have 

Vi^^  =  Fi./«  +  9Z^A'^  +  6  V^.^ZA'  cos  (1^1  -  a) 

=  Fi.;«  +  ^Z^A^  +  2V3Fi./Z^  cos  (1^1  -  a)    . .  .(19). 

When  V3Z.  A  {OB  in  Fig.  201)  is  small  compared  with  V^,^  and 
Fi./  we  have 

Fi.2  =  Fi./  +  V3Z^cos(>|ri-a)  (20). 

The  single  phase  equation  corresponding  to  (20)  is 
F=Fi  +  2Z^cos(^i-a). 

Thus  if  we  use  two  of  the  mains  as  a  single  phase  system,  and  the 
voltage  drop  is  to  be  the  same  in  the  two  cases,  the  current  must 
only  equal  ^34/2.  In  this  case  the  power  transmitted  for  a  given 
voltage  drop  at  the  given  power  factor  is  (1/2)  VSFul  cos  >|ri,  that 
is,  one-half  the  power  transmitted  in  the  three  phase  case. 

Let  us  now  compare  the  efficiency  of  a  single  phase  and  a 
three  phase  system  when  the  same  amount  of  copper 
SngicThwe''^    is  used  in  the  mains  in  the  two  cases.     If  iii  be  the 
^i^e**"*  resistance  of  each  main  in  the  single  phase  system, 

then  322i/2  will  be  the  resistance  of  each  main  in  the 
three  phase  system.  Let  the  power  W  transmitted  to  the  dis- 
tributing station,  the  voltage  between  the  mains,  and  the  power 
factor  be  the  same  in  the  two  cases.  Then  if  ils  denote  the 
current  in  each  of  the  three  phase  mains,  and  A^  the  current  in 
each  single  phase  main,  we  have 

Tr=  VSFiils  cos  -i^i  =  Fi^i  cos  1^1, 
and  therefore  A^  =\/3il3. 
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The  eflSciency  rji  of  the  single  phase  transmission  is  given  by 
and  the  eflSciency  17,  of  the  three  phase  transmission  by 

The  efficiency  is  therefore  higher  in  the  three  phase  case.  Also 
the  maximum  power  transmitted  in  the  three  phase  case  is 
F>cos2'f/{4(3i2i/2)},  that  is  F^cos^i^/CGiJi),  which  is  equal  to 
four-thirds  of  the  maximum  power  that  the  single  phase  line  can 
transmit. 

Let  us  now  consider  the  efficiency  of  star  connected  polyphase 
Com  aris  of  "^7^^^^^*  ^^^  voltagc  V  to  the  centre  of  the  star  being 
star  connected  the  Same  in  all  cases.  We  shall  suppose  also  that 
they  all  use  the  same  weight  of  copper  in  the  mains. 
Let  there  be  q  phases,  and  let  qR  be  the  resistance  of  each  main, 
so  that  the  resistance  of  all  the  mains  in  parallel  is  R,  Let  W  be 
the  power  transmitted,  and  let  A  be  the  current  in  each  main  of 
the  q  phase  system  and  cos  i|ri  the  power  factor  of  the  balanced 
load.     Then  the  ratio  of  the  power  lost  to  the  power  transmitted 

=  q (qR)  A^qVA  cos  i^O  =  qAR/V cos  -^i  =  WR/(r cos  yjr^y. 
The  efficiency  is  therefore  independent  of  the  number  of  phases. 
For  a  two  wire  direct  current  system  this  ratio  equals  WR/V^ 
Thus  except  when  cos  yfri  is  unity  the  polyphase  systems  are  less 
economical,  so  far  as  transmission  is  concerned,  than  a  direct 
current  system. 

If  the  polyphase  systems  are  mesh  connected,  and  if  the  voltage 
to  earth  be  the  same  in  all  the  systems,  the  problem 
o f*mSsh  ***"        is  the  same  as  the  one  discussed  in  the  precedu^ig^ . 
systems***  section.     The  efficiency  is  therefore  independent  of 

the  number  of  phases.  If  we  make  the  hypothesis 
that  the  voltage  V  between  consecutive  mains  is  to  be  the  same 
in  all  cases,  then,  if  the  same  weight  of  copper  is  also  used,  we  find 
that  the  ratio  of  the  power  lost  to  the  power  transmitted  equals 
q (qR)  A^qVA  cos ^^1/(2  sin  (tt/j)}]  =  RW  {2  sin  (7r/g)}V(Fcos  ^|r,y, 
when  q  equals  3,  =  3R  WK  V  cos  1^1)'. 
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when  q  equals  4,  =  2iZ  W/(Fcos  '^^j)*, 

and  when  q  equals  6,  =  i?TF7(Fcos  '^l)^ 

Hence,  as  we  might  have  anticipated  from  first  principles,  the 
efficiency  increases  rapidly  as  we  increase  the  number  of  phases. 
To  assume,  however,  that  a  constant  P.D.  between  adjacent  mains 
gives  a  proper  basis  for  comparing  the  relative  merits  of  polyphase 
systems  is  not  justifiable.  Let  us  consider,  for  instance,  a  six 
phase  system.  In  this  case  if  the  voltage  to  the  centre  of  the  star 
load  is  F,  the  voltage  between  adjacent  mains  will  also  be  F.  But 
the  voltage  between  opposite  mains  is  2F.  We  should,  therefore, 
compare  this  system  with  a  single  phase  system  the  voltage  of 
which  is  2F.  Putting  q  equal  to  2  and  F equal  to  2 Fin  the 
above  formula,  we  get  i?Tr/(Fcos'^i)*  for  the  efficiency  of  the 
single  phase  system  whose  voltage  is  2F,  and  thus  the  efficiencies 
are  the  same  in  the  two  cases. 

Let  Wg  be  the  power  at  the  generating  station,  and  let  the 

^    .  distribution  be  q  phase.     If  W  be  the  power  trans- 

Maximum  ^  .  . 

power  trans-       mittcd   and   qR  the   resistance   of   each   main,  we 

mitted  by  a 

polyphase  haVC 

»y«*«"-  Wg^W-^q.qR.A\ 

where  A  is  the  current  in  each  main.     Hence,  if  the  load  be 

qV[Aj{2  sin (tt/^)}]  cos  i^  =  TT  +  q^RA\ 
where  cos  i^  is  the  power  factor  of  the  load. 

Solving  this  equation  we  get 
A  =  [l/{4g22  sin  (tt/^)}]  [ F cos i^  ±  { F« cos^  y\t-lQRW sin^ (tt/j)}*]. 

The  maximum  posi^ible  value  of  the  power  transmitted  is 
therefore  [Fcos>|r/{sin(7r/g)}]7l6i?.  Now  it  is  easy  to  see  that 
F/jsin  (Tr/g)}  is  the  maximum  value  of  the  efifective  voltage 
between  any  two  points  on  the  armature  windings,  and  hence  if 
we  take  this  as  the  basis  of  comparison  for  dififerent  systems,  the 
maximum  value  of  the  power  transmitted  for  a  given  weight  of 
copper  is  independent  of  the  number  of  the  phases. 

Let  us  now  consider  the  effects  of  electrostatic  capacity  on  the 
Distributed  transmission  of  electrical  power  over  a  single  phase 
capacity.  |j[jj^     ^QY  short  distauces  a  concentric  main  may  be 
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employed,  but  for  long  distances  two  parallel  overhead  wires  are 
used.  As  the  resistances  of  the  mains  are  appreciable,  we  cannot 
imitate  the  electrostatic  effects  by  a  single  condenser,  and  thus, 
we  must  imagine  small  condensers  arranged  at  equal  distances 
apart  all  along  the  line  (Fig.  202).     Let  k  and  s  denote  the 
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F  F  \ 


A 

>    I  >'  > 


I 

£ 


O'  ^   P'     ^    N'  ^    ^A'  X' 

Fig.  202.    Model  of  single  phase  transmission  line. 

capacity  and  the  insulation  resistance  between  the  mains  per  unit 
length,  and  let  r/2  be  the  resistance,  and  Z/2  the  effective  induc- 
tance of  each  main  per  unit  length.  Now  A;  is  a  constant  and  we 
may  assume  also  that  s  is  constant.  When  the  initial  disturbance 
that  arises  when  the  circuit  is  closed  has  died  away,  we  may  con- 
sider that  r  and  I  are  also  constants.  A  maximum  value  for  I  is 
obtained  by  making  the  assumption  that  the  current  is  uniformly 
distributed  over  the  cross  section  of  the  mains,  and  a  minimum 
value  by  assuming  that  the  current  is  entirely  on  the  surface.  In 
the  latter  case  r  will  be  infinite  unless  we  make  the  further 
assumption  that  the  conductivity  is  infinite.  In  the  former  case 
r  can  easily  be  found.  For  bare  overhead  wires  k  can  be  calculated 
by  the  formulae  given  in  Chapters  iv  and  v  of  Volume  I,  and 
it  can  also  be  calculated  for  underground  mains  when  the  mean 
dielectric  coefficient  of  the  insulating  material  is  known.  In  the 
case  of  concentric  mains,  k  and  s  can  generally  be  obtained  from 
the  data  given  in  manufacturers*  catalogues.  If  a  be  the  length 
of  a  concentric  main,  the  insulation  resistance,  sja,  between  the 
mains  is  given  by 

sja  =  (o-/27ra)  log.  (r^/n), 

where  Vi  is  the  outer  radius  of  the  inner  main,  rg  the  inner  radius 
of  the  outer  conductor,  and  a  the  mean  resistivity  of  the  insulating 
material  in  c.G.S.  units.     By  Vol.  I,  p.  96,  we  have,  in  this  case, 
k'a  =  \a/[2\og.{r,/r,)}, 
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where  M  is  in  electrostatic  units  and  X  is  the  dielectric  coefficient. 

We  thus  find  that 

k*8  =  o*X/47r. 

We  shall  now  find  the  differential  equations  which  the  current 
and  electromotive  force  have  to  satisfy  at  points  on  the  trans- 
mission mains  of  a  two  wire  alternating  current  system,  and,  as 
only  a  very  elementary  discussion  can  be  given,  we  shall  make  the 
assumption  that  we  can  consider  r  and  I  constant. 

Let  us  suppose  that  the  circuit  is  divided  up  into  an  infinite 
number  of  little  sections,  similar  to  PNN'F  (Fig.  202),  and  let 
PN  be  equal  to  dx.  The  capacity  and  insulation  resistance 
between  PN  and  P'N^  are  kdx  and  sjdx  respectively.  The 
resistance  of  PN  and  N'P"  in  series  is  rdx,  and  the  effective  in- 
ductance due  to  the  lines  linked  with  the  currents  in  PN  and 
N'P^  is  Idx.    If  e  be  the  potential  difference  between  P  and  P\ 

e  +  (de/dx)  dx 

will  be  the  potential  difference  between  N  and  N\  The  difference 
between  these  two  pressures  will  be  equal  to  the  sum  of  the  e.m.f. 
rdx  ,i  required  to  drive  a  current  i  through  a  resistance  rdx  and 
the  E.M.F.  Idx.di/dt  required  to  overcome  the  inductive  E.M.F. 
Putting  this  into  symbols,  we  get 

e—le  +  '-r-  dxj  =  rdx .  i  +  Idx .  -^ , 

and  therefore  — —  =  ri  +  l^,  (21). 

dx  dt  ^ 

di 
If  i  be  the  current  at  P,  i  +  ^-  dx  is  the  current  at  N,     The 

dx 

difference  between  these  two  currents  will  be  the  sum  of  the 

leakage  current  edx/s,  and  the  condenser  current  kdx .  de/dt     We 

therefore  have 

i  —  f  i  +  -7-  dxj  =-dx-\-  kdx  .  -r.  , 

and  hence  — T-  =  -  +  k^n    (22). 

dx     s        dt  ^ 

The  values  of  e  and  i  at  points  on  the  line,  therefore,  must  satisfy 
the  differential  equations  (21)  and  (22).  In  addition,  they  must 
satisfy  the  given  initial  and  terminal  conditions. 


460  ALTERNATING   CURRENT  THEORY  [CH. 

In  the  general  case  the  solution  is  complicated,  but  in  the 

special  case  when  Ijr  equals  ks,  the  equations  C€in  be 

which  there  is     solvcd  easily.     In  this  case,  the  equation  (21)  can  be 

no  distortion.  .   ,         •      .  i       t* 

wntten  m  the  form 

de      jfl^d\, 

-s-;(;4)« « 

where  T==l/r  =  ks,  and  v  =  l/Vlk, 
Similarly  (22)  becomes 

-E«=;(;4)' <2*)- 

We  saw  in  Volume  I  (p.  141),  that 

tofc  ^  1, 

where  Iq  is  the  inductauce  of  the  line  per  unit  length  when  the 
resistivity  of  the  metal  forming  the  line  is  zero,  and  k'  is  the 
capacity  of  the  line  per  unit  length  in  electrostatic  measure.  We 
saw  also  (Vol.  I,  p.  96)  that  A'  equals  k  (3 .  W%  and  hence  we 
find  that  3 .  10^®=  Ijs/ljc,  In  practice,  neither  the  conductivity  of 
the  wire  nor  the  frequency  of  the  alternating  current  is  infinite ; 
the  current  therefore  is  not  wholly  on  the  surface,  and  so  I  must 
be  greater  than  Iq,  It  follows  that  the  maximum  possible  value  of 
the  quantity  v  in  equations  (23)  and  (24)  is  the  velocity  of  light, 
that  is,  3  .  10^®  cms.  per  second. 

Let  us  suppose,  for  instance,  that  we  have  two  parallel  cylin- 
drical solid  wires  each  of  radius  a,  and  that  d  is  the  distance 
between  their  axes.     For  low  frequencies,  we  have 

t;  =  3  .  10'«  [{4  log.  (d  +  Vd2-4a»)/(2a)}/{4  log. (dja)  +  l}]v« 

(see  Vol.  1,  pp.  60  and  141).  This  equation  shows  us  that  v  is 
practically  equal  to  3 .  10^®  when  d  is  large  compared  with  a,  and 
that  V  is  very  small  when  the  wires  are  nearly  touching.  If  d  were 
equal  to  10a,  we  would  have  v  =  2*84 .  10^®. 

By  adding  together  the  equations  (23)  and  (24)  we  find  that 
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and  therefore    ^  («  +  Ivi)  e^'^  + 1^  -7-  (e  +  Ivi)  e*'^  =  0. 

The  solution  of  this  equation  is 

{e  +  lvi)e*f^  =  F^{x^vt)  (25), 

where  ^1  {x)  is  the  function  of  x  which  gives  the  value  of  e  +  Ivi  at 
all  points  on  the  main  when  t  is  zero. 

This  solution  may  be  verified  at  once  by  diflPerentiation. 
Similarly  by  subtracting  equation  (23)  from  (24),  and  proceeding 
as  before,  we  get 

{e'-lvi)e^'''==F^{x^vt)  (26). 

By  adding  (25)  and  (26)  we  get 

2e  =  €-<'^J^i(a;-t;0+€-«/^J?;(a?4vO    (27). 

Also,  by  subtracting  (26)  from  (25),  we  find  that 

2lm  =  e-*i^F^{x-vt)'-e-^f''F^{x-¥vt)  (28). 

If  we  suppose  that  the  origin  is  moving  along  the  main  to  the 
right  with  a  velocity  v,  then,  at  the  time  ty  the  value  of  e  +  Ivi  is 
given  by  e"*'^  ^1  {x\  where  x  is  the  distance  of  a  point  on  the  main 
from  the  moving  origin.  If,  therefore,  the  mains  are  infinitely  long 
and  if  their  conductivity  is  perfect,  the  initial  value  of  6  +  Ivi, 
which  is  represented  by  Fi  (x),  glides  bodily  to  the  right  with  the 
velocity  of  light.  If  the  conductivity  of  the  mains  is  not  perfect, 
that  is,  if  T  is  not  infinite,  e  +  Ivi  glides  to  the  right  with  a  velocity 
less  than  that  of  light,  and  with  continually  diminishing  ampli- 
tude. The  distribution  in  space,  however,  of  e  +  lvi  is  always 
similar  to  its  initial  value.  The  wave  thus  suffers  no  distortion 
although  it  may  be  rapidly  dying  away. 

Equation  (27)  shows  us  that  the  electromotive  force  wave,  and 
therefore  also  the  distribution  of  the  electrostatic  charges  along 
the  main,  may  be  regarded  as  due  to  the  motion  of  two  waves, 
moving  in  opposite  directions  with  velocities  less  than  the  velocity 
of  light.  For  instance,  suppose  that  initially  one  metre  of  the 
positive  main  has  a  charge  of  one  microcoulomb  uniformly  dis- 
tributed over  it,  and  that  a  metre  of  the  negative  main,  exactly 
opposite  to  it,  has  a  negative  charge  of  one  microcoulomb.  Let  us 
suppose  also  that  initially  all  the  remaining  part  of  the  mains 
is  at  zero  potential.     We  see  by  (27)  that  the  positive  charge 
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(Fig.  203)  separates  into  two  equal  charges.  One  half  moves  to  the 
right  and  one  half  to  the  left  with  velocity  v,  and  the  shape  of  the 
wave  being  a  rectangle  initially,  each  of  these  waves  is  rectangular. 
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Fig.  203.  Transmission  of  electric  waves  along  wires.  The  lines  represent  the 
wires,  the  rectangles  the  magnitude  and  position  of  the  charges  due  to  the  positive 
and  negative  waves. 

Exactly  the  same  phenomenon  happens  in  the  negative  main  and 
so  the  charges  move  as  indicated  in  Fig.  203.  The  initial  positions 
and  values  of  the  charges,  on  the  given  assumption  are  indicated 
in  I.  In  II,  the  positive  and  negative  waves  are  beginning  to 
separate.  In  III,  they  are  on  the  point  of  separating  and  in  IV 
they  have  separated.  When  t  equals  t  the  charge  on  either  main 
will  have  diminished  to  1/e  (or  approximately  37  per  cent.)  of  its 
initial  value. 

The  analogy  of  the  electric  waves  in  the  special  case  we  are 
considering  with  the  longitudinal  or  torsional  vibrations  of  an 
elastic  bar  or  of  a  stretched  string  is  very  close.  From  (27)  we 
see  that 

The  equation  for  the  longitudinal  vibrations  of  a  bar  is 

where  x  is  the  abscissa  of  a  section  of  the  bar  in  the  position  of 
equilibrium,  and  a?  +  f  is  its  abscissa  at  the  time  t  In  the 
equation  for  the  vibrations  of  the  bar  v^  is  q/p,  where  q  is  Young's 
modulus  and  p  is  the  density  of  the  metal  forming  the  bar. 
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Equations  (26)  and  (25)  show  that  e  —  Ivi  is  a  negative  wave, 
that  is,  one  which  moves  to  the  left,  and  e  +  Ivi  is  a 

Positive  and  .   .  .  i  •   i  i         . 

negative  positive  wave,  that  IS,  one  which  moves  to  the  right. 

^  ^  '*  We  have  supposed  that  the  mains  are  of  infinite 

length,  so  that  there  are  no  reflections  or  other  interferences.  If 
€  equals  Ivi,  there  is  a  positive  wave  only.  We  may  say,  there- 
fore, that  e  equal  to  Ivi  is  the  characteristic  property  of  a  positive 
wave.     In  this  type  of  wave  we  see  by  (25)  that 

2e  =  e~*''''  Fi  (x  —  vt),  and  i  =  e/lv  =  kve. 
Since   ke   denotes   the   charge   on  the    positive   main   per   unit 
length,  we  see  that  this  charge  multiplied  by  the  velocity  v  is 
equal  to  the  current  i.     In  a  positive  wave  we  have 

(1/2)  li^  =  (1/2)  Ik^'^  =  (1/2)  ke\ 
that  is,  the  electi:omagnetic  energy  at  any  instant  equals  the  elec- 
trostatic energy.     We  also  have  ri^  =  e^/Sy  which  shows  that  the 
energy  expended  in  heating  the  mains  equals  the  energy  expended 
in  leakage  currents. 

Since  the  equations  e=lvi  and  e=—lvi  express  the  characteristic 
properties  of  positive  and  negative  waves  respectively,  it  follows  that 
e  and  i  have  the  same  sign  in  a  positive  wave  but  opposite  signs 
in  a  negative  wave.  In  both  kinds  of  waves  the  electromagnetic 
energy  at  any  instant  equals  the  electrostatic  energy.  When  two 
waves  travelling  in  opposite  directions  meet,  the  resultant  e  is 
obtained  by  adding  the  values  of  e  for  each  wave  together,  and 
the  resultant  i  is  obtained  by  adding  the  values  of  i  for  each 
wave.  If  the  positive  and  negative  waves  are  exactly  equal  and 
similar,  then,  at  the  instant  when  they  are  superposed,  e  is  doubled 
and  i  is  zero ;  but,  if  the  electrifications  are  opposite  e  is  zero  and 
i  is  doubled.  In  the  first  case  the  energy  is  all  electrostatic,  and 
in  the  second  case  it  is  all  electromagnetic.  It  is  to  be  noticed 
that  the  waves  pass  through  one  another  without  producing  any 
interference,  the  attenuation  of  each  wave  during  the  overlapping, 
proceeding  at  exactly  the  same  rate  as  if  the  other  were  absent. 

When  the  length  of  the  mains  is  finite,  the  terminal  conditions 
The  reflection  ^^  ^^^  ideal  casc  WO  are  investigating  can  be  found 
and  transiiiis-     without  difficulty.     If  onc  pair  of  the  ends  of  the 

sion  of  waves.  .  ..,..,  ,    . 

mams  be  on  open  circuit,  the  incident  wave  e  +  Ivi 
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must  give  rise  to  a  reflected  wave  e  —  Ivi,  since  there  can  be  no 
currents  at  the  ends.  If  they  be  connected  together  through  a 
non-inductive  resistance  iZ,  there  will  be  a  reflected  wave  e  —  Ivi, 
and  the  current  in  the  bridge  i  +  i'  will  be  equal  to  {e  +  e')IR, 
Since  e  =  Ivi,  and  e  =  —  lvi\  we  have,  therefore, 

ejlv  -  efjlv  =  (6  +  e')/iZ, 

and  thus  e'je  =  (R-  lv)/{R  +  lv\ 

and  i'/i  =  -  (22  -  lv)/(R  +  Iv). 

In  proving  the  above  equations,  first  given  by  O.  Heaviside, 
we  have  assumed  that  the  disturbance  of  the  electrostatic  and 
electromagnetic  lines  by  the  charges  on,  and  the  current  in,  the 
terminal  bridge  is  negligible.  When  R  is  large  this  is  very 
approximately  true,  but  when  R  is  small,  there  will  obviously  be 
a  considerable  departure,  near  the  end  of  the  line,  from  the  normal 
conditions.  In  the  latter  case,  therefore,  the  solution  will  be  only 
approximate. 

When  R  is  greater  than  Zv,  e  is  less  than  e,  and  the  reflected 
wave  is  less  than  the  incident  wave.  When  R  equals  Iv,  both  e' 
and  I  are  zero.  In  this  case,  therefore,  there  is  no  reflected  wave, 
the  incident  wave  being  completely  absorbed,  the  energy  of  the 
wave,  (ke^/2  +  li^/2)  a'  =  Ivi^  a'/v,  being  converted  into  heat  in  the 
connecting  resistance  Iv.  We  have  supposed  that  a'  is  the  length 
of  the  wave.  When  R  is  less  than  Iv,  e'  is  negative  and  i'  is 
positive,  and  we  have  a  recedent  wave,  the  electrification  being 
reversed.  Finally,  when  R  is  zero,  the  recedent  wave  equals  the 
incident  wave  in  magnitude,  the  charges  (Fig.  203)  on  the  two 
mains  simply  changing  places  at  the  far  end  of  the  line  and  main- 
taining their  constant  velocity  v  round  the  circuit.  The  positive 
charge  thus  goes  through  the  negative  charge  without  having  the 
slightest  effect  on  it.  They  obviously  cannot  neutralise  one 
another  as  this  would  have  the  eifect  of  destroying  the  electro- 
static and  the  electromagnetic  energy  of  the  system. 

It  is  to  be  noticed  that  in  the  preceding  discussion  we  have 
considered  the  case  of  a  circuit  with  uniform  leakage 

Formulae  ,  .  .*^ 

for  normal  of  such  a  valuc  that  the  distortion  of  the  wave  which 

otherwise  always  occurs  is  neutralised  exactly.     We 
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are  thus  enabled  from  elementary  considerations,  as  Heaviside 
pointed  out,  to  form  some  conception  of  what  happens  in  a 
circuit  before  the  normal  condition  of  working  is  established. 
We  shall  now  find  the  solution  for  the  normal  working  in  a  dis- 
tortionless circuit  subjected  to  a  periodic  impressed  E.M.F.,  when 
the  ends  are  joined  through  a  non-inductive  resistance  R.  For 
this  purpose  it  is  often  more  convenient  to  write  the  solutions  (27) 
and  (28)  in  the  following  form : 

2e  =  e-«/^  Fi  {x  -  vt)  +  e"*/^  F^  (x  +  vt) 

=  €-*/^  €^vt)/m  p^  (^  _  ^)  ^  ^ityr  ^-i^+vt)/w  p^  (^  4.  ^^) 

=  €-^''^fi(vt-'x)-{-e'f'^f^(vt+x) (29), 

and  similarly,  we  can  write 

2lm  =  €-^''^f,(vt'-x)-e^f'^f,(vt  +  x) (30). 

Let  us  suppose  that  the  distance  between  the  power  and  the 
distributing  stations  is  a,  and  let  the  terminals  at  the  distributing 
station  be  joined  through  a  non-inductive  resistance  R,  In  the 
general  case,  e  and  i  have  to  satisfy  equations  (21)  and  (22),  and, 
in  addition,  the  pressure  at  the  power  station  must  be  equal  to 
Ri,     When  l/r  =k8=T,  it  is  easy  to  verify  that  the  solutions 

2e  =  e-^-^^i'^fivt  -  «  +  a) 

+  {(22 - vl)l{R  +  vl)]  e^^^f'^fivt  +  x-a) 
and  2lvi  =  €-<*-«'/^/(v«  -x-{-a) 

-  {(R  -  vl)/(R  +  vl)}  €^^^i^f{vt  +  a:  -  a) 

satisfy  the  condition  e  =  Ri,  when  x  is  equal  to  a.     They  are 
therefore  the  solutions  appropriate  to  our  problem. 
The  voltage  Cq  at  the  power  station  is  given  by 

2^0  =  ^"^f(vt  +  a)  +  {{R  -  vl)/{R  +  vl)}  e-^^'^fivt  -  a)   . .  .(31), 

and  hence  if  eo  is  an  alternating  periodic  function  so  also  will  be 

f(vt).     If  61  be  the  voltage  at  the  distributing  station,  where  x 

equals  a,  we  have 

e,  =  {R/{R  +  vl)}f(vt), 

and  thus  the  square  root  of  the  mean  square  value  oi  f{vt)  is 
Fi  {R  +  vl)l(R),  where  Vi  denotes  the  effective  value  of  Ci.  Hence, 
from  (31),  we  have 

Fo«  =  {(R  +  vl)/2RY  Fi«  [e^/^  +  {(R  -  vl)/(R  +  vl)}'  e^^ 

-h  2  {(jB  -  v1)l{R  +  vl)}  cos  a] (32), 

R.  n.  30 
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where  a  is  the  phase  difference  between  f(vt  —  a)  and  f{vt  +  a). 
This  equation  can  also  be  written  in  the  form 
Fo/Fi  =  {2  (i?  +  t^P)  cosh  (2a/vT)  +  4fRvl  sinh  (2a/vT) 

+  2  (i?  -  ti'l^)  cos  «}  V(2ii) (33). 

Similarly  we  can  show  that 

Ao/A,  =  {2  (R^  +  i/«P)  cosh  {2a/vT)  4-  4iJt;i  sinh  (2a/t;T) 

-  2  (iJ2  -  v^Z')  cos  a}  V(2it;) (34). 

In  practice,  vT  is  generally  very  great  compared  with  a.  For 
instance,  if  the  frequency  be  25,  T  will  be  1/25,  and  even,  if  v  be 
as  small  as  100,000  miles  per  second,  vT  will  be  4000  miles. 
Hence,  for  distances  up  to  about  a  hundred  miles,  we  can  write 
1  for  cos  a,  without  introducing  an  appreciable  error.  Making 
this  assumption  equations  (33)  and  (34)  become 
Fo/Fi  =  {cosh^  (a/vT)  +  (vl/Ry  sinh'  (a/vr) 

+  (vl/R)  sinh  (2a/vT)}^ 
=  cosh  (a/vr)  +  (vl/R)  sinh  (a/vr), 
and  Ao/Ai  =  (R/vl)  sinh  (a/vr)  +  cosh  (a/vr). 

We  can  show  in  a  similar  manner  that,  if  the  voltage  and  the 
current  at  a  point  on  the  line  at  a  distance  x  from  the  power 
station  be  V  and  Ay 

VI  Fi  =  cosh  {(a  -  x)Ivt]  +  {vljR)  sinh  {(a  -  a?)/i;T}   (35), 

and  AjAj^  =  {Rjvl)  sinh  {(a  -  a7)/fT}  +  cosh  [{a  -  a;)/i;T} (36). 

If,  in  addition,  ajvr  be  small,  as  it  generally  is  in  practice,  we 

have 

F/Fo  =[RT  +  l{a--  x)}I(Rt  +  la\ 

and  A/Ao  =  {R{a-x)  +  vHT}/(Ra  +  iJ'It), 

We  shall  now  discuss  the  case  when  ks  is  not  equal  to  l/r. 
In  practice  s  is  very  large,  and  so,  without  affecting 
infinite  the  practical  value  of  the  solution,  we  may  suppose 

that  it  is  infinite.  Owing,  however,  to  the  complexity 
of  the  formulae  in  the  general  case,  we  shall  assume,  first  of 
all,  that  the  mains  are  of  infinite  length.  The  dififerential  equa- 
tions (21)  and  (22),  which  e  and  i  have  to  satisfy,  now  become 

de        .     ,  di  .^^,. 

-5^  =  "  +  ^d« ^^^>' 
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-»  -S-*S » 

Eliminating  e  from  the  equations,  we  find  that 

t'<-%*< «• 

Similarly,  by  eliminating  t,  we  obtain 

d^e      J    de     jjd^e  .^^^ 

d^=^dt^^^w <*o)- 

Let  us  suppose  that  at  the  point  where  x  is  zero  the  mains  are 
maintained  at  a  potential  diflFerence  E  sin  (ot    If 

Ee^^  sin  {(ot  +  nx) 

be  a  solution  of  equation  (40),  the  constants  m  and  n  must  satisfy 
certain  conditions.  These  conditions  can  be  found  by  substituting 
the  assumed  solution  in  (40),  and  equating  the  coeflScients  of 
sin  {G)t  -h  nx)  on  the  two  sides  of  the  equation,  and  equating  also, 
in  a  similar  manner,  the  coefficients  of  cos  {(oat  +  nx). 
We  have, 

d*  /  d         V 

-T-j  Ee"^  sin  (a)t  +  nx)  =  Ee"^  ( ;7".  "*"  ^ )  ®^^  (®*  "*"  ^' 

and  therefore 

-^  =  (m^  —  71^)  Ee^  sin  (©^  +  nx)  +  2mn  Ee^  cos  (©^  +  na?). 
We  have,  also, 
ifcr  -17  +  A:Z  -^  =  At©  ^e*^  cos  {(ot  +  wa?)  -  Mg)^  Ee^  sin  (o^  +  nx). 

Equating,  therefore,  the  corresponding  coefficients  of 

sin  {ayt  +  nx)  and  cos  {(ot  +  nx), 
we  find  that 

m'  —  w'  =  —  kl(o^y 

and  2mM  =  fo'o). 

Solving  these  equations  for  m  and  n,  we  find  that 

2m^  =  cdA;  (^  —  i©)' 
and  2n' =  cdA;  (2: -h  Z©))  

where  z^  =  r^-\-  l^a>\ 

30—2 


.(41), 
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and  we  have  prefixed  the  positive  sign  to  Zy  as  we  have  supposed 
that  m  is  a  real  quantity.  We  can  easily  show  that  if  m  were 
positive,  the  power  per  unit  length,  W^  expended  in  heating  the 
mains  would  be  infinite  when  x  is  infinite,  and  therefore  positive 
values  of  m  are  inadmissible.  Since  2mw  is  a  positive  quantity, 
n  must  also  be  negative.  The  solution  of  equation  (40)  is, 
therefore, 

e  =  E€~^*  sin  {o>t  —  n^x), 

where     mi  =  +  Via)  {z  —  Ig))j2  and  rij  =  +  Vi©  {z  +  ia))/2. . .(42). 

Since  we  have  supposed  that  the  line  is  infinitely  long,  there 
are  no  reflected  waves  or  other  interferences,  and  thus  the  above 
solution  is  the  complete  solution. 

We  see  that  the  amplitude  of  the  p.d.  between  the  mains 
diminishes  according  to  the  logarithmic  law  as  we  move  away 
from  the  power  station.  The  phase  diflFerence  between  the  P.D.  at 
a  point  and  the  P.D.  at  the  power  station  gradually  increases  the 
farther  we  get  from  the  power  station.  We  also  see  that  the  P.D. 
at  a  point  whose  abscissa  is  x  attains  a  maximum  value  when 
(ot  equals  n^x  +  7r/2 ;  the  waves  of  P.D.,  therefore,  travel  along  the 
mains  with  a  velocity  ©/wi,  that  is,  ^/2a>/k(Z'\-lci>).  When  r  is 
small  compared  with  Ico,  this  velocity  equals  l/'Jlk  approximately 
and,  when  the  radius  of  either  main  is  small  compared  with  the 
distance  between  them,  this  is  approximately  equal  to  the  velocity 
of  light. 

By  equation  (38),  we  have 

di  __  yde 
dx"    dt 


=  kcoEe-^'^  cos  ((ot  -  n^x), 


and  thus,    —  t  =  kcoEe^"^'^ 


^  / (dS  "  ^)\  ^^®  ^"^^  "  ^^^^' 


and  therefore,   i  =  '^kayjz  Ee~^^^  sin  {cot  —  UiX  +  a^), 

where  tan  a^  =  mi/rii  =  r/(z  +  leo). 

Thus  at  any  point  in  the  main  the  phase  of  the  current  is  in 
advance  of  the  phase  of  the  P.D.  At  the  point  x,  for  instance,  the 
current  is  the  same  as  if  the  main  from  x  to  infinity  were  replaced 
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by  a  non-inductive  resistance  iZj  in  series  with  a  condenser  Ki, 
where 

R^  =  ^/z/ko)  cos  tti,  and  1/Ki  =  ©  ^/z/kcj  sin  ai. 

When  the  applied  wave  of  p.d.  at  the  origin  is  not  sine  shaped, 
The  distortion  then  the  shapo  of  the  wave  of  P.D.  changes  as  x 
ofP.DTrnd*  increases.  For  if  the  applied  wave  of  P.D.,  at  on 
current.  equal  to  zcro,  be  given  by 

eo  =  ^1  sin  (a>t -  A)  +  -^s  sin  (3©^  -  /Sg)  +  ..., 
the  values  of  e  and  i  at  x  will  be  given  by 

e  =  ^i€-^»*  sin  (cot  -  riiX  -  /8i)  +  E^e-^^  sin  (3©^  -  n,a?  -  /Sg)  +  . . . 
and  i  =  VA;©/-e^  ^^e"^'*  sin  {tot  —  Wi^  —  ySi  +  ai) 

+  V3&©/^  ^se"*^.  sin  (3©^  -  Wsa?  -  yS,  +  a,)  +  . . . , 
where        Zj,  =  Vr^  +  9Z«©2 ;    m,  =  V3A;©  (2^3  -  3i©)/2 ;  etc. 

We  see  that  the  shapes  of  the  voltage  and  current  waves  are, 
in  general,  different  at  all  points  of  the  transmission  line,  even 
when  there  are  no  reflected  waves.  We  see  also  that  the  higher 
the  order  of  the  harmonic  wave  the  greater  is  the  speed  with 
which  it  travels. 

We  shall  now  consider  the  case  when  the  length  of  the  mains 
„.    ,    ^  is  finite.     Let  us  suppose  that  when  x  is  zero,  that 

Single  phase  .  ,-^^  ' 

mains  on  open  is  at  the  powcr  Station,  the  P.D.  between  the  mains 
is  always  maintained  equal  to  Eq  sin  mt,  and  that  at 
the  distributing  station,  where  x  equals  a,  the  mains  are  on  open 
circuit.  Since  i  must  be  zero  at  the  terminals  of  the  mains,  and 
must  satisfy  equation  (39)  for  all  values  of  x  and  t,  it  is  given  by 

i  =  /'  {€«»i  («-*)  sin  (©e  +  7  +  n^a-x) -  e-^  <*"*>  sin  (©^  +  7  -  n^a-x)] 

(43), 

where  /'  and  7  are  constants.     When  x  is  equal  to  a,  we  see  that 
i  is  always  zero. 
Now  from  (38), 

de  __     1  di 
dt         kdx 

---r  €"*»<«--*>  f^-mijsin(©«+7  +  Wia-a?)+  ..., 
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and  therefore 

g  =  _  €mi(a-«)  I   — mi)co8(ft)^  +  7  +  Wia  — a;)+  ... 
jf  


+  T-  6"*~»<«^Wmi*  +  ni'siii(ci>^  +  7  — ^a  — ^  — a), 

where  tan  a  =  wii/wi . 

We  have,  therefore, 


e  =  27'  s/zjkto  cosh  m^^a  —  x)cos  Ui  (a  —  a?)8in  (©^  +  7  —  a) 
+  27'  s/zjkto  sinh  rwi  (a  —  a?)  sin  Wi  (a  —  x)  cos  (©^  +  7  -  a), 
=  ^  sin  (©e  +  7  -  a  +  /8), 

where  tan  /8  =  tanh  mj  (a  —  a?)  tan  Wj  (a  —  a?) (44), 

and  J?^  =  {2r^zjk(o)  {cosh  2mi  (a  —  a?)  +  cos  2ni  (a  —  a?)}. 

Now  when  x  equals  0,  E  equals  Eq,  and  7  — a  +  y8  equals  zero. 
We  have,  therefore, 

^0'  =  (2I'^z/k(o)  {cosh  2mia  +  cos  2n^a], 

and  7  =  a  —  tan""^  (tanh  mja  tan  Wja) 

=  a-/So. 

Thus  the  value  of  e  at  the  point  on  the  line,  whose  abscissa 
is  X,  is  given  by 

e  =  EQ  [{cosh  2mi  (a  —  a?)  +  cos  27ii  (a  —  a;)}/{cosh  2?nia  +  cos  2nia]]^ 

xsinM  +  y3-/So) (45), 

where  13  is  given  by  (44).     From  (43)  also,  we  have 

i  =  Eq  ^ktojz  [{cosh  2mi(a— a:)— cos  2wi(a— ir)}/{cosh  2mia+cos2wia}]* 

X  sin  (©^  +  7  +  S) (46), 

where  tan  S  =  tan  Ri  (a  —  a?)/tanh  rrii  {a  —  x).  The  complete  solu- 
tion of  the  problem  in  this  case  is  given,  therefore,  by  (45) 
and  (46). 

The  efifective  values  of  the  voltage  V  and  the  current  A  at  the 
point  whose  abscissa  is  x  are  given  by 
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F  =  Fo  [{cosh  2mi  (a  —  a?)+  cos  2wi  (a  ~  a?)}/{cosh  2mia  +  cos  2nia]]^ 

(47), 

and 

A  =  FoVicD/<2:[{cosh2mi(a— a;)— cos2ni(a— a?)}/{cosh2mia+cos2wia}]* 

(48). 

If  R,  K  and  L  be  the  resistance,  the  capacity  and  the  induct- 
ance of  the  whole  main,  we  can  find  m^  and  n^  [see  (42)]  by  the 
equations 

2  {m,ay=^(oK{B^  +  ZW)*  -  LKto^  =  (©a/v)'  {(1  +  R'/LW)^  - 1}, 

and  2  (riia)^  =  ©iT (R^  +  Dco^f  +  Z^w^  =  {coajvy  {(1  +  R^/Lwf  4- 1 }, 

where  t;  =  1/^/lk.  If  iV  be  the  length  of  the  line  in  kilometres, 
and  /  the  frequency,  while  v  equals  3. 10^^  we  have 

ft)a/i;=27ri^//(3.100. 

Hence,  except  in  the  case  of  high  harmonics,  (oa/v  will  be  a  small 
fraction,  if  N  be  small.  Also  since  R/Lo)  is  practically  always 
less  than  10  for  overhead  mains,  we  see  that  2mia  and  2nia  are 
usually  small  fractions.  Hence,  from  (47),  we  see  that  the 
effective  value  of  the  voltage  is  approximately  constant  along  the 
line  when  it  is  only  a  few  kilometres  long. 

If  Fi  be  the  voltage  at  the  distributing  station,  where  x  =  a, 
we  have  by  (47), 

Fi  =  Vo  V2/(cosh  2m^a  +  cos  2wia)* (49). 

In  some  cases  cosh  2mia  +  cos  2nja  is  less  than  2,  and  the 
voltage  Vi  at  the  end  of  the  line  is  then  greater  than  the  applied 
voltage  Fq.  It  is  to  be  noticed  that,  when  Uia  is  small,  cos  2nia 
diminishes  more  rapidly  than  cosh  2wia  increases,  as  a  increases ; 
for  rij  is  always  greater  than  Wi,  and  so  rij  sin  2nia  is  greater  than 
mi8inh2mia.  The  value  of  a  that  makes  cosh  27yiia  +  cos  2riia 
a  minimum  is  given  by  the  smallest  positive  root,  other  than  zero, 
of  the  equation 

mi  sinh  2mia  =  n^  sin  2nia, 

This  equation  can  easily  be  solved  graphically. 

Suppose,  for  instance,  that  2ni  is  3,  and  2mi  is  1.  In  this 
case  the  value  of  a  which  makes  the  voltage  at  the  distributing 
station  a  maximum  is  a  root  of  the  equation  sinh  x  =  S  sin  3x.     In 
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6     O'l  0?    0-S  0-4 

Fig.  204.  The  value  of  x  (0*93)  at  the  point  where  the  curves  OAP  (y =3  sin  3^;) 
and  OBP  (^=sinhx)  intersect  makes  the  ordinate  of  the  curve  ABC  (Fig.  205)  a 
minimum. 

Fig.  204,  OAP  is  the  curve  y  =  SsijiSx,  and  OBP  is  the  curve 
y  =  sinh  x.  The  abscissa  of  the  point  of  intersection  of  these  curves 
satisfies  the  equation  sinh  a?  =  3  sin  Sx,  and  it  therefore  makes 

cosh  X  +  cos  Sx 
a  minimum.     In  this  case  the  value  of  x  is  nearly  0*93  and 

cosh  X  +  cos  3a? 
is  then  equal  to  0*6  nearly.     Thus  for  this  value  of  a  the  voltage 
at  the  far  end  of  the  line  would  be  equal  to  twice  the  voltage 
at    the   generating    station,   for   the   given   values    of   the    line 
constants. 

In  Fig.  205  the  curve  ABG  represents  the  equation 
y/S  =  cosh  X  +  cos  Sx, 

It  will  be  seen  that  after  attaining  a  minimum  value,  y  rapidly 
increases. 

If  the  value  of  2nia  be  very  small,  as  it  is  in  many  important 
practical  cases,  we  get  from  (45)  the  following  approximate 
equations,  noticing  that  Bq  =  mifiia^  =  (kra>l2)  a^  etc., 

e^Eo{l-\-  (kla>y2)  {2ax  -  a^)}  sin  {cot  -  (kr(o/2)  (2ax  -  so")} 
=  Eq  sin  oDt, 
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Fig.  205.  The  curve  ABC  (^  =  3  cob  3a;  +  3  cosh  a;)  is  got  by  adding  together  the 
ordinates  of  the  curves  PM 2^  (y  =  3  cos  3a;)  and  PQi2(y= 3  cosh  a;).  The  length  of 
the  minimum  ordinate  of  ABC  is  1*5. 

and  (46)  gives  the  approximate  equations 

i  =  E^  s/hojz  ^m^  +  rii^  (a  -  «)  sin  f  ©^  +  7  +  tan"^  —  j 

=  EQka>(a  —  a?)  sin  f  ©^  +  ^  —  miiiia^  j 

=  Eokco  (a  —  x)  cos  0)^. 

Hence,  in  many  cases,  when  the  applied  wave  is  sine  shaped,  we 
can  use  the  following  equation  for  the  current  at  any  point  on 
the  line  on  open  circuit, 

A=a)KVo(l''ic/al 

where  K  is  the  capacity  between  the  mains.  The  eflfective  voltage, 
also,  between  the  mains,  is  practically  the  same  at  all  points  of  the 
line.     The  loss  in  heating  one  of  the  mains  is  given  by 

r  rA^  dx  =  {(oKV.y  rT  (l-x/ay  dx 

=  (l/3)(6,/Fo)»iJ, 
where  R  is  the  total  resistance  of  the  main. 
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Now  odKVq  is  the  current  at  the  generating  end  of  the  line, 
that  is,  the  charging  current.  Hence  to  find  the  loss  of  power  in 
the  line  on  open  circuit  due  to  its  resistance  we  multiply  the 
square  of  the  charging  current  by  one-thiixl  of  the  resistance  of 
the  mains. 

The  losses  in  single  phase  transmission  lines  and  the  voltage 
Graphical  *^  *^®  distributing  station  are  generally  calculated 

methods.  ^s  follows.     The  elcctrostatic  capacity  K  between 

the  mains  is  calculated  by  the  formulae  given  in  Chapters  IV  and 
V  of  Vol.  I.  It  is  then  assumed  that  the  mains  themselves  have 
no  capacity  but  are  connected  by  a  condenser  of  capacity  K  at 
a  point  the  distance  of  which  from  the  generating  station  equals 
one-third  of  the  total  length  of  the  line.  This  simplified  problem 
is  then  solved  graphically.  It  will  be  seen  from  the  preceding 
paragraph  that  if  we  can  neglect  the  voltage  drop  along  the 
mains,  this  arrangement  will  give  the  same  open  circuit  losses  as 
the  actual  mains  do.  Engineers  in  making  calculations  in  con- 
nection with  transmission  lines  often  make  the  above  assumption, 
but  if  the  voltage  between  the  lines  is  not  approximately  constant 
at  all  points  the  assumption  is  not  permissible. 

When  considering  three  phase  lines  the  following  artifice 
may  be  employed  in  making  rough  calculations.  Equivalent  con- 
densers as  in  Vol.  I,  Figs.  34  or  39,  may  be  supposed  placed  between 
the  mains,  at  a  distance  from  the  generating  station  equal  to 
one-third  the  length  of  the  line,  and  we  can  make  calculations 
on  the  assumption  that  the  mains  have  no  capacity,  employing 
the  graphical  methods  explained  at  the  beginning  of  the  chapter. 
A  discussion  by  this  method,  although  the  results  obtained  are 
only  roughly  approximate,  is  sometimes  useful  to  the  engineer, 
as  it  gives  him  a  good  idea  of  the  relative  effects  of  resistance, 
inductance  and  capacity  in  his  circuits.  When,  however,  the 
greatest  accuracy  is  necessary  the  analytical  methods  explained 
above  must  be  used. 

When  the  potential  difference  between  the  mains  is  very  high. 
The  electric  ©ach  main  is  seen  surrounded  by  a  faintly  luminous 
^ecn^Sngte  enveloping  cloud  of  a  bluish  colour,  which  apparently 
phase  mains.       ^q^q  j^q^  touch  the   couductor  it  cnvelopcs.     This 
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cloud  is  called  the  corona.  The  air  inside  this  corona  has  broken 
down  and  become  a  conductor.  Hence  the  boundaries  of  the 
Faraday  tubes  are  altered  and  we  cannot  apply  formulae  found 
on  the  assumption  that  the  distribution  of  the  tubes  is  the  same 
as  that  for  low  pressures.  When  coronae  make  their  appearance 
it  is  found  that  the  capacity  between  the  mains  and  the  loss  of 
energy  in  distribution  are  increased. 

As  the  pressure  between  the  mains  is  increased,  short  violet 
streamers  are  seen  issuing  outwards  from  the  corona,  the  space 
immediately  outside  the  corona  being  the  seat  of  great  electrical 
activity.  At  higher  pressures  the  streamers  are  longer  and  a 
hissing  noise  is  heard.  When  the  potential  difference  between 
the  electrodes  approaches  the  disruptive  value  sparks  take  place 
between  the  mains.  Finally  the  air  gets  broken  down  at  some 
point  and  an  arc  is  established.  In  practical  work  we  can  assume 
that  the  dielectric  strength  of  air  under  normal  atmospheric 
conditions  is  38  kilovolts  per  centimetre.  The  method  of  calcula- 
ting the  pressure  at  which  coronae  appear  is  described  in  a  paper 
by  the  author  {Phil  Mag,  [6],  Vol.  11,  p.  259,  1906). 


In  Vol.  I,  p.  67,  it  is  shown  that  the  effective  value  of  a 
Poiycyciic  complcx  Current,  that  is,  of  a  current  which  is  the 

distribution.  rcsultaut  of  a  dircct  current  G  and  an  alternating 
current  i  is  V(7^  +  A^,  where  A  is  the  effective  value  of  i.  Hence, 
if  R  be  the  resistance  of  the  main  in  which  the  complex 
current  is  flowing,  the  heating  effect  will  be  RG^^-RA^,  Each 
current,  therefore,  produces  the  same  heating  effect  that  it 
would  produce  if  flowing  singly.  If  G  equals  -4,  the  heating  effect 
will  be  only  2i2(7^  instead  of  4ii(7^  which  would  be  its  value  if 
the  currents  were  of  the  same  kind.  This  theorem  has  been 
utilised  in  practice  for  the  purpose  of  transmitting  direct  and 
alternating  currents  by  the  same  mains,  and  thus  effecting  a 
saving  in  the  weight  of  copper  required. 

We  may  show  as  follows  that  if  two  currents  of  different 
frequencies  are  flowing  in  the  conductor,  the  mean  value  of  the 
power  expended  in  heating  it  is  practically  the  same  as  if  the 
values  of  the  power  expended  by  each,  acting  singly,  were  added. 
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Let/i  and /a  be  the  frequencies  of  the  two  currents,  and,  with  our 
usual  notation,  let 

i  =  /i  sin  27rfit  + 12  sin  (^'rrfst  —  a). 
Taking  the  mean  value  of  i^  over  a  period  T  which  we  suppose 
to  be  exactly  divisible  by  I//1  and  I//2,  we  get 

A^  =  A,^+A^'+(IJ^/T)  f  {co&(27rf^^^t+a)-cos{27rf^,t-a)}dt 
Jo 
=  Ai^-\'A,\ 

Even  if  T  be  not  a  multiple  of  I//1  and  l//a,  yet  by  supposing 
it  sufficiently  large  we  may  make  the  error  in  assuming  that 
Ai^  +  A^^^A*  less  than  any  assignable  magnitude. 

In  practice,  when  an  alternating  supply  is  required  for  power 
Dykes'  purposes,   the   best    results    are    attained    at    very 

system.  j^^  frequencies.     On  the  other  hand,  for  lighting, 

the  frequency  should  be  greater  than  30.  It  is  sometimes  de- 
sirable, therefore,  to  supply  current  at  two  different  frequencies, 
and  several  engineers  have  devised  systems  of  doing  this  in  which 
the  alternating  currents  flow  along  the  same  mains  over  parts  of 


Line-  Wires 


Singk-Phase  Primaries 


Fig.  206.    Dykes'  polycyclic  transformers. 

their  circuits.  In  the  system  invented  by  F.  J.  Dykes  a  four-core 
transformer  is  used  (Fig.  206).  By  its  means  two  distinct  cur- 
rents of  different  frequencies  are  sent  over  the  same  three  phase 
lines. 

It  will  be  seen  from  the  figure  that  the  windings  are  so 
arranged  that  the  fluxes  due  to  the  cuiTents  in  the  three  phase 
and  single  phase  primary  windings  induce  electromotive  forces  in 
the  secondary  windings.     The  single  phase  flux,  however,  has  no 
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effect  on  the  three  phase  E.M.F.,  and  the  flux  due  to  the  three  phase 
currents  has  no  effect  on  the  single  phase  E.M.F.  The  only  function 
of  the  fourth  core  is  to  provide  a  return  path  for  the  single  phase  flux. 
The  three  phase  windings  are  connected  in  star,  and  the  common 
junction  is  insulated,  and  so  (Chapter  x)  there  are  no  third 
harmonics  in  the  three  phase  currents,  and  the  magnetomotive 
force  in  the  fourth  core  due  to  them  is  zero.  The  single  phase 
primary  windings  consist  of  three  equal  coils  connected  in  series, 
and  therefore  the  three  fluxes  induced  in  them  are  in  the  same 
direction  in  space  at  the  same  instant  and  the  return  path  is  by 
the  fourth  core.  The  secondary  windings  for  both  the  three  phase 
and  single  phase  currents  are  similar  to  the  primary  windings, 
but  in  the  three  phase  windings  the  common  junction  is  con- 
nected with  a  fourth  wire  or  with  the  earth. 

The  transformer  at  the  distributing  station  is  exactly  similar 
to  the  transformer  at  the  power  station.  Let  us  now  suppose 
that  the  terminals  of  a  three  phase  machine  are  connected  with 
the  three  phase  windings  of  the  transformer  at  the  power  station. 
Since  there  are  no  third  harmonics  in  the  magnetising  currents,  the 
transformer  will  act  like  an  ordinary  three  phase  transformer,  and 
if  balanced  three  phase  currents  be  taken  from  the  secondary  of 
the  distributing  transformer,  the  fourth  wire  will  be  inoperative. 
The  algebraic  sum  of  the  three  fluxes  at  any  instant  will  be  zero, 
and  no  eflFects  will  be  produced  in  the  single  phase  windings. 

Let  us  now  consider  the  effect  of  applying  an  E.M.F.  to  the 
single  phase  primary  winding.  If  we  assume  that  the  reluctances 
of  the  magnetic  circuits  linked  with  the  three  primary  coils  are 
equal  and  that  there  is  no  magnetic  leakage,  the  potential  differ- 
ences induced  between  each  of  the  three  phase  wires  and  the 
fourth  wire  will  all  be  equal,  and  thus  the  single  phase  cun^ents  in 
the  three  phase  wires  will  all  be  in  phase  and  will  return  by  the 
fourth  wire.  On  the  other  hand  the  potential  diflFerence  between 
any  two  of  the  three  phase  wires  due  to  the  single  phase  flux  will 
be  zero,  as  the  fluxes  in  the  two  limbs  of  the  transformer  will 
generate  equal  electromotive  forces  in  the  two  coils  wound  on 
them  and  the  resultant  E.M.F.  therefore  round  the  circuit  of  the 
two  wires  will  be  zero. 

In  actual  transformers  the  reluctances  of  the  three  magnetic 
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circuits  linked  with  the  three  primary  coils  are  never  exactly 
equal,  and  thus,  if  the  secondaries  are  on  open  circuit,  the  voltages 
between  their  terminals  will  be  diflferent.  In  one  case  F.  J.  Dykes 
found  that  the  secondary  voltages  on  open  circuit  were  85,  10 
and  5  respectively.  On  connecting  up,  however,  the  secondary 
terminals  with  the  transmission  lines,  the  voltages  became  equal. 
The  balance  is  obtained  by  the  mutual  actions  of  the  two  trans- 
formers on  one  another,  and  the  required  circulating  currents  flow- 
ing in  the  mains  were  found  to  be  small. 

In  this  system  (Fig.  206)  the  three  phase  currents  at  any 
point  can  be  obtained  by  tapping  the  three  phase  lines  and  using 
an  ordinary  three  phase  transformer.  If  single  phase  currents,  or 
if  both  kinds  of  current  are  required,  we  can  use  a  transformer  of 
the  type  shown  in  the  figure.  The  primary  coils  of  this  trans- 
former must  be  four  wire  star  connected,  and  the  single  phase 
current  is  got  from  three  secondaries  in  series. 

When  a  transformer  is  supplied  in  this  manner  with  currents 
of  different  frequencies,  a  curious  effect  is  produced  by  the  periodic 
coincidence  of  the  maximum  magnetic  fluxes  due  to  the  two  types 
of  current.  This  effect  can  be  heard  in  the  hum  of  the  trans- 
former, distinct  'beats'  being  produced.  It  can  also  be  felt  by 
the  hand,  as  molecular  vibration  is  produced  in  the  iron. 


Another  system  of  utilising  three  phase  mains  to  carry  single 
phase  current  of  double  the  frequency  for  lighting 
purposes   has   been  proposed   by  Arnold,  Bragstad 
and  la  Cour.     In  Fig.  207,  0'  is  the  neutral  point  of  the  armature 


Arnold's 
System. 


W 


Fig.  207.  Three  phase  polycyclic  system  of  distribution.  Gi  and  Gj  are  single 
«nd  three  phase  generators.  M^iask  three  phase  motor,  and  L  represents  the  single 
phase  lighting  load. 
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^vindings  of  the  three  phase  motor.  The  generator  0^  is  an  ordi- 
nary three  phase  machine,  but  its  frequency  is  only  half  that  of  the 
single  phase  machine  Oi  which  supplies  the  lighting  load  at  L, 
The  higher  frequency  current  returns  by  the  mains  X,  Y  and  Z, 
and  thus  economies  are  effected  as  the  copper  required  is  less 
than  when  separate  mains  are  used. 

A  poly  cyclic  system  suitable  for  the  distribution  of  power  for 
motive  purposes  by  two  phase  currents,  and  for  the  distribution 
of  power  for  lighting  by  single  phase  currents,  is  shown  in  Fig.  208. 


Fig.  208.  Two  phase  polycyclic  system  of  distribution.  AB  and  CD  are  the 
^armature  windings  of  a  two  phase  generator,  and  A'B^  and  CD'  are  the  armature 
windings  of  a  two  phase  motor.  G^  is  a  single  phase  machine  of  higher  frequency 
for  the  lamp  load. 

0  and  Oi  are  the  central  points  of  the  two  separate  windings  on  the 
armature  of  the  generator,  and  0'  and  0/  are  the  corresponding 
points  on  the  motor  armature.  0  and  Oi  are  connected  with  the 
terminals  of  the  single  phase  machine,  and  0'  and  0/  with  the 
lighting  load.  When  two  phase  transformers  are  used  to  raise 
the  pressure,  the  single  phase  machine  and  the  lighting  load  are 
connected  through  transformers  with  the  middle  points  of  the 
windings  on  the  high  tension  secondaries  of  the  two  phase 
transformers. 

In  order  to  avoid  the  large  inductive  drop  in  the  voltage,  due 
to  the  windings  of  the  polyphase  armatures  or  transformers  which 
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Fig.  209.     Connections  of  the  windings  of  a  polyphase  armature  so  as  to 
avoid  appreciable  inductive  drop  in  the  single  phase  voltage. 

the  high  frequency  single  phase  currents  have  to  traverse,  bifilar 
windings  are  used,  the  principle  of  which  will  be  understood  from 
Fig.  209.  The  arrowheads  show  the  directions  of  the  superposed 
currents. 

The   single   phase   and  three  phase  generators  may  be  com- 
Poiycyciic  biued    into    a   single  machine  (Fig,  210).     In    the 

generator.  polycyclic  generator  shown  in  this  figure,  the  field 

poles  N,  8,  i\r,...  produce  ordinary  three  phase  currents  in  the 


Fig.  210.  Polycyclic  generator  with  rotating  field  poles.  N^  S,...  field  poles 
producing  ordinary  three  phase  currents  in  the  armature  windings,  which,  when 
the  system  is  balanced,  have  no  component  along  00',  n,  «,  n...  field  poles  pro- 
ducing single  phase  currents  of  three  times  the  frequency,  which  are  superposed  on 
the  three  phase  currents  and  flow  along  00\  The  double  arrowheads  show  the 
directions  of  flow  of  the  high  frequency  single  phase  currents.  The  single  arrow- 
heads apply  to  the  three  phase  currents. 
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armature  windings  which,  when  the  system  is  balanced,  have  no 
component  along  00\  The  field  poles  n,  s,  n,...  produce  single 
phase  currents  of  three  times  the  frequency.  These,  which  are 
represented  by  the  double  arrowheads,  are  superposed  on  the 
three  phase  currents  represented  by  the  single  arrowheads.  They 
are  obviously  in  phase  with  one  another,  and  will  therefore  flow 
along  00'.  We  have  supposed  that  the  poles  rotate  and  that  the 
loads  are  non-inductive.  It  will  be  seen  that  the  portion  of  the 
armature  windings  between  the  single  phase  and  three  phase 
fields  is  inoperative,  as  it  is  necessary  to  have  the  magnetic 
fields  of  the  two  sets  of  poles  quite  distinct  from  one  another. 
The  winding  of  the  machine,  however, .  is  simple. 

In  the  above  method  all  the  single  phase  current  has  to  pass 
through  the  armature  coils  of  the  three  phase  machine,  and  so 
special  windings  have  to  be  used  which  are  non-inductive  with 
respect  to  the  single  phase  current.  By  Dykes'  method  the  same 
end  can  be  attained  more  cheaply,  since  standard  generators  can 
be  used  and  no  special  apparatus  is  required  except  the  compara- 
tively inexpensive  transformers. 
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Synchronous  motors,  131  et  seq, 

advantages  of,  175 

criterion  for  stability,  188 

driving  generators,  176 

efficiency  of,  148 

fundamental  equation,  145 

limiting  value  of  e.m.f.,  147 

OerUkon,  173 

on  constant  potential  mains,  162 

p.n.  at  terminals,  139 

polyphase,  167 

raising  the  power  factor  of,  163 

stability  of  running,  184 

starting,  166,  169 

variation  of  excitation,  151  et  seq, 

variation  of  load,  149 

variation  of  power  factor,  153  et  seq. 

with  alternating  field,  165 

Tests  of,  alternator,  107 

combination  induction  motor,  371 

exciter,  109 

induction  motors,  357,  358,  359 

Boessler's,  311 

synchronous  motor,  173 

three  phase  alternator,  91,  107 

transformer,  311,  322 

two  phase  alternator,  100 
Three  phase  alternators,  66 

armature  windings,  67,   68,   76,   77, 
79,  80 

Cafifaro  generator,  106 

load  losses,  109 

tests,  91,  107 
Torque,  bipolar  synchronous  motor,  134 

induction  motor,  330,  335 

multipolar  synchronous  motor,  136 

polyphase  synchronous  motor,  136 
Transformer,  219  et  seq. 

analogy  with  induction  motor,  350 

circle  diagram  of,  229 

compensating,  289 

complete  diagram  of,  239 

condenser  load  on,  235,  264 

connected  in  four-wire  star,  270 

connected  in  three-wire  star,  271 

constant  current,  225,  234 

constant  potential,  225,  256 

copper  losses,  256 
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Transformer  {continued) 
core  and  shell,  224 
core  losses,  254 
diagrams,  229,  302,  319 
efficiency  of  leaky,  806 
equivalent  net-works,  238,  265,  317 
floating  coil,  225,  234 
formulae  for  air-core,  231 
formulae  for  commercial,  258,  260, 

261,  262 
general  solution,  241 
heating  of,  324 
high  voltage,  321,  323 
inductive  load  on,  235,  264 
leakage  factor,  227 
losses  on  open  circuit,  243 
losses  under  load,  243 
magnetising  current,  222 
magnetising  power,  222 
maximum  power  factor,  230 
methods  of  cooling,  321 
networks,  238,  265,  317 
no  magnetic  leakage,  238 
Oerlikon,  323 

p.D.  drop  on  inductive  load,  320 
power  factor,  223 
rating  of,  261 
ratio,  221 

secondary  voltage  formula,  305 
shell,  224 

three  phase,  273,  279,  322 
types,  223 
Transforming,     alternating     to    direct 

currents,  416 
three  phase  currents  with  single  phase 

transformers,  268,  281,  282 
three  phase  to  single  phase,  280 
three  phase  to  two  phase,  279 
Transmission  of  power,  447  et  seq. 
approximate  formulae,  473 
by  direct  current,  447 
comparison  of  mesh  connections,  456 
comparison  of  single  with  three  phase, 

455 
comparison  of  star  connections,  456 
distortionless  circuit,  485 
graphical  methods,  450,  454,  474 
line  constants,  451 
mains  of  infinite  length,  466 
on  open  circuit,  469 
polycyolic  systems,  478 
pressure  rise,  471 


Transmission  of  power  (continued) 

single  phase,  449 

three  {mase,  452 
Transverse  magnetisation,  alternators, 
43 

double  current  generators,  445 

rotary  converters,  422 
Two  phase,  alternator,  97 

armature  winding,  99 

Blondel's  test,  100 

characteristic  curves,  101 

current  on  no-load,  99 

oscillograms,  102  et  seq. 

separate  phase  windings,  97,  98 

short  circuit-current,  103 

unsymmetrical  load,  105 

Unity  power  factor,  159 

V-curves  of  rotary  converters,  437 
V-curves  of  synchronous  motors,  153 
Variable  induction  transformer,  287 
Voltage,  mesh  and  star,  83 
ratio  of  polyphase  converters,  426 
ratio  of  single  phase  converters,  418, 

433 
ratio,  test  of  the,  431 
Voltmeter    method    of    synchronising 
alternators,  214 

Water  cooling  for  transformers,  323 
Wattless  characteristics,  single  phase,  56 

polyphase,  90 
Wave  shape,  of  current  in  transformer, 
252,  276,  277 

effect  on  parallel  running,  199 

of   E.M.F.   required  to   produce  sine 
shaped  current,  253 

of  P.D.  on  closed  circuit,  88 
Waves,  harmonics  of  e.m.f.,  Ill 

methods  of  analysing,  112 

reflection  of,  463 

star  and  mesh,  87,  272,  273 

transmission  of,  463 
Whirling  of  shafts,  209 
Willans's  law,  195 
Windings,  lap,  32 

wave,  30 
Winter-Eichberg  motor,  415 

Zani,  A.  P.,  starting  device  for  poly- 
phase motors,  381 
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PREFACE.  Some  words  are  perhaps  necessary  to  explain  the  publi- 
cation of  another  book  dealing  with  Elementary  Electricity.  A  considerable 
portion  of  the  present  work  has  been  in  t5rpe  for  a  long  time ;  it  was  used 
originally  as  a  part  of  the  practical  work  in  Physics  for  Medical  Students 
at  the  Cavendish  Laboratory  in  connexion  with  my  lectures,  and  was 
expanded  by  Mr  Wilberforce  and  Mr  Fitzpatrick  in  one  of  their  Laboratory 
Note-books  of  Practical  Physics. 

When  I  ceased  to  deliver  the  first  year  course  I  was  asked  to  print  my 
lectures  for  the  use,  primarily,  of  the  Students  attending  the  practical 
classes ;  the  lectures  on  Mechanics,  Heat  and  Light  have  been  in  type  for 
some  years.  Other  claims  on  my  time  have  prevented  the  issue  of  the 
present  volume  until  now,  when  it  appears  in  response  to  the  promise  made 
several  years  ago. 

Meanwhile  the  subject  has  changed  ;  but  while  this  is  the  case  the 
elementary  laws  and  measurements  on  which  the  science  is  based  remain 
unaltered,  and  I  trust  the  book  may  be  found  of  service  to  others  besides 
my  successors  at  the  Cavendish  Laboratory. 

The  book  is  to  be  used  in  the  same  way  as  its  predecessors.  The  appa- 
ratus for  most  of  the  Experiments  is  of  a  simple  character  and  can  be 
supplied  at  no  great  expense  in  considerable  quantities. 

Thus  the  Experiments  should  all,  as  far  as  possible,  be  carried  out  by 
the  members  of  the  class,  the  teacher  should  base  his  reasoning  on  the 
results  actually  obtained  by  his  pupils.  Ten  or  twelve  years  ago  this 
method  was  far  from  common ;  the  importance  to  a  School  of  a  Physical 
Laboratory  is  now  more  generally  recognized  ;  it  is  with  the  hope  that  the 
book  may  be  of  value  to  those  who  are  endeavouring  to  put  the  method  in 
practice  that  it  is  issued  now. 
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Guardian. — "Every  schoolmaster  and  teacher  who  has  under  con- 
sideration the  selection  of  a  text-book  for  his  better  students  should  most 
certainly  look  into  this  book.  The  information  is  everywhere  absolutely 
sound  and  leliable." 
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"  Schools  and  Colleges  will  certainly  benefit  by  adopting  this  book  for 
their  students."    Nature. 

**Mr  Glazebrook's  volumes  on  Heat  and  Light  deal  with  these  subjects 
from  the  experimental  side  and  it  is  difficult  to  admire  sufficiently  the 
ingenuity  and  simplicity  of  many  of  the  experiments  without  losing  sight 
of  the  skill  and  judgment  with  which  they  are  arranged."  Saturday 
Review. 

**The  books  almost  cover  the  advanced  stages  of  the  South  Kensing- 
ton prospectus  and  their  use  can  certainly  be  recommended  to  all  who  wish 
to  study  these  subjects  with  intelligence  and  thoroughness."    Schoolmaster. 

♦  *  Mr  Glazebrook's  great  practical  experience  has  enabled  him  to  treat 
the  experimental  aspect  of  the  book  with  unusual  power  and  it  is  in  this 
that  the  great  value  of  the  book  as  compared  with  most  of  the  ordinary 
manuals  consists."    Educational  Review, 

"The  book  is  very  simply  and  concisely  written,  is  clear  and  methodic 
in  arrangement.... We  recommend  the  book  to  the  attention  of  all 
students  and  teachers  of  this  branch  of  physical  science."  Educational 
News, 

'*We  wish  Mr  Glazebrook  every  success  on  the  extension  of  his 
practical  system  to  all  the  Colleges  and  Schools  of  the  country.  It  is  the 
only  way  in  which  the  interest  of  the  student  can  be  awakened  and  the 
study  of  the  subject  made  popular  and  real."     Technical  JVorld. 

**  It  will  be  especially  appreciated  by  teachers  who  possess  the  necessary 
apparatus  for  experimental  illustrations."    Athenaum, 

"Text-books  on  this  subject  are  generally  too  simple  or  too  elaborate 
for  a  conception  of  elementary  mechanical  principles.  This  book  cannot 
fail  to  recommend  itself  therefore  for  a  first  course  preliminary  to  the  study 
of  physical  science.  No  other  book  presents  in  the  same  space  with  the 
same  clearness  and  exactness  so  large  a  range  of  mechanical  principles." 
Physical  Review, 

"  Marked  ability  has  been  shewn  in  the  development  of  the  subject  of 
Statics  in  the  present  volume. ...The  collected  examples  for  students' 
exercises  are  excellent."     Glasgow  Herald, 
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Saturday  Review. — "Written  from  a  broad,  philosophical  standpoint, 
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appreciate  a  critical  discussion  of  the  methods  by  which  the  results  he  has 
learnt  have  been  built  up,  thereby  fitting  himself  for  the  real  world  of 
investigation  on  his  own  account." 

A  Treatise  on  the  Theory  of  Alternating  Currents. 
By  Alexander  Russell,  M.A.,  M.I.E.E. 
Vol.  I.     Demy  8vo.     pp.  408.    lis.  Net. 
VoL  11.     pp.  xii  +  488.     1 2 J.  Net. 
Scotsman. — "The  volume    is  not   only  rich  in  its   own  substantive 
teaching,  but  well  supplied  with  references  to  the  more  remote  authorities 
upon  its  subject.     It  opens  an  important  and  valuable  contribution  to  the 
theoretical  literature  of  electrical  engineering." 

Radio-activity.  By  E.  Rutherford,  D.Sc.,F.R.S.,F.R.S.C., 

Macdonald  Professor  of  Physics,  McGill  University,  Montreal.    Demy 

8vo.     Second  Edition.     Revised  and  enlarged,    xiv  +  580  pp.  12^.  6^?. 

Net. 

Extract  from  Preface  to  the  Second  Edition. — "  The  rearrangement  is  so 

-extensive  as  to  constitute  almost  a  new  work." 

Nature. — "  Professor  Rutherford's  book  has  no  rival  as  an  authoritative 

exposition  of  what  is  known  of  the  properties  of  radio-active  bodies.   A  very 

large  share  of  that  knowledge  is  due  to  the  author  himself.     His  amazing 

activity  in  this  field  has  excited  universal  admiration." 

The^^heory    of     Experimental    Electricity.      By 

W.  C.  D.  Whetham,  M.A.,  F.R.S. ,  Fellow  of  Trinity   College. 
Demy  8vo.     xii  +  334pp.    8j.  Net. 

Guardian. — "We  strongly  recommend  this  book  to  those  University 
Students  who  require  an  introduction  to  modern  scientific  electricity.  The 
research  atmosphere  of  Cambridge  is  here  brought  before  us,  and  the  student 
is  guided  into  the  paths  along  which  great  progress  has  been  made  in  recent 
years."  
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